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ADVERTISEMENT TO THE THIRD EDITION. 



The design of the writer of the following treatise, is to pro- 
vide a convenient text book for a College class, and the sub- 
jects are presented in such a manner, as from actual experi- 
ment in the recitation room has appeared adapted to this ob- 
ject. Care has been taken to proceed gradually from simple 
principles to those more difficult, and in general to furnish all 
needfiil helps to the learner without unnecessarily multipl)nbg 
explanations, or in any case extending them so far, as to leave 
no room for the exercise of his own powers. Very consider- 
able attention, it will be perceived, has been paid to the sub- 
ject of generalization and to the discussion of problems 
and equations, topics which need to be clearly under- 
stood by the student, that he may fully appreciate the nature 
and powers of Algebra, and be enabled to proceed with ease 
to the various studies, in which it is employed as an instru- 
ment of investigation. A section has been devoted to Inde- 
terminate Analysis, a subject not usually introduced into the 
elementary treatises published in this country, but one of great 
importance on account of the interesting problems, which it 
furnishes, and fix)m its relation to the Application of Al- 
gebra to Geometry. A copious praxis is also added, designed 
particularly to exhibit the principal artifices, employed in the 
reduction of the more complicated equations. 

In the present edition no material changes have been made. 
Some additional explanations, however, have been given, new 
examples have been added, where it was thought they would 
be useful, a few have been rejected as unnecessary, and oth- 
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ers have been exchanged for those more simple, (v better 
adapted to the subjects designed to be illustrated by. them. 
These changes have been made chiefly to meet more iiilly the 
wants of those, who commence the study of algebra with 
this treatise ; and the work, it is believed, wiU now be found 
sufficiently elementary. For younger students, however, or 
those who may not have the aid of a teacher, it may be well 
on a first reading to proceed as far as the 13th Section, omit- 
ting the 3d, 7th, 8th, 9th and 10th, and then to resume the 
work and read the whole in course. In thus adaptmg the 
work to this class of students, the writer has been indebted for 
several valuable suggestions to Prof. Johnson of the Wesley- 
an University. 

The present treatise, in the selection of the materiab for 
which the best elementary treatises, particularly those of La- 
croix and Bourdon, have been consulted, forms a part of the 
course of mathematical study in Bowdoin College. In addi- 
tion to this, a treatise on Plane Trigonometry with its appli-^ 
cation to Heights and Distances, and a treatise on Analytic 
Geometry, including Spherical Trigonometry, have been pub- 
lished. Other parts of the course are in preparation. 
Bowdoin CollegCy Marchy 1836. 
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Section I. — explanation of algebraic signs. 

1. Let it be proposed to divide the number 56 into two such 
parts, that the greater may exceed the less by 12. 

To resolve this question, we remark that, 

l^ Hie greater part is equal to the less added to 12. 

2^. The greater party added to the less party is equal to 56. 

It follows therefore that, 

3^. 77ie less party added to 12, added also to the less party is 
equal to 56. 

But this language may be abridged, thus, 

4^ Twice the less party added lo 12, is equal to 56, whence , 

5^ Twice the less part is equal to 56 diminished by 12. 

Subtracting therefore 12 from 5^y we have 

6**. Twice the less part equal to 44 ; wherefore 

7°. Once the less part is equal to 44 divided by 2, or perfotOH- 
ing the division, we have 

8^. Once the less part equal to 22. 

Adding 12 to 22 we have 34 for the greater part. The garts 
required therefore are 22 and 34. 

2. In the process of reasoning required in the solution of 
the proposed question expressions, such as ^^ added tOy^' '^<fi- 
minished &y," '' equal /o,'' &c. are often repeated. These ex* 
pressions refer to the operations, by which the numbers givei 
in the question are connected among themselves, or to the re* 
lations, which they bear to each other. The reasoning theie- 
fore, which pertains to the solution of a question, it is evident, 
may be rendered much more concise, by representing each of 
these expressions by a convenient sign. 
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s 

It is agreed among mathematicians to represent the expres- 
sion " added to^^ by the sign -\- read plus^ the expression *'cfi- 
minished %" by the sign — read minus^ the ex)>ression " intdti- 
plied 6y" by the sign X? that of ^^ divided hjf* by the sign -4-. 
Lastly the expression '' equal fo" is represented by the sign =. 

3. By means of the aboVe signs the reasoning in the ques- 
tion proposed may be much abridged ; still however we have 
frequent occasion to repeat the expression "/Ac less part,'' 
The reasoning therefore may be still more abridged by repre- 
senting this also by a sign; 

The less part is the unknown quantity sought directly by 
the reasoning pursued. It is agreed in general to represent 
the unknown quantity or quantities sought in a question by 
some one of the last letters of the alphabet, as, x, y, z, 

4. Let us now resume the question proposed and employ in 
its solution the signs, which have bisen explained. 

Let us represent by x the less of the two, parts required, we 
have then 

X -|- 12 =ia the greater part, 
a: + 12 + X = 56 
2 X X -f 12 = 56 

2 X X = 56 — 12 

2 X X =::44 

X =44-^-2 

X =22 
The multiplication of x by 2 may be expressed more con- 
cisely thus, 2. X, or still more concisely thus, 2 z. Division 
also is more commonly indicated by writing the number to be 
•divided above a horizontal line, and the divisor beneath it in 
the form of a fraction ; 14 divided by 2, for example, is indi- 

€ated Jhus, -g . 

6. The question, which we have solved, is simple ; it is 
sufficient, however, to show the aid, which may be derived 
from convenient signs in facilitating the reasonings, which 
pertain to the solution of a question. Indeed ill abstruse and 
£omplieatQ^d questions, it would often be difficult, and some- 
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times absolutely impossible to conduct, without such aid, the 
reasonings required. 

6. The signs which have been explained, together with 
those which will hereafter be introduced, are called Algebraic 
Migns. It is from the use of these that the science of Algebra 
is derived. 

Let us now emploj the signs already explained in the solu- 
tion of some questions. 

1. Three men, A, B and G trade in company and gain $405, 
of which B has twice as much as A, and C three times as 
much as B. Required the share of each. 

Let X represent the share of A, then 2 x will represent the 
share of B and 6 x the share of C. Then since the shares 
added together should be equal to the sum gained, we have 

x+2x + 6ar=:405 
9x = 405 

Thus we have A's share = $45; whence B's share is $90 
and C's $270. 

2. A fortress is garrisoned by 2600 men ; and there are nine 
times as many infantry, and three times as many artillery as 
cavalry. How many are there of each ? 

3. From two towns, which are 187 miles distant, two trav- 
ellers set out at the same time, with an intention of meeting. 
One of them goes 8 miles, and the other 9 miles a day. In 
how many days will they meet ? 

4. In fencing the side of a field, whose length was 450 
yards, two workmen were employed, one of whom fenced 9 
yards and the other 6 yards per day. How many days didi 
they work ? 

5. A gentleman meeting four poor persons distributed 5 shil- 
lings among them ; to the second he gave twice, to the third 
thrice, and to the fourth four times as much as to the first. 
What did he give to each ? 

6. To divide the number 230 into three such parts, that the. 
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excess of tbe mefin above the least may be 40, and the excess 
of the greatest above the mean may be 60. 

Let X represent the least part, then x -f- 40 will be the mean, 
and ap-)'404-60 will be the greatest part ; we have therefore 

ar-f « + 40 + X + 40 +60«=:230 

3a:+140==230 
3x = 90 

The parts will then be 30, 70 and 130 respectively. 

7. A draper bought three pieces of cloth which togethj^r 
measured 159 yards. The second piece was 15 yds. longer 
than the first, and the third 24 yds. longer than the second. 
What was the length of each ? 

8« Thre^ men, A., B and C made a joint stock ; A puts in a 
certain sum, B puts in $115 more than A, and C puts in $235 
more than B ; the whole stock was $ 1753. What did each 
man put in ? 

9. A cask which held 146 gallons was filled with a mixture 
of brandy, wine and water. In it there were 15 gallons of 
wine more than there were of brandy, and 25 gallons of water 
more than there were of wine. What quantity was there of 
each? 

10. A gentleman buys 4 horses, for the second of which he 
l^ives £12 more than for the first, for the third £6 more than 
for the second, and for the fourth £2 more than for the third. 
The sum paid for all was jS230. How much did each cost ? 

11. A man leaves by will his property, amounting, to 
$14000, to his wife, two sons and three daughters ; each son 
is to receive twice as much as a daughter, and the wife as 

IJPDmch as all the children together. What will each receive ? 

12. An express sets out to travel 240 miles in 4 days, but in 
consequence of the badness of the roads, he found he must go 
5 miles the second day, 9 the third and 14 the fourth day less 
than the first. How many miles must he travel each day ? 

13. The sum of $300 was divided among 4 persons ; the 
seeond received three times as much as the first, the third as 
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iDQeh as the first and second, and the fourth as much as» the 
second and third. What did each receive ? 

14. A sum of $.1245 is ta be divided among three persons^ 
A, B and C. A is to receive $175 less than B, but C $320 
more than B. What will each receive ? 

15. A silversmith has 3 pieces of metal. The second 
weighs 6 oz. moce thaa twice the first, and the third 9 oz.less 
than three times the first. The weight of the whole being 
52 oz., what is the weight of each ? 

16. A poor man had 4 children, the eldest of which could 
earn 7d, a week more than the second, the second 9d. more 
than the third, and the third 5d. less than the fourth. They 
together earned £% 3s. How much could each earn a week ? 

17. To find a number such, that one half and one third of 
this number will be equal to 30. 

Let X represent the number sought, then one half of the- 

number will he represented by- x or ? and one third by- x or f ,, 

^ "^2 2 . ^3 ^ 

we have theii 

2^ 3 ♦ 

Reducing the fractions 2» 3 ^^ ^ common denominatofi wcl- 

3x 2« 
have "6" '"6 =^''" 

whence -r = 30 

and. . a: = 36 

18. A farmer sold 96 loads of hay to two persons. To the 
first one half, and to the second one fourth of what his stack, 
contained. How many loads were there in the stack ? 

19. A gentleman gave to three persons 98 pounds, the sec>> 
and received twice the sum given to the first, and the third, 
one fifth of what the second had. What did each receive ? 

20. AH the joumeyings of a traveller taken together Qrmount 
to 3040 miles; of which he travelled 3 times, as. much by. 
water as on horseback^ %nd.2j- times as much, on foQt as by water.. 
How mmg miles did he travel in each of. the^ci three ^v^ays c* 

^ 9? 
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21. A person bought 612 gallons of beer, wkieh exai^ly 
filled three casks, the second held 4^, and the tbiti 2^ times 
as mnch as the first. What did each hold ? 



Sectioh II. — Equations. 

7. The difference between two numbers is 25 and the great- 
er is 4 times the less ; required the numbers. 

Let z represent the less, then a; -f- 25 will represent the 
greater, but since by the question the greater is 4 times the 
less, 4 X will also represent the greater, these two expressions 
for the same thing will therefore be equal to each other, and 
we have 

x-f25=r4x 

An expression for the equality of two things is called an 
equation. The two equal quantities, of which an equation is 
composed, are called members of the equation ; the one on the 
left of the sign of equality is called the first member, and the 
other the second, • 

If a member consist of parts separated by the signs -f- and 
— , these parts are called terms. 

Thus in the equation a; 4" 25s= 4 <e, the expression x 4- 25 
is the first member, and 4 gc the second. 

The quantities x and 25 are the terms of the first member. 

A figure written before a letter, showing how many times 
the letter is to be taken, is called the coefficient of that let- 
ter. In the quantities 4 x, 7 x, 4 and 7 are the coefficients 
of X. 

Equations are distinguished into different degrees. An 
equation, in which the unknown quantity is neither multiplied 
by itself, nor by any other unknown quantity, is called an 
equation of the first degree, 

8. In the solution of a question by the aid of algebraic signs 
there are, it is evident from what has been done, two distinct 
parts. In the first, we form an equation by means of the re« 
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Utimw esffldblisbed by tbe nature of the question between the 
known and unknown quantities. This is ealled putting fke 
quesium wto an equation. 

In the second part, from the equation, thus formed, we de- 
duce a series of other equations, the last of which gives the 
value of the unknown quantity. This is called resoMng or 
reducing the equatiom 

9. No general and exaet rule can be given for patting a 
question into an equation. When however the equation of a 
question is formed, there are regular steps for its reduction, 
which we shall now explain. 

In order to this we remark, that token equal operations are 
performed upon equal quantities the results wUl be equeU. This 
is self evident. It follows, therefore, since the two members 
of an equation are equal quantities that, 1^. the same quantity 
may he added to both sides of an eqwUion unthout destroying the 
equality ; 2^. the same quantity may be subtracted from both sidu 
of an equation without destroying the equality ; 3^ both sides of 
an equation may be ntukipUed^ or 4P. both sides may be dhided by 
the same quantity without destroying the equality. 

10. Let it be proposed to resolve the equation 

3 X -f 25 s= 60 ^ 4 X 
To resolve this equation, it will be necessary to transfer the 
terms 25 and 4 x from the members, in which they now stand, 
to the opposite. In order to this, let us first subtract 25 from 
both members^ we then have "^ 

3 « + 25 — 25 =5= 60 — 4 X — 25 
or 3x = 60 — 4x — 25 

Adding' next 4 x to both sides of this last, we have 
3x+4x=s=60 + 4x— 4« — 25 
or 3x + 4x==60— 25 

Comparing the last equation with the proposed, the follow- 
ing rule, for tifansposing a term from one member of an equa^ 
tion to the other, will be readily inferred^ viz. Efface the term 
in the member in which it stands^ and write it in the other with 
the contrary sign. 

11. Let us take Wttt tbe equatbn %^issaflQ 
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To resolve tbis equation, we ma»t first free it from denomi** 
Afttors ; in order to this multiplyiag first by B, we have . 

^ x + ~=60 

multiplying next by 4, we have 

4ar-f 3x = 240 

To free an equation therefore from denominators, w$ nuAi^ 
pjy ihe equcUhnby the denaminatprs Bitccessivcly. 
Ex. 1. To tree from denominators the equation 

:t X X 

£x, % To free from denominatoies the equation 

3 + 7— ii=l^ + IT 

Since in this equation the denominator 12 i» a multii^e of 
3, n^ultiplying by 12, we have 

4a; + -7- — ar = 1564--Yj- 

Thu$ by multiplying first by 12, the number of multipUca'* 
tions necessary to free the equation frosk denominators is di- 
minished, and the equation itself, when freed from denomina- 
tors, will be left in a more simple state. 

Ex. 3. To free from denominators the* equation 

7 "T" 9 21 — ^'^^ 18 
Ex. 4. To free from denominators the equation 

Jt Jf , ' X X X 

6 — 4 + ^^ == U~ 3 + 8 
Ex. 5. To free from denominators the equation 

2+10"' 4 r • — ^ 

The least dumber diviisible by each one of the denominatcm 
of the proposed, it is easy to see, is 20. Multiplying by 20^ 
we have 

10x-j-2x+ 15a: — 4a?+ 120=180 
thus the proposed is freed at once from denominators,^ and the 
equation which results, it is evident, is the most simple tO; 
which it can be lieduced free from denominators* 
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From what has been done we have the (bllowing rule, to 
free an equaticHi from its denominators^ viz. Mnd the kmti 
commofi mukiple of the deiwminators^ mvUiply eacA term bif this 
eamman muUiple^ obserting to ^vide^ a$ we proceed, the siim^ro- 
ior of each Jraetionai term by its denomuator. 

12. Let it be proposed next to resoive the equation 

5x 4x 7 13^«^ 

Freeing from denominators, we have 

lOx — 32 a: — 312 — 21 — 52 « 
transposing and reducing, we have 

30a; = 333 

whence dividing both sides by 39 we obtain. 

x=llj5 

The unknown quantity in equations of the first degree can 
be combined with those which are known in four different 
ways only, viz. by addition, subtraction, multiplication and di- 
vision. From what has been done, we have therefore the 
following rule for the resolution of equations of the first de- 
gree with one unknown quantity, viz. 1^ Free the proposed 
equation from its denomhiators ; 2^. bring all the terms^ which 
contain the unknown quantity into the first member and ail the 
known quantities into the other ; 3^. unite in one term the terms whidi 
contain the unknown quantity^ and the known quantities in another ; 
4^. divide both sides by the coefficient of the unknown quantity, 

13. Applying the above rule to t^e equation 

g — j -f- 10 = ^ — g -}- 11, we obtain x =« 12, 

In order to verify this result we substitute 12 for x in the 
proposed, it then becomes 

la 12 , ,^ 12 12 . ,, 
-g— ^+10=3-2 + 11 

whence performing the operations indicated we. obtain 

9 = 9 

The value a? » 12 satisfies therefore the proposed equati<Hi. 

In general, to verify the value of the unknown quantity de- 
duced from' an equation, we substitute this value for the un- 
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imowB qBantttj in. the equation. If this renders the two 
members identicaHy the same, the answer is correct. 

14. The following examples will serve as an exercise for 
the learner in the reduction of equations. 

»• 1 + 1+1 = 31 

4. 8x + 4 — g = 46 — 2x 

5. ^+5x + |==28 + ^^L 

3x 21 z 5 

2z 4x 5x 

7. 1+4 = 1 + 12-^ 

3« 7x 3z 7z 
«• "5 —15+ 4 = 8 ~"^^ 

». -g -t- 7 — 9 — 15 + -^^ 

^"- 5+4""3 = 10~2+4 

The equations above have been taken at random. It should 
be observed, however, that an equation may always be con- 
sidered as derived from the enunciation of some question. 
Thus the first equation in the preceding article may be con* 
sidered as derived from the* following enunciation, viz. to find 
a nwnber such that one half^ one third and one fifth of this num-- 
ber may together be equal to 31. 

15. Though no general and exact rule can be given for put- 
ting a problem into an equation, yet the following precept wilL 
be found very useful for this purpose, viz. Indicate by the aid 
vf algebraic signs upon the unknown and knoum quantities the 
same reasonings and the same operations^ that it wovM be neces' 
sary to perform^ in order to verify the answer^ if it were known. 

Let us illustrate this precept by some examples. 

1. A gentleman distributing money wanted 10 shillings to 
be able to give 5 shillings to each person ; he therefore gave 
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esch 4 shiUmga only and found tbftt he had 5 shitlings left. 
Required the number of persons. 

In order to verify the an&wer if it were known, we tfaould 
multiply it firat by 5 and from the product subtract 10 ; we 
should next muhiply it by 4 and add 5 to the product. The 
results thus obtained would be equal to each other, if the 
answer were correct. 

Let us indicate the same operations by the aid of algebraic 
signs. Putting x for the number of persons sought and multi> 
plying X by 5 we have 5 x, subtracting 10 from this we have 
5 x-^10 ; again x multiplied by 4 gives 4 x, adding 5 to this 
we have 4 x-}-^* Then as these two results should be equals 
we have for the equation of the probl^ 

5x — 10=4x + 5 
which being resolved gives x = 15. 

2. A person expends the third part of his income in board 
and lodging, the eighth part in clothes and washing, the tenth 
part in incidental expenses and yet saves $318 yearly. What 
is his yearly income ? 

3. A and B began to play ; A with exactly four-ninths the 
sum B had. After A had won $10, he found that they had 
each the same sum. What had each at first ? 

4. A General having lost a battle found that he had only 
3600 men more than half his army left, fit for action ; 600 
more than one-eighth of his men being wounded, and the rest, 
which were one-fifth of the whole army, either slain, taken 
prisoners or missing. Of how many men did his army consist? 

5. A sum of money was to be divided among 6 poor per* 
sons, the second received lOd. the third 14d. the fourth 25d. 
the fifth T2Sd^ and the sixth 33d. less than the first. Now the 
sum distributed was lOd. more than the treble of what the first 
received. What mo^aey did the first receive ? . 

6. A father intends by his will that his three sons should 
share his property in the following manner. The eldest is to 
receive 100 pounds less than half the , whole property, the 
second is to receive 80 pounds less than a third of the whole 
property, and the third is to have 60 pounds^ less than a fourth 
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of tbe prc^erty. Required the amoant of the whole propeftj, 
and the share of each son. 

7. A cistern is supplied hy two pipes, the first will fill it 
alone in 3 hours, the second in 4 hours. In what time will 
the cistern be filled if both run together ? 

If the time were known, we should verify it by ealculattng 
what part of the cistern would be filled by each pipe separate- 
ly, these parts added together would be equal to the whole 
cistern. To indicate the same operations by tbe aid of alge^ 
braie signs, let x =ss the time, and let the capacity of the cio^ 
tern be represented by 1. It is evident, that if one of tbe 
pipes will fill the cistern in three hours, in one hour it will 
fill ^ of it, in X hours it. will fill x times as much, that is, a 

part denoted by -.. In like manner in the time or, the second 

X 

pipe will fill a part denoted by^; since then these two 

parts should be equal to the whole cistern^ we have for the 
equation of the problem 

firom which we obtain arsss 1^ hours. 

8. A cistern is furnished with three cocks, the first will fill 
it in 5 hours, the second in 13 hours and by the third it would 
be emptied in 9 hours. In what time will the cistern be filled 
if all three run together ? 

9. A gentleman having a piece of work to do hired three 
men to do it ; the first could do it alone in 7 days, the second 
in 9, the third in 15 days. How long would it take the three 
together to do it ? 

10. To divide the number 247 into three parts, which may 
be to each other as the numbers 3, 5 and 11. 

Two numbers are said to be to each other as 3 to 5, or in 
proportion of 3 to 5, for example, when the first is three-fifths 
of the second, or which is the same thing, when the second ia 
five-thirds of the first. 

If then one of the parts, the first for example, were known, 
we should verify it thus. We should find a number, which 
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woald be five^thirds of the first part, this would be tbe seooad 
part ; we should find also a number which would be eleven-^ 
thirds of the first part ; this would be the third part; the ^um 
of these parts would then be equal to 247. 

To imitate this process let x ;= the first part, the second 

5cB 111 

will then be 3, and the third -g-* We have then for the 

equation of the question 

5x , lit ^.-- 
* + T + T-247 

whence x =i= 39 

11. A sum of money is to be shared between two persons 
A and B, so that as often as A receives 9 pounds, 6 receives 4. 
Now it happens that A receives 15 pounds more than B. 
What are their respective shares ? 

12. A merchant bought a piece of cloth at the rate of 7 
crowns for 5 yards, which he sold again at the rate of 11 
crowns for 7 yards, and gained 100 crowns by the traffic. How 
many yards were there in the piece ? 

13. On an approaching war 594 men are to be raised from 
three towns A, B, C, in proportion to their population. Now 
the population of A is to that of C as 3 to 5 ; whilst the pop- 
ulation of B is to that of C as 8 to 7. How many men must 
each town furnish ? 

14. A gentleman employed two workmen at difierent times, 
one for 3 shilling^;, and the other for 5 shillings a day. Now 
the number of days added together was 40; and they each re* 
ceived the same sum. How many days was each employed ? 

If the number of days one of the workmen was employed, 
the second for example, were known, we should verify it thus, 
W'e should subtract this number from 40,* this would give the 
number of days the first workman was employed ; multiplying 
next the number of days the first workman was employed by 
3, and that of the second by 5, the two products would be 
equal. 

To indicate the same operations let z = the number of days 
the second workman was employed, then 40 — a; will be the 

3 
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miBibter of days the first was employed, and the prodliet of 
40 — X multiplied by 3 should be equal to « X ^* 

The multiplication of 40 -^ x by 3 is indicated by inclosing 
this quantity in a parenthesis a&d writing the 3 outside, thus, 
3 (40 — «); we have therefore for the equation of the ques- 
tion 

3(40 — ar) =5a: 

With respect to the multiplication required in this equation, 
it is evident, since 40 should be diminished by the number of 
units in x, that 40 multiplied by 3 will be too great for the 
product required by the number of units in x multiplied by 3 ; 
to obtain the true product therefore from 40 X 3, we must sub- 
tract X X 3, we have then 

120 — 3x = 5x : 

from which we obtain x = 15 

16. Two workmen received the same sum for their labor ; 
but if one had received 15s. more, and the other 9s. less, then 
one would have had just three times as much as the other. 
What did they receive ? 

16. A has three times as miich money as B ; but if A gains 
$50 and B loses $93, then A will have five times as much 
monev as B. How much had each ? 

17. A and B engaged in trade, A with £240, and B with 
£96. A lost twice as much as B, and upon settling their ac* 
counts it appeared that A had three times as much remaining 
as B. How much did each lose ? 

18. Two merchants engage in trade, each with the same 
sum ; A gains $150, B loses $63, when it appears that three 
times A's money is equal to five times B's. What had each 

at first ? 

19. A man, when he was married, was three times as old as 
his wife ; after they had been married 15 years, five times this 
maq's age was equal to nine times that of his wife. Required 
the age of each when they were married. 

20. A laborer was hired for 48 days, for each day that he 
wrought he was to receive 24 shillings, but for each day that 
he was idle he was to forfeit 12 shillings. At the end of the 
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time he received j504 shillings. How many days did he work 
and how many was he idle ? 

To verify the nambers required in this problem we should 
multiply them if known by 24 and 12 respectively ; subtract* 
ing the last product from the first, the remainder would be 504. 
To indicate these operations by the aid of algebraic signs let 
arssthe number of days in which the laborer wrought, then 
48 — X will be the number of days, in which he was idle ; 24 
X will be the sum due for the number of days in which he 
wrought, and 576 — 12 x will be the sum which he forfeited* 

The subtraction of 576 --r 12 x from 24 x is indicated by in* 
closing this qiiantity. in a parenthesis and writing the sign — • 
before it, thus, 24 x — (576 — 12 x) ; we have then for the 
equation of the question 

24 X — (576 — 12 x) =» 504 

To perform the subtraction required in this equation, it is 
evident, since 576 should be diminished by 12 x before sub» 
traction, if we take 576 from 24 x we subtract too Inuch py 
12 X, 12 X must therefore be added to this result in order to 
have the true remainder, we have then 

24 X — (576 -- 12 x) ^ 24 X — 576 + 12 x 
the equation of the pr<^lem therefore becomes 

24x — 576 + 12x = 504 
from which we deduce x = 30 

21. A father being questioned as to the age of his son re- 
plied, that if from double his present age, the triple of what 
it was six years ago were subtracted, the remainder would be 
exactly his present age. Required .his age. 

22. A person has two boxes. Now when he puts 8$. into 
the &rst it is then half the value of the second ; but when he 
takes 89. out of the fifst and puts it into the second, then 
the excess of the value of the second above that of the first 
is equal to four times the value of the first. What is the value 

of each? 

23 Divide the number 68 into two such parts, that the dif- 
ference betweeii 84 and the greater may equal three times the 
difference between 40 and the less. 
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34« Two men commenced trade ; A had twice as mueh 
money as B ; A gained $50 and B lost $90, then the differ- 
ence between A's and B's money was equal to three times 
what B then had. How much did each commence with ? 

25. A person at play won as much as he beg^n with and 
then lost 18 shillings ; after this he lost five-ninths of what 
remained, and then counting his money found he had 14 shiJ- 
lingd less than at first. What had he at first ? 

Let X = the number of shitlings he began with, then 2 x 
will be the sum he had after winning x, and 2 x — 18 the sum 
remaining after the first loss, four-ninths of which will be the 
sum remaining after the second lo^s. One-ninth of 2^ — 18 

is expressed thus, ^"^ — » 

four-ninths therefore will be — 5 — > 

and we have for the equation of the question 

81 — 72 • , 
X 9— = 14 

firom which we obtain 9 a; — 8 x -f- 72 = 126 
whence x=3s54 

26. Divide the number 96 into two such parts, that four- 
fifths of the greater diminished by three-fourths of the less 
will be equal to 15. 

27. A merchant purchases two pieces of the same cloth of 
unequal length for $151 ; if three-fifths of the price of the 
less piece be subtracted from the price of the greater, the re- 
mainder will be equal to five-ninths the price of the greater 
subtracted from twice the price of the less. What Is the 
price of e^ch ? 

28. It is reqyired to divide 84 into two such parts, that if 
one-half of the less be subtracted from the greater, and one- 
eighth of the greater be subtracted from the less, the remain- 
ders shall be equal. 

29. A and B began to trade with equal sums of money. In 
the' first year A gained 40 pounds and B lost 40 ; but iu the 
second A lost one-^third of what he then had, and B gained a 
sum less by 40 pounds than twice the sum A had loot ; when 
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it appeared that B had twice .as much money as A. Wkat 
moAey dkJ each begpLii with ? 

30. What two nurabera are as 3 to 5, to each of whieb if 4 
be added the sums will be as 5 to 7 ? 

5flt 

Let X ==• the less number, then -^ = the greater ; adding 

4 to each the fir^t will be x -f- 4 and the second t 

^4.4ot— ^— ; 

but by the question seven-fifths of the first should now be 
equal to the second, we have therefore 

7(x+4)_5x + 12 
5 3 

31. Divide the number 49 into two such parts^ that the 
greater increased by 6 may be to the less diminished by 11 as 
9 to 2. 

32. A and B begin trade, A with triple the stock of B. 
They gain each £50, which makes their stocks in the propor- 
tion of 7 to 3. Required their original stocks. 

33. A man bought a horse and chaise for $273. Now if 
three-fourths the price of the horse be subtracted from the price 
of the chaise, the remainder will be equal to five-elevenths 
the price of the chaise subtracted from four times the price of 
the horse. Required the price o( each. 

34. A, B and C make a joint stock. A puts in iS60 less 
than B^ and ^68 more than C, and the sum of the shares of 
A and B is to the sum of the shares of B and C as 5 to 4. 
What did each put in ? 

35. A man being at play lost one fourth of his money and 
then won 3 shillings ; after which he lost one third of what 
he then had and won 2 shillings ; lastly he lost one seventh of 
what he then had ; this beiog done he had but 13 shillings 
left. What had he at first ? 

36. There are three pieces of dloth, whose lengths are in 
the proportion of 3y 5 and 7 ; and 6 yards being cot off from 
each, tbe whole quantity is diminished in the proportion of 20 
to 17. , Required the length of eaeb piece at first 

3* 
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37. Two persons, A and B have both the same annual in- 
come. A lays by one-fifth of his ; but B by spending $80 
per annum more than A, at the end of 4 years finds himself 
$220 in debt. What did each deceive and expend anntially ? . 

38. Three men, A, B and C enter into partnership. G paid 
in £10 and one-fifth as much as A ; B paid in as much as C 
and one-fifth of A, and A paid in as much ^s B and one third 
of G. What did each man contribute to the stock ? 

39. A foo.tman, who contracted for £S a year and a livery 
suit, was turned away at the end of 7 months &nd received 
only £% 3s. 4d. and his livery. What was its value ? 

40. Two men find a purse with shillings in it, A takes ont 
two shillings and one^fifth of what remains ; then B takes out 
thre^ shillings and qne-sixth of what was in the purse at first ; 
and then they find that they have taken equal shares. How 
in^ny shillings were in the purse, and hpw many did each take.^ 

41. A person had a certain sum of money before him. From 
this he first took awsiy the third part and put in its stead $50 ; . 
a short time after, from the sum thus increased he took away 
the fourth part and pi^t again in its stead $70, He then count-*, 
ed his mpney and found $120, What was the original sum ? 

42. A merchant adds yearly to his capital one third of it, 
but takes from it at the end of each year $1000 for his expen^ 
tes. At the end of the second year, after deducting the 
$1000, he fipds himself in possession of twice the sum he had 
l^t first. How inuch did he possess originally ? 



SECTfoif III. -^Sqlvtiqn qf questions in a general, 

16. In the solution of a question in numbers, there are, it 
must have been perceived, two distrnet things which require 
attentioui P. To determine by a process of reasoning what 
operations must be performed upon the numbers given in the 
qn^tion in order to obtain the answer sought, 2^. to perform 
these operations. In the questiona wbieh have been splved 
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thus far, the operations have each heen performed bs soon as 
determined. Let us now resume the question, art. 1, ftnd in- 
stead of performing the operations, as we proceed, let ns retain 
them by means of the proper signs. 

Representing as before the less part by x, the greater will 
htx+ 12, and we have | 

' x + ar+ 12 « 66 | 

2 X + 12 = 56 

2ar = 66— 12 

56 12 i 

Here the process of reasoning required in the solution of 
the proposed has been conducted by itself; the expression, at 
which we arrive, is not the answer sought, but the result of 
the reasoning pursued ; it shows what operations must be per* 
formed in order to obtain the answer, viz. that from one half 
of 56, the number given to be divided, there must be subtract- 
ed one half of 12 the given excess. Performing next the op- 
erations thus determined, we have 22 for the less part as be- 
fore* 

Let us next resume the sixth question, art. 6; representing 
again the least part by x, the mean will be x 4- ^0, the great- 
est a; -|- 40 4- 60, and we shall have 

X -j. X + 4a + a- + 40 -f- 60 =x230 

3«=:».230 — 40--40 — 60 ^ 
3ff=s230— 2 X 40 — 60 

230—2 X40— 60 
.= 3 

Here also the result shows the operations to be performed; 
according to which to find the least part sought, from 230 the 
number given to be divided, we subtract twice 40, or twice 
the excess of the mean part above the least, and also 60 the 
excess of the greatest part above the mean^ and take one third 
of the remainder. 

17. If the reasoning pursued in the solution of the precede 
ing questions be examined with attention, it will be perceived, 
that it does nipt depend upon the particular numbers girea in 
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tbese questions. It will be precisely the same for any .otb«f 
nuipbers. The same operations will therefore be necessary t% 
obtain the parts sought, whatever the given numbers may be, ^ 

By preserving the operations therefore we resolve the prch 
posed in a general manner^ that is, we determine once for all 
what operations are necessary for all queftioiis^ which differ 
from the proposed only in the particular numbers, which are 
griven. 

Let it be proposed next to find a number such that the dif* 
ference between one-ninth and one^seventh of this number 
shall be equal to 10. 

Putting X for the number we obtain 

9« — rx=^7X9X 10 

Here it will be observed that x is taken 9 times minus seven 

times or 9 — 7 times ; 9 — 7 will therefore be the coefficient 

of «, and the above equation may be written thus 

(9— 7)x=7X9XlO 

• _7XOX10 

whence x == — q^t" — 

Let the learner now resolve the following questions in a gen* 
eral manner. 

i. A company settling their reckoning at a tavern pay 8«« 
each; but if there had b^en 4 persons more^ they should only 
have paid 7s. each. How many were there ? 

2. Divide the number 91 into two such parts, that 6 times 
the first, diminished by & times the second, may be equal to 40. 

3. Divide th^ number 56 into two such parts, that one part 
being divided by 7 and the other by 3, the quotients may to- 
gether be equal to 10. 

18. In the solution of questions in a general manner, accord- 
ing to the method above explained, we should be, liable, 
through inadvertence, to perform some of the operations as we 
pvoceed ; thus the result would not show how the answer is 
to be found by means of the numbers originally given in the- 
questioii. To avoid this inconvenience and at the same time 
to Tender the solution mrore concise, it is usual> to represent 
the givea things in ft question hj signs, which will stand in- 
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differently for the ptrticular numbers given in the qiiestioD| or 
for any other numbers whatever. 

It is agreed to represent known quantities, or those which 
are suppose! to be given in a question, by the first letters of 
the alphabet, as a, b^ c. 

Representing by a the number to be divided, and by b the 
given excess, the question, art. 1, may be presented generally, 
thus ; To divide a number a into two such parts^ that the greater 
may exceed the less by h. 

To resolve the question, thus stated, we denote still the less 
part by x ; the greater will then be x -f- 6, and we have 

x-f-x-f-fi = a 

2xt=za — b 

a h 

19. The above expression for x is called 9k formula forx, 
since it indicates the operations to be performed upon the 
numbers represented by a and 6 in order to obtain x. 

The translation of a formula into common language is called 
a rule. Thus we have the following rule, by which to obtain 
the less of the parts required according to the question pro- 
posed, viz. From half the number to be divided^ subtract half the 
given excess^ the remainder will be the answer. 

Knowing the less part, we obtain the greater by adding to 
the less the given excess. We may, however, easily obtain a 
rale for calculating the greater part without the aid of the less. 
Indeed since the less part is equal to 

A b ah 

2 — 2' ^^ ^^ ^^^ ^ to this, we have^ — 2~f"^ equal to the 
greater. But this expression may, it is easy to see, be re- 
duced tOg-f-g ; whence we have the following rule, by 

which to find the greater part, viz. To half the number to be 
dividedy add half the givefi excess, the result will be the answer. 

To apply these rules, let it be required to divide $1753 be- 
tween two men in such a manner, that the first may have 
f 325 more than the second. 
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20. The sixth question, art 6, may be presented in a general 
manner, thus ; To divide a number a into three such part$^ thai 
the excess of the mean above ike least may 6« b, and the excess of 
the greatest above the mean may be c. 

Let X = the least part ; 
^ then x-^-bssz the mean, 

and a: -f- b -[- c=» the greatest, 
therefore ar + ^^ + ^+^-l-* + <^ = o 
or transposing and reducing 3z = a — 2i c 

whence x=-"^^*""' 
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Translating the above formula into common language, we 
have, the following rule, by which to find the least part, viz. 
From the number to be divided^ subtract twice the excess of the 
mean part above the leasty and also the excess of the greatest 
above the mean and take a third of the remainder. 

To obtain a formula for the mean part,^ we add 6, the exeess 
of the mean above the least, to the above expression for the 
least part, which gives for the mean 

a — 26 — c 
3 ^+* 

or reducing to a common denominator 

~~3 ^"T 

whence we obtain for the mean part 

a-f ft— c 

In like manner the following formula will readily be obtain^- 
ed for the greatest part, viz. 

a4-6 + 2c 
3 

Translating these formulas into common language we obtain 
rules also for the mean and for the greatest part.. 

1. To apply these rules let it be required to divide $973 
among three men, so that the second shall have $69 more than 
the first, and the third $48 more than the second. 

2. A father, who has three sons, leaves them his property 
amounting to $15730. The will specifies, that the second shall 
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bave 92920 more thaa the third, and that the eldest shall h&ve 
$3575 more than the second. What is the share of each ? 

21. The operations necessary for . the solution of this last 
question are, it is easy to see, the same with those for the pre- 
ceding. It may therefore be solved by the same formulas. In 
like manner the seventh, eighth, and ninth questions, art 6, 
may be solved by the same formulas. . This circumstance is 
worthy attention, since we are thus enabled to comprehend in 
one the solution of a multitude of questions differing from each 
other not only iui the particular numbers, which are given, but 
also in the language^ in which they are expressed. 

Let now the following questions be generalized. 

1. The sum of $3753 is to be divided among 4 men, in 
such a manner, that the second will have $ 159 more than the 
first, the third $275 more than the second, and the Ibufth 
$389 more than the third« What is the share of each ? 

2. Three men share a certain sum in the foIlQwing manner ; 
the sum of A's and B's shares is $123, that of A's and C's 
$110, and that of B's and C's $83. What is the whole sum 
and the share of each ? 

Let a:= the whole sum, then. a; — 123 sr= C's share, &e. 

28. The seventh question, art 15, may be stated generally^ 
thus. A cUftem is mpplied by two^ pipes ; the first wilt fill it in 
a hours^ the second in b hours. In what time will the cistern be 
filled if both run together ? 

Let X = the time ; the capacity of the cistern being sup- 
posed equal to unity, we have 

whence freeing from denominators 

Here it will be observed, that x is taken a times and also b 
times; whence on the whole it is taken. a -|- 6 times ; a-f-* 
is then the coefficient of x, and the above equation nay be 

written^ thus^ 

. (a + 6) X = a 6 

ab 

whence « = 



a + b 



36 SLlTBrEffTS OF aLg&bha. 

Translating this formula, we have the following rale for 
every case of the proposed question, viz. Divide the product 
, of the numbers, which denote the times employed by each pipe in 
filUiig the cistern, by the sum of these numbers ; the quotient wiO 
be the time required by both the pipes running together to fill the 
eisteni. 

Example. Suppose one pipe will fill the cistern in 5J 
hours, and the other in 9 hours ; in what time will it be filled 
if both run together ? 

23. The fifth question, art. 6, may be thus generalized. A 
gentleman meeting four poor persons distributed a shillings among 
them ; to the second he gave b times, to the third c times j and to 
tie fourth d times as much as to the first. What did he give to 
each 7 

Let X represent what he gave to the first, we then have 

x-\-bx'-\'CX']"dx^=±a 
or, (l4.6-f-c + (f)a:==fa 

whence x = , , . -- 

Let next the following questions be generalized. 

1. A bankrupt wishing to distribute his remaining property 
among his creditors finds, that in order to pay them $176 
apiece, he should want $30, but if he pays them $168 apiece 
he will have $40 left. How many creditors had he ? 

2. It is required to divide the number 91 into two rach 
parts, that the greater being divided by their differettce the 
quotient may be 7. 

3. A person has two sorts of wine, one worth 20 shillings a 
gallon, JEind the other 12 ; from which he would make a mix- 
ture of 30 gallons to be worth 14 shillings a gallon. How 
much of each must he take. 

4. Divide the number 138 into two such parts, that 5 times 
the first part diminished by 4 times the second ivill be equal 
to 85. 

6. Three men, A, B, and C, engage in trade and gain $500^ 
of which C is to have twice as much as B, and B $50 lesfti 
than 4 times as much as A« How much will each receive ? 
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6. A trader having gain^ $3450 by his business, and lost 
$2375 by bad debts, found, that ^ of what he had left equalled 
the capital with which he commenced trade. What was hit 
capital ? 

7. In a certain school ^ of the pupils learn navigation^ ^ 
learn geometry, ^ learn algebra, and the rest, 10 in numbery 
learn arithmetic. How many pupils are there in all ? 

24. The twentieth question, art. 15, may be presented in a 
general manner, thus. A laborer was hired fjr a certain ntiM- 
ber a of days ; for each day that he wrought he was to receive b 
shillings J but for each day that he was idle, he was to forfeit c 
shillings. At the end of the time he received d shillings. How 
many days did he work, and how many was he idle ? 

Putting X •= the number of days, in which he wrought) and 
resolving the question, we obtain 

d-^-a e 

Example. A laborer was hired for 75 days ; for each day 
that he wrought he was to receive $3, but for each day that 
he was idle, he was to forfeit $7. At the end of the time he 
received $125. To determine by the above formula the num- 
ber oi days, in which the laborer wrought. 

The three following questions may also be solved by the 
same formula. Why is this the case ? 

1. A man agreed to carry 20 earthen vessels to a certain 
place on this condition ; that for every one delivered safe he 
should receive 11 cents, and for every one he broke, he should 
forfeit 13 cents ; he received 124 cents. How many did he 
break ? 

2. A fisherman to encourage his son promises him 9 cents 
for each throw of the net in which he should take any fish, 
but the SOB, on the other hand, is to forfeit 5 cents for each 
unsuccessful throw. After 37 throws the son receives from the 
father 235 cents. What was the number of successful throws 
of the net ? 

3. A man at a party at cards betted three shillings to two 

4 



1«,%''^- 
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» 

Upon ererj deal. After 2D deals be won 5 shillings. Hew 
many deals did he win ? 

25. Let it be proposed next to make p, rule for FelkwsUpy 
and in order to this, let us take the following example. 

Three men, A, B, and C commence trade together, and fiir- 
oish money in proportion to the numbers m, n, and p res^ee* 
lively ; they gain a certain sum a. What is each man's share 
of the gain ? 

Let a; = A's share ; 

then — = B's, and — =C's share. 
By the question therefore 

m ' m 
Freeing from denominators, we have 

Of) which is the same thing 

(tn -{' n -{- p) X =s m a 

whence x = — — — = A's share. 

m -}- n ^ p 

Multiplying next the value of x by n, and dividing by My 
we obtain 

na 



In like manner, we find 

pa 



s= B's share. 



C's share. 



To find a share of the gain therefore; Multiply the corres* 
ponding proportion of the stock into the whole gain^ and divide 
Ae product hy the atan of the proportions. 

26. Let now the following questions be generalized. 

I. Three merchants, A, B, C enter into partnership. A ad* 
vances $750, B $ 1390 and C $825. A leaves his money 9 
months, B 13 mobths, and C 15 months in the business. 
They gain $830. What is the share of each ? 

Since A advances $759. for 9 months, he advances what is 
equivalent to $750 X 9 ^or 1 month. In like manner B ad- 
Tft&ces what is eqjatvalent to $1300 X 1^ fo^ ^ month, &c. 
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2. A bankrupt leaves $18000 to be divided among three 
creditors, in proportion to their claims. Now A's eiaim is to 
B's as 2 to 3y and B's claim to C's as 4 to 5. How much does 
each creditor receive ? 

3. The sum of $539 is to be divided among four peraons^ 
the first is to receive 10 per cent., the second 15 and the third 
17 per cent, more than the fourth, or in other words the first 
IS to receive $110 as often as the fourth receives $100, ftc. 
What will each receive ? 

4. A gentleman hired three men to perform a certain pieee of 
work ; the first working 9 hours a day would perform the woik 
in 10 days, the second working 7 hours a day, in 15, and the 
third) 'working 12 hours h, day, in 6 days. How long will H 
take them together to perform the work ? 

5. A merchant purchased 24 yards of cloth of two differeRt 
kinds for $406. The first cost $18, the second $15 a yard. 
How many yards were there of each kind ? 

6. A gentleman hired two workmen for 50 days, to the firal 
he gave $3, to the second $2 a day. On settling with them 
he paid both together $ 130. How many days did each work ? 

What have these last two questions in common, and what 
general statement will comprehend both ? 

27. Thus far we have employed the first letters of the al- 
phabet to represent known quantities, and the last to denote 
those which are unknown. In some cases it is more conven- 
'ient to represent the (][uantities, whether known or unknown, 
by the initials of the words for which they stand. 

Let it be proposed to determine what sum of money must 
be put at interest, at a given rate, in order to amount to a given 
sum in a given time. 

Let p :^ the principal or sum put at interest, 
' r = the rate, # 

a == the given amount, 
r =£= the given time. 
By the question, we have p'\-trpz=:ia 
or • (14-«r)p = o 

whence P^^lTjITr 
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^ We bave therefore the following rule, by which to find the 
principal required, viz. MuUiply the rttte by the time and add 1 
to the product ; the amount divided by the sum thus obtained will 
give the principal 

Examples. — 1. What sum of money must be put at inter- 
est at 6 per cent., in order that the principal and interest may, 
at the end of 5 years, amount to $ 748,80 ? 

2. A man lent a certain sum of money at 5 per cent. ; at the 
end of 7 years hQ received for principal and interest $ 1297,47. 
What was the sum lent ? 

3. A merchant finds that by a fortunate speculation with 
his floating capital, he has gained 15 per cent., and that by 
this means it has increased to $15571. What was his capital ? 

28. The* equation p + t rp^saj contains, it will be per- 
ceived, four different things, any one of which may be deter- 
mined, when the others are known. Deducing, for example, 
the value of /, we have 

rp 

Whence to find the time, when the amount, principal and 
rate are given ; From the amount subtract the principal^ and di- 
vide the remainder by the product of the rate multiplied by the 
ptincipdl. 

Examples. — 1. A man put at interest $345 at 4 per cent. ; 
at the end of a certain time he received for principal and iz^ 
t^rest $483. Required the time far which the money was 
lent. 

2* A merchant lets out his floating capital amounting to 
05873 at 10 per cent, interest. At the end of a certain num-^ 
ber of years he finds that he has received $3523.80 interest. 
For how niany years was his capital let out ? 

3. Let the learner prepare the formula and solve the follow- 
ing example. 

A gentleman put at interest $6840, and at the end of 5 years 
received for capital and interest $8208. What rate per cent, 
did he re(reive ? 

29. In the preceding questions the object has been to de- 
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term ine certain unknown numbers by means of others, whieh 
are kho%yn, and which have relations to the unknown bubi* 
bers established by the enunciation of the question. We 
shall now show the aid derived from the same signs in demon* 
strating certain properties in relation to known and given 
numbers. 

1. To demonstrate that if both terms of a fraction be mnlti* 
plied by the same number, the value of the fraction will not 
be changed. 

Let the proposed fraction be designated by r, and let n be 
any number whatever* 

Putting ^ =s? jfi, we have a^assbm 

multiplying both sides of this last by n, we have 

from which we deduce 

. na a 

whence ST ==6 

» 

2. Let the same number be added to both terms of a pvof^ 
fraction ; to determine what effect this will produce upon the 
value of the fraction. 

Let us designate the fraction by y. Let m be the number 

added to both terms of this fraction ; it then becomes 

a^-f- m 

To compare the two fractions, it is necessary to reduce them 
to the same denominator. Performing this operation, we have 

for the first 

ab -f am 



bb-\-bm 



and for the second 



a 5 4- 6 m 
bb'\'bm 
Here the two numerators have the part a b common to both; 

4* 
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but the part ( m of the second is greater than the part a m of 
the £rst, siiice 6 isgreater than a ; the second fraction is there- 
fore greater than the first ; Whence, If the aumfi number be ad- 
ded to both terms 0/ a proper jractioHy the v<Uue oj the fraetum 
tmli be increased, 

3. It has heen shown in arithmetic that, Every divisor com- 
mon, to two numbers must divide the remainder after the division of 
tkc great&r of these nunAers by the leas. Let us now dempii- 
strate this property by the aid of algebraic symbols. 

(iCt D be the divisor common to the two numbers ; let A D 
represent (he greater of the two numbers and B D the less ; 
let Q be the entire quotient arising from the division of the 
greater by the less, and let R be the remainder ; we have then 

AD==BD X Q + R 

dividing both sides by D^ we have 

A=BXQ+S 

Here the first member of the equation is an entire number, 
the second must therefore be equcd to an entire number ; but 

of this member the term B Q is an entire number ; whence 

R 

must be an entire number, that is, R must be exactly divisi- 
ble by D. The proposition above is therefore demonstrated.. 

The questions, art. 15, will furnish additional exercises for 
the learner in stating and resolving questions in a general man- 
ner. 

Section IV. — algebraic operations. 

30. A quantity expressed by algebraic signs is called an o^ 
ge/fraic or Uterai quautity. 

From what has been done,^ it is easy to see that we shall 
have frequent occasion to perform upon algebraic quantities 
operations analogous to the fundamental operations of arith- 
metic, viz. addition^ subtraction, multiplication and division. 
It is to be observed, however, that t^e operations upon alge- 
braic quantities differ froii(i the corresponding ones in arithme- 
tic in this respect, that the results to wJl^iQh we arrive^ in the 
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Cftse of ftln^ebraic quaiitities are for the most part only indica- 
tions of operations to be perfotQied. AU that we do is to 
transform the operations originally indicated into others^ whieh 
are more siniple, or whioh become necessary in order that the 
conditions of the question may be fulfilled. Thus, in the 
equation x -{- x -{- b =a a given by the conditions of the ques-^ 
tion, art. IS, we simplify the operations originally indicated by 
reducing the expression x -[- x to one term, 2 2, by an opera- 
tion analogous, to addition in arithmetic, though not strictly 
the same. So likewise in question twentieth, art. 16, thougk 
we cannot, strictly speaking, subtract 576 — 12 x from 24 x, yet 
by an operation analogous to subtraction in arithmetic, we in* 
dicate upon these quantities operations, which produce the 
same effect, as the subtraction which the conditions of the 
question require. 

31. Algebraic quantities consisting only of one term sure^ 
called monomialsy as 3 a, — 4 6 &c. Those which consist of 
two terms are called hinomiahy mo-^ b^C'-^d. Those, whiob 
consist of three terms are called trinomals, &c. In general, 
quantities consisting of more than one term are called pol^* 
miah. Quantities consisting only of one term are also called 
rimple quantitiesj and those consisting of more than one term 
are called compoUHd quantities 

Quantities in algebra, which are com^posed of the same let- 
ters, t^nd in which the same letters are repeated the same nuia- 
ber of times, are called similar quantities, thus^ 3 a &, 7 a & are 
similar quantities, so also a a 6, 5 a a &. 

ADDITION OF ALGEBRAIC QVANTITIES. 

QSt* 1* Let it be required to add the monomials is, 6, ^, and 
d; the result^ it is evident, will be a -}- 6 -f c -^^ d, 

2. Let the quantities to be added be ab, Cj a i, d. Here 
we have as before ab -{- c-^ab-^-d; but the quantities a I, 
a 6 in this result are similar, they may therefore be united iot 
one term, thus, 2ab; whence the sum required will be 2ai 
4^e4^d. To add monoQiials therefore, WrUe them and t^er 
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the other with the si^ -\- between them^ obeetvinff to Amplify ike 
result by uniting dnone^ those which are similar, 

3. Let it next b€ required to add the polynomials a -f ^ >fl^ 
c 4" ^+ ^* '^^^ >3um total of an J number of quantities what- 
ever should be equal, it is evident, to the sum of all the parts 
of which these quantitie;s are separately composed ; we have 
therefore for the sum required a *f-^ + c + rf-f- «. 

Let the quantities proposed be a-\-b and c — d. If we 
begin by adding c, the result a -f^6 -f <^ ^Hl, it is evident, foe 
too great by the quantity dj since ijt is not c, whieh we are to 
add, but € diminished by d; to obtain the true result therefore, 
from a-^-b-^-cwe must subtract rf; whence c— d added to 
a+ ft gives 

a -f- 6 -f- c — d» 

To add polynomials therefore, Write in order one after the 
other the iqiutntities to be added with their proper signs, it being 
observed that the termsy which have no signs before them, are con* 
siiered as having the sign -{-• 

>93» Let it next be required to add the following quantities.' 

2a — 5c 
86 + c ^ 

By the rule just given the sum required will be * 

9a4.7ft-^2c + 3a—: 6c + 8A + e 

In this result the similar terms 9 a, 2 a may be united in 
one sum 11a; also the terms 7 6 and 8 b give 15 6. 

The similar quantities -—12 c, — 5 c being both subttactive, 
the effect will be the same, if we unite them in one sum 7 c 
and subtract this 8um,^and as there would still remain the 
quantity c to be added, instead of first subtracting 7 c and then 
adding c to the cesnlt, the effect will bd the same if we sob« 
tract only 6 c. 

The sum of the expressioni^ proposed will tbell be reduced 
to 11 « + 156— 6 c. 

In order to verify this result, let us put numbers for the k&> 
ters a, b^ c, in the proposed ; for exftmpie, the namfcersi lA^ 4, 
3 respectively, we have 
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9a+76-r>y2c»sU3 
2a — 5c= 5 

86+ c = as 

9a+7A— 2 c + 2a — 5c + 8 6-1- c= 152 
Making the same substitution in the expression 11 a -|- 15 6 
— 6c, we obtain the same result. 

The operation, by which all similar terms are reduced to 
one, whatever signs they may have, is called reduction. To 
perform this operation. Take the sum of similar quantities, which 
have the sign -}- and that of those, which have the sign — ; sub^ 
tract the less of the two sums from the greater and give to the re- 
mainder the sign of the greater. 

We have then the following genera] rule for the addition of 
algebraic quantities, viz. Write the quantities in order one after 
the other with their proper signs^ observing to simplify the resuU 
by reducing to one, terms which are similar, ^ 

EXAMPLES. 

1. To add the quantities 
6a-f 36— 4c 
6c+2a — 5b + 2d ^ 

3c— 46 — 2c-fa 
7a — 3c-f46 — 6c 



Answer 15a— 26— 3c-f-2rf— 3c 

To verify this answer let the numbers 12, 5, 4, 3, 13, be put 
for the letters a, 6, c, rf, c, respectively. 

2. To add the quantities 

7m+3ii — 14p-|-17r 
3a4-9n — llm-(-2r 
5 p — 4m+ 8 n 
11 n — 2 6 — m — r+s 
Answer 31 n — 9m — 9p + 18r-f-3 a — 2 6 -f «. 

3. To add the quantities 

116c-f-4ad — 8ac-|-5cd 
8ac + 76c — 2ad+4mn 
2 cd — Sab + 5ac-\- am 
9 am — 26c-^2a^-f5cil 



Answer 166 c+5ac-f 12 ci/ + 4mfi— 3a6 + 10afli. 
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' SUBTRACTION OT ALGEBRAIC QUANTITIES. 

34. 1. To subtract a from b. Here the qaantities being 
dissimilar, the subtraction can only be , expressed by the sign 
-r-, thus, b — a. 

2. To subtracts a from 7 a. The quantities in this pase 
being similar, the subtraction may be performed by means of 
the coefficients, and the result, it^ is evident, will be 2 a. 

3. To subtract 2 6 4- 3 c from d. To subtract one quantity 
from another we must, it is evident, take from this other the 
sum of all the parts, of which the quantity to be subtracted is 
composed. The result required mil therefore be 

4 — 2b — ^c. 

4. To subtract a—* ft from c. If we begin by subtracting a 
from c, it is evident, that tve shall take away too much by the 
quantity 5, by which a should be diminished before its sub* 
traction ; b should therefore be added to c — a to give the true 
I'esult ; whence a — b subtracted from c gives 

c — a -f- ft* 

5. To subtract6c + 3rf — 4ft from7c — 2d— 6ft. The 
result, it is easy to see, will be 

7c — 2rf — 5ft — 5 c — 3^4-4* 
which becomes by reduction 

2c — 5cf — ft 
From what has been done the following rule for the sub- 
traction of algebraic quantities will be readily inferred, viz. 
Change the signs -\- into — , and the signs — into -}- in the quan- 
tities to be svbtracled^ or suppose them to be chang^d^ and then 
proceed as in addition, 

EXAMPLES. 

1. To subtract from 17a -|-2m — 9ft — 4c4-23d 
the quantity 51 « — 27ft + llc— 4d 

Answer 2mT-a4a-f 18ft"^l5c + 27 d 

2. To subtract from 5a c — 8aft 4-®ftc — 4ti«i 
the quantity 8 am -^2 a ft + Hac — 7 c.rf 

Answer 9 ft c^^ac^ 6aft — 12 am + 7ed 
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3. To tubtract from 

lSabc — lSzy + 2l cd — 41x^25 
the qiMtotity 75 ap^ — 4ahc -^ 16 x — 5Sed — 31 mc 

Aoswcr 19a6€ — 88«y — 67« + 74crf + 3lMC — 25 

MULTIPLICATION OF ALGEBRAIC QUANTITIES. 

35. 1. The prodtict of a quantity a by another quantity ( 
ii expressed, as We have already seen, thus, a X ^» or in a 
more simple manner, thus, a b. In like manner the product of 
a & by c d is expressed thus, ah X cd^ or thus, abed, 

2. The letters a and b are called fdctots of the product a 6. 
So also a, (, c and d are the factors of the product abed. 
The value of a product* it is easy to see, does not depend at 
all upon the order, in which its factors are arranged ; thus the 
value of the product aiising from the multiplication of a hy i 
will evidently be the same, whether we write b a ox ah, 

3. Let it be proposed to multiply 3 a 6 by 5 c (^; by no. 1 
we have 3 a 6 5 c (f, or by no. 2, 3 X 5 a 6 c c/ ; but the factors 
3 and 5 in this result may, it is evident, be reduced to one' by 
multiplying them together; performing this operation, the 
product required will be l^ahcd. In like manner the pro<^ 
duct of the quantities 7 a 6, 9 c cf, 13 e/ will be 

Sl^abcdtf. 

4. Let it be required to multiply a a by a^ According to 
no. 1 we have for the result a a a; but this expression for the 
product required may, it is easy to see, be abridged by writing 
the letter a but once only, and indicating by a figure the num* 
her of times this letter enters into it as a factor. The figure 
which indicates the ntimber of times a given letter enters as a 
factor in a product is called the exponent of that letter. And 
in order to dtstinguitih the exponent of a letter from a coeffi- 
cient, we place the exponent at the right hand of the letter 
and a little above it, the coefficient being always placed before 
the letter, to which it belongs, and on the same line with it. 

According to this method the product a a is expressed hj 
4^1 a a a by a', a a d a by a\ &c. 
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A letter, which is multiplied once by itself, or whieh has 
two for an exponent, is said to be raised to the second power' 
A letter which is multiplied twice successively by itself, or 
which has 3 for an exponent, is said to be raised to the ikud 
power. In general, the power of a letter is desig:nated ac- 
cording to the figure, which it has for an exporicnt, thus a 
with 7 for an exponei^t is called the seventh power of a. 

A letter which has no exponent is considered as having 
unity for its exponejQt, thus, a is the 9&me as a^ 

From what has been said, it will be perceived, that in order 
toraiae a letter to a given power^ it is necessary* to midtiplv it 
successively by itself as many times less oi^e^ as there are units tii 
the exponent of this power. 

5. Let it next be required to multiply a* by/a\ According 
to no* 1 the product will be expressed by a' a% In this pro- 
duct the letter a, it will be observed, occurs three times as a 
factor and also five times as a factor, whence on the whole it 
is found eight times as a factor. The product a' a* may therc;- 
fore according to no. 4 be expressed more concisely, thus, a*. 
In like manner the product of a^ by a* will be a'^ Whence, 
in general, The product jof two powers of the same letter will 
have for an exponent the sum qf the exponents of the multiplier 
and multiplicand. 

6. Let it be proposed next to multiply a* h* c by a* b* c* d. 
According to no. 1 the product will be a* 6* c a* b^ (? d, or by 
1^0. 2. a^ a^ b^ b^ c c^ d\ but this expression may be reduced 
by the rule just given to a* ft* c* d; whence 

c^ b"" c X a^ b* ^ d:=za^ V e" d. 
From what has been done we have die following rule for 
the multiplication of simple quantities, viz. 1^ Multiply the 
coefficients together ; 2^. write in order in the product thus oh* 
tained the letters which are found at once in both the mtUtiplier 
and multiplicand^ observing to give to each letter the sum of the 
exponents^ with which this letter is affected in the two factors ^ 
^. if a letter is found in one of the factors pnly^ write U in the 
product with the exponent which it has in this factor. 
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EXAMPLES. 

To multiply L S a*b t'hj 7 ab cd^ Ans. 56 a' 6' c» d«. ' 

2. 21 aH'ccf bySaftc' Ans. 168 a* 6' c* A 

3. 17 a 6« c by 7 df Ans. 119 ab^c df. 
96. Let us pass to the multiplication of polynomials. 

To indicate that a polynomial a -}- ^) ^^^ example, is multi- 
plied by another c-\-dy we draw a vinculum over each and 
connect them by»the isign of multiplication, thus, 

or, which is the better method, we inclose each of the <|iiaBti- 
ties in a parenthesis and write them in order on^ after the otfa- 
er, either with or without the sign of multiplication^ thus^ 
(a + 6) X (c+rf), or(a + 5) (c + cf). 

1. To multiply a + 6 by c. To form the product required, 
it is evident^ that we must take c times each of the parts a and 
h of which the quantity a -|- 6 is composed. 

The product of o + ^ 
multiplied by c 

is therefore ac -{ b c 

In like manner 2a + 5'c-f J 
multiplied by ^ 



eives ^ah'\-b* ch -{■ dh 

2. To multiply a — * 6 by c. Since a — bin smaller than a 
by the quantity 6, ae the product of a by c, it is evident, will 
be too large for the product required by b times c or 6 c ; 
whence to obtain the true result, from a c we must subtract 6 c. 

The product of a — b 
multiplied by c 

is therefore ac — be 

In like manner a' + c' — dh — ef 
multiplied by ah 



gives a^h + ahi^ — adh^ — ahef 

From what has been done it is evident that. If two terms 
eadi affected with the sign -f be midlipUed together j the product 
must have the sign + ; but if one of the terms be affected with the 
9ign + and the other with the sign — , the product mu9t have the 

5 
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3. Let it^be proposed next t« multiplj a — 6 by c — d. In 
this case, it is evident, that, if we take c times a — ( the re- 
sult will be too great by d times a — b; whence to obtain the 
true product, from c times a — 6 or ac — 6c we must subtract 
d times a — 6 or ad — bdj 

The product af o — b 
multiplied by c — d 

is therefore «c — be — ad^-bd 

From this example it appears that, If two terms be affected 
each with the sign — , the pro^ct of these terms should be affect- 
ed with the sign -{-. 

If in the expression of a product there occur similar terms, 
the expression may be abridged by uniting these terms into 
one. 

Thus 2(i6»-fa*— c* 

BHat(pHedby^a^+^_ 

2a»6« + a* — o*c« 
— 2a»6* — a»fr» + a6V 
2a6»c»+aV — c* 



gives a» 6* + o* — 2 o* 6* + 3 a 6* c» — c* 

To yerify this result let a = 5, 6 = 2, c = 3. 
From what has been done we have the following rule for 
the multiplication of polynomials, rit, V, 3IulHply each term 
ef the muUijdicand by ^ach term of the mukipliirj observing wiih 
respect to the signs^ that if tiQo terms multiplied together have each 
the same sign^ the product must have the sign +, but if they haioe 
different signsj the product must have the sign — ; 2^. add togeth- 
er the partial products thus obtained, taking care to unite in onty 
terms which are similar, 

37. A polynomial is said to be arranged with reference to 
some letter, when its terms are written in order according to 
the powers of this letter. The polynomial 

a*6»+a»6 — a6* + a*6« 
for example, arranged in descending powers of the letter a 
stands thus, a*V + a^b -^ a* b^ — a b*j arranged in ascending 
powers of the letter b it stands thus, a* 6 + o* 6* + <^ 4* — • 6*. 



][ULTIPi;jCATI01f or ALGEBRAfC qi7ANTlTIK8. 51 

The letter with reference to which the arrangemeht is mtde 
is called the principal letter. 

To facilitate the multiplication of polynomials, it is usual, 
P« to arrange the quantities to be multiplied according to the 
powers of the s^me letter ; 2^ to dispose o/ the partial pro- 
ducts in such a manner that those terms, which are similar, 
shall fall under each other. Let it be proposed^ for example, 
to multiply 

i» + 6* a + o» + 6 a* by 4 6»— 36 a + 3aF. 
The multiplier and multiplicand being both arranged witk 
reference to the letter a, the work will be as follows 
a' + ba^ + aV + l^ 

8a«_86aH-4y 

W^+ 3 6 a* + 3 6» a» + 3 6* tt» 

— 3 6 a* — 3 6» o» — 3 ft'* «» — 3 6* a 

4 y tt» 4- 4 6» o' -f 4 »^ g + 4 y 

3 o» + 4 6* a» +T6» o* + ft* a + 4 6* 

38. The following examples will serve as an exercise in tiie 
multiplication of polynomials. 

To multiply 

1 . 6 a» — 4 o» 6 + 5 « ft* — 3 ft* 

by 4 a' — 5oft + 2ft* [ • 

Answcr"20a» — 41a*ft+50o»ft* — 45a»ft* + 25oft* — •*• 

2. o» + 3 o» ft + 3 a ft* + ft* 
Ij o» — 3 o* ft 4- 3 g ft' — ft* 
Answer a* — 3 a* ft* +3a»ft* — ft« 

hy g — y 

Answer «• *- y* 

39. A term, which contains one literal factor <mljy is said 
to be of the first degree ; a term, which contains two literal 
faetors only, is said to be of the second degree, &c. In general, 
th§ degree of a term is marked fty the number^ tohidi expresses the 
sum of the exponents of the letters^ which enter into this term. 
The coefficient is not reckoned in estimating the degree of the 
term. Thus o* ft* e is a term of the 6th degree, and 7 a ft* is 
t term of the fourth degree^ 
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A polynomial is said to be homogeneous^ when all its tenns 
are of the same degpree. Thus, 3 a' — 4a 6, 5 a' -j-^^^"^ 
b^ are homogeneous polynomials. 

40. From the rules for multiplication, which have been laid 
down, it follows, 

1^ If the polynomials proposed for multipUcation are each 
homogeneous, the product of these pdynomials will also be Ao- 
mogeneotts^ and the degree of each term of the product wiU' be 
equal to the sum of the degrees of any two terms whatever of the 
midtipHer and multiplicand. Thus, in the first example, art. 38, 
uU the terms of the multiplicand being of the third degree and 
those of the multiplier of the second degree, all the terms of 
the product are of the fiflh degree. When therefore the fac- 
tors of a product are homogeneous, we may readily detect by 
means of this remark any error in regard to the exponentS| 
which may have occurred in the course of the work. 

2^. In the . multiplication of polynomials, if there be no re- 
duction oi similar terms, the number of terms in the product mil 
be equal to the number of terms in the multiplicand multiplied 6y 
the number of terms in the multiplier. Thus, if there be 5 terms 
in the multiplicand and 4 in the multiplier, there will be 20 in 
the product. 

3^. But if there be a reduction of similar terms, then the 
pumber of terms in the product may be much less. It should 
be observed, however, that among the different terms of the 
product there will be two at least, which will not admit of 
reduction with any other, viz. 1°. The term arising from the 
multiplication of the term in the multiplicand affected with the 
highest exponent of one of the letters^ by the term in the mtfftt- 
pUer affected with the highest exponent of the same letter. 2^* 
The term arising from the muitiplicalion of the two terms affected 
with the lowest exponent of the same leHer, 

The manner in which an algebraic product is formed by 
means of its factors is called the law of this product. This 
law,*it will readily be perceived, remains always the same, 
whatever may be the Values attributed to the letters which e&« 
ter into the factors. 
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41. A product being given, we may sometimes by mere itt* 
spection decompose it into its factors, an operation which is 
frequently useful. 

Let there be the product a* 6 — ef 6*, in the formation of 
this product each term, it is evident, has been multiplied by aP 
and ^Iso by ft, its factors therefore are a', b and a -^ ft, and it 
may be put under the form 

a*b{a — b) 

In like manner the product a c -{-ad + b e-^hd may be 
put under the form a (c-f-rf)-|-* (« + «')i o' which is the 
same thing (a -f- 6) (c -f ^)« 

EXAMPLES. 

1. To find the factors of the prodnet 

2. To find the factors of the product 

25a* — 30 0*6 +16(1^ J« 

3. To find the factors of the prodnet 

4. To find the factors of the product 

a^tc — 2fl3*»c + ««d— «a»fi*i 

DIVISION OF ALGEBRAIC aUANTITIES.' 

42. 1. The object of division in algebra is the same as 
that of division in arithmetic^ viz. io find pus of the faeton of 
a given prodncty when the ether u knoum. 

According to this definition the divisor multiplied by the 
quotient must produce anew the dividend ; the dividend there- 
fore must contain all the factors both of the divisor and quo- 
tient ; Whence (&e quotient is obtained ky eirikmg <fuio/Ae dioir 
dend the faeton of the dimsor. 

Thus to divide a ( ci2 by a c, we strike oat of the dividend 
the factors a and c of the divisor ind obtain bdfot the quo* 
tient. 

2. Let it be recpiired to divide a' & by <^ 6. Deoomposing 
nfi into the two factors cp and a^ the dividend may be pnl mi* 

5* 
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der the form a? a^ b ; whence striking out of th^ dividend the 
factors o^ and b of the divisor, the quotient will be efi. 

From this example it appears that in order to find the quo- 
tient of two powers of the same letter ; From the exponent of 
the.dwi(ien4 we subtract that of the divisor ^ the remainder wiU be 
ike exponent of the quotient. 

3. If it be required to divide 72 a 6"^ c by 9 b\ we find that 
72, the coefficient of the dividend, may be decomposed into 
d^e two faetora 9 and 8 ; b"^ may also be decomposed into the 
two factors b^ and 6®; the dividend therefore' may be put un- 
der the form 9 X S ab^ l^ c; whence, suppressing 9 and b% 
the factors of the divisor, we have S a b^ c for the quotient. 

From what has been said we have the following rule for the 
division of simple quantities, viz. 1^ divide the coefficient of 
the dividend by the co^cient of the divisor ; 2^. suppress in the 
dividend the letters^ which wre common to it and the divisor^ when 
they have the same exponent^ and when the exponent is net the 
samcj subtract the exponent of the -divisor frmtfi ^hat of the divi" 
dend and the remainder wjU be the . exponent to be affixed to the 
letter in the quotient ; 3°. write in the quotietd the letters of the 
dividen^^ whidi are not in the divisor, 

EXAMPLES. 

1. To divide 48 a^ b^ c^ dhyl^ab^c Ans. 4 a« & c d 

2. To divide 160 a« &» c cP by 30 a^ b^ ^ Ans. 5 a^ b^ c d, 
43. From the preceding rule, it is evident, in order that the 

division may be possible, 1^ that the coefficient of the divisor 
should exactly divide the coefficient of the dividend ; 2*. the 
exponent of a letter in the divisor should not exceed the ex*- 
ponent of the same letter in the dividend; 3*. that there 
siiould be no letter in the divisor, which is not found in the 
dividend. 

When' these conditions do not exist, the division can only * 
be indicated by the usual sij^n. If it be required, for example, 
to divide 12 a^ 6 by 9 c d, the division, it is easy to see, can- 
tiot be performed, we therefore express the quotient by writ- 
ing the divttor under the dividend in the form of a fraction, 
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44, The expression -^^ is called an algebraic jractton* 

Fractions of this species may be simplified, in the same man- 
ner as those of arithmetic, by striking out the factors, which 
are common to both terms, or which is the same thing, by di- 
viding both terms by the factors, which are common to them* 
Let it be required, for example, to divide 48 a^ b^ c d^ by 
d6 a^ b^ (^ d e ; from what has been snid, the most simple ex- 

pression for the quotient will be oy;^* 

' In like manner a^ b divided by 5 a^ b. gives ^ for the quo- 
tient. 

45. It sometimes happens, that tl^e exponent of a letter is 
the same both in the divisor and dividend. Tb^ rqle for ob* 
taining the exponents of the letters of the quotient, art< 42, 
being applied to a case of this kind, will give zero forihe ex* 

a* 
ponent of the letter in the quotient Thus, -^ according to 



fl« 



this rule gives ft^ for a quotient ; but ^s, it is evident,, is equal 

to unity, the expression a^ may therefore be considered as 
equivalent to unity. In general, a ietier with zero for an ex* 
poneni is to be regarded as a symbol equivalent to unify. 

This symbol, it is evident, will produce no effect upon iht 
value of the expression, in which it appears as a factor, since 
it signifies nothing but unity. Its only use is to preserve ifk 
the work the trace of a letter, which formed a part of the 
question proposed, but which would otherwise disappear by 
the effect of division. Thus, if it be required to divide 24 a^ 
6^ by 8 a^ b% the quotient from what has been said may be put 
under the form 3 a b^. The symbol b^ indicates that the letter 
b enters o times as a factor in this result, or in other words that 
it does not enter into it as a factor, but at the same time it 
serves to show that this letter belonged as a factor to the quail** 
tities, from which the result 3 a is obtained by division. 

46. We pass next to the division of polynomials. Since 
the divisor multiplied by the quotient should produce anew 
the dividend, it is evident, that the dividend must contain all 
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the partial products arising from the multiplici^tioii of each 
term of the divisor by each term of tf^e quotient. This being 
the case, it is easy to see, that if we can find any one of these 
partial products in the dividend, and the particular term of the 
divisor upon which it depends is known, by dividing this term 
in the dividend by the known term of the divisor, we shall 
obtain a term of the quotient sought. 
Let it be required to divide 

50 (|3 63_ 41 a4 ^ ^ 20ay+ lOaM — 33a8i3 

by 5afc9— 4a26 + 5a3 

ft is evident from what has been said, art. 40, that the term 
o^, being affected with the highest exponent of the letter a Id 
the dividend, must have been formed without any reduction 
fVom the multiplication of 5 a^ the term affected with the 
highest exponent of the letter a in the divisor, by the term 
affected with the highest exponent of the same letter in the 
quotient, that is, the term 20 a^ of the dividend is the product 
of 5 a^ of the divisor by a term of the quotient ; whence, di- 
viiding 20 a^ by 5 a^, we obtain 4 cfi one of the terms of the 
quotient sought. Multiplying the divisor by 4 a^, we produce 
anew all the terms of the dividend, which depend upoa 4 oi, 
viz. 20 03 ^ — 16 a^ 6 + 20 a^ ; subtracting these from the 
dividend, the remainder 

30a3 62-^5J5a^6^10afc<— 33a2 63 
must contain all the partial products arising from the multipli- 
cation of each one of the remaining terms of the quotient by 
each term of the divisor. 

Regarding this remainder as a new dividend, jt is evident, 
from what has been said, that the term — 25 o^ 6 must have 
arisen from the multiplication of 5 o^ by the term affected with 
the highest exponent of the letter a in the remaining terms of 
the quotient sought ; whence, dividing -** 25 o^ i by 5 a'l we 
shall be sure to obtain a new term of the quotient. 

With regard to the sign, which should be prefixed to this 
term of the quotient, it is evident, that it should be the sign 
«--9 sincei from the nature of multiplication, the divisor ha?- 
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ing tbe sign 4*1 tbe quotient must have the sign •— in order 
that their product may proiduce anew the dividend — 25 a^b. 

Performing the operation therefore, we h^ve -—5 a & for 
another term of the quotient sought. Multiplying the divisor 
by this term of the quotient, we obtain all the terms of the 
dividend, which depend upon — 5 ab^ viz. 

— 25 a^ 6^ + 20 a3 68 — 25 0* 6, 
subtracting these Hroro 30 a^ 6^ — 25 a* 6 -f 10 a i* — 33 a^ ^^ 
the remainder 10 a^i^-^-lOa b^ — ^8 a^ ^, will contain all the 
partial products arising from the multiplication of each one of 
the remaining terms of the quotient sought by each term of 
the divisor ; whence, for the samb reasons as before, dividing 
10 a^ b^ by 5 a^, we have 2 b^ for a new term of the quotient; 
multiplying the divisor by this term and subtracting as before, 
nothing remains ; the division is therefore exact, and we have 
for the quotient sought 4 a^ — 5 a 6 -f- 2 ^* 

47. In the course of reasoning pursued above, we have been 
obliged to seek in each of the partial operations the term in 
the dividend, affected with the highest exponent of one of the 
letters, in order to divide it by the term of the divisor, affected 
with the highest exponent of the same letter. We avoid this 
research by arranging the dividend and divisor with reference 
to the same letter ; for, by means of this preparation, the first 
term at the left of the dividend and the first term at the left 
of the divisor will, in each of the partial operations, be the 
tjvo terms which must be divided, one by the other, in order 
to obtain a term of the quotient. 

The following is a table of the calculations in the preceding 
example, the dividend and divisor being arranged with refer- 
ence to the letter a, and placed one by the side of the other as 
in arithmetic. 
20a5— 41a45+50fl3 69— 33a9^+10o64 



5a 3— 4gafe+5afe« 
4i3_5o6 + 2^ 



— 25 a* ft«}. 30 a3 63_ 33 ^9 ^3+ 10 a 64 
— 25 0*6 + 20 «3 62 — 25 0^63 



lOa^b^—Sa^b? -^lOab^ 
10a?69— .8a2 63 + 10a64 
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From what bus been done, we have the following imie for 
the division of compound qaantities, viz. 
' Having arranged the divisor and dividend with reference to 
the powers of the same letter, 1^. Dwide the first term of th$ 
dimdend by the first term of the divisor, the result mil be the 
first term of the quotient ; 2^. multiply the whoU divisor by the 
term ef tfie quotient just found^ and subtract the result from the 
dividend ; 3^* diivide the first term of the remainder by the first 
term of the divisor ^ the result will be I he second term of the qwh- 
iient ; 4^. multiply the whole dioisor by the second term of the 
quotient y and st^tract the product from the result of the first op^ 
eration, and continue the same course of operations until all the 
terms of the dividend are exhausted. 

ReeoUecting, that in muUipiication the product of two tetms 
affected with the same sign should have the sign -f-, sand that 
the product of two terms affected with different signs should 
have the sign — , we infer V, that if the tv>o terms of the divi- 
dend and divisor have each the same sign^ the quotient arising from 
their division should have the sign -f* ; but if they are affected 
with contrary signs it should have the sign-^. This is the nite 
fof the signs. 

EXAMPLES. 

To divide 

1. a5+ 5 an 4- 7 a3 62 + 3 a^js 
by a3^3ftfl2 

2. a:S + 6x4 + 9x3 + 9a:9+4a: + l • 
by . a: 2 -|- x -|- 1 

3. 72x^ — 78x3y— 10a?2y24-17zy3 + 3/ 
by 12x2 — 5xy — 3y2 

4. x5_ar4y_i3x3y2^a;2y3 + 12xy4 
by x3-f.2x2y — 3xy2 

43. The dividend and divisor being arranged with reference 
to the powers of the same letter, if the first term of the divi- 
dend is not divisible by the first term of the divisor, we infer 
that the total division is impossible, or in other words, that 
there is no polynonjial, which multiplied by the divisor will 
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reprodoce the dWidend ; and, io general) we infer that the dn 
visioii cannot be exactly performed, uihen the first term 4ff antf 
one of the partial dividends is not divisible by the first term of 
tie divisor. 

When the divisiofi cannot be exactly performed, in order to 
eomplete the quotient, we write the remainder over the dly»- 
8or in the form of a fraction and annex it to the qnotient as in 
arithmetic. 

EXAMPLE. 

To divide 
5a7 — 22a«6+12a5 6*— 6(1*63 — 4tf»6* + 9a2*» 
by 6a* — 2 a36 + 4 a^b^ 



Answer a^ — 4 a^6 -{- 2 6^ ^ 



6a*— 2a36+4a2 62 

49. We may remark in passing, that there is some analogy 
between division in arithmetic and division in algebra with 
regard to the manner, in which the calculations are disposed 
and performed ; there is, however, this essential difference, 
that in arithmetical division the figures of the quotient are ob* 
tamed by trial ; whereas, in algebraic division, we obtain with 
certainty a term of the quotient sought, by dividing the first 
term of eaeh partial dividend by the first term of the divisor. 
In algebraic division moreover, we may begin, as it will be 
easy to see from the remarks, art. 40, at the right instead of 
the left of the dividend ; «ince, in this case, we shall have 
merely to operate upon the terms affected with the lowest, in- 
stead of those affected with the highest exponents of the letter, 
in reference to which the arrangement is made; whereas, in 
arithmetical division, we must always begin at the left. In- 
deed, such is the independence of the partial operations in al- 
gebraic division, that having obtained one of the terms of the 
quotient and subtracted from the dividend the product of this 
term by the divisor, we may in the second partial operation 
divide, one by the other, the two terms of the new dividend 
and the divisor affected with the highest exponent of any 
ofher letter different from that, with reference to which the 
arrangement is made, and thus obtain a new term of the quo- 
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tieiit It is indeed only for the sake of convenienee, tlrat we 
always regard the same letter in the course of the partial op- 
erations necessary to obtain the quotient. 

50. In the process of division, the multiplication of the 
different terms of the quotient by the divisor often produces 
terms, which ari^ not found* in the dividend, and which it is 
necessary to divide by the first term of the divisor. These 
terms are such, as cancel each other in the process of forming 
the dividend by the multiplication of the divisor by the quo- 
tient. 

To divide o^ — 6^ by a — ft, 





a b 


b 


a3J 
<i»i 




o69 ¥> 



If we BOW multiply the divisor by the quotient in this ex- 
ampley in order to produce anew the dividend, we shall find^ 
that the new terms, which arise in the process of division, 
those which cancel each other in the result of muttiplicatioii. 



EXAMPLES. 

s 



1. Todivide6«*— 96by3x — 6 

2. To divide tA -^ y^ hy x -j- y 

3. To divide a* — x* by a — x 

4. Todividex8 — x^ + ar3—«a + 2« — l by «« + « — ! 

51. It sometimes happens, that /one or both, of the quanti- 
ties, proposed for division, contains several terms affected with 
the same power of the letter, in reference to which the ar- 
rangement is made. The following examples will exhibit the 
course to be pursued in cases of this kind. 

1. To divide 

lla*6 — 19 a6c + 10 a» — 15 o«c + 3a6« + 16 ic»—54«« 
by5a' + 3a6 — 66c. 
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The terms 11 a* 6 — 15 a' c may be put under the form 

(11 6 — 15 c) a', or ivhich is the more convenient method 

lib 
— 15 c 

a vertical line being emph)yed instead of a parenthesis to in- 
dicate that the quantities 116, — 15 c, placed one under the 
other at the left hand, are multiplied each by o^. In like 
manner, the terms — 19afrc-f 3a 5^ may be put under the 

form — 19 6 c a 

362 

Arranging the quantities with reference to the letter Oy the 
calculations may be performed as follows. 



10a»+116 
— 15 c 



aS — 196c 
+ 3 62 



a — 56'c+156c» 



10a" + 66 [gg — 106c|fl 
1st Rem. 



5a2 4-3a6— 56e 



2a + 6 — 3c 



+ 56 

— 15c 

+ 66 

— 15 c 



a«_96c 
3 62 

a2 — 96c 
362 



a_562c+156c» 

r 

a — 56«c + 156c« 



2d Rem. 

Dividing first 10 a' by 5 tfij we* have 2 a for the quotient ; 
subtracting the product of the divisor by 2 a from the divi- 
dend, we obtain the first remainder ; dividing the part affected 
with a* in this remainder by 5a2, we obtain 6-^ 3 c for tlie 
quotient ; multiplying successively each term in the divisor by 
6 — 3 c, we exhaust the dividend ; whence the quotient is 

2a+.j_3c. 



2, 12 6« 
—29 6 c 
15 c» 



a» + 23 6» 
— 316»c 
—96c* 
15 q« 



a" + 10 6* 

— 66V 



a") 36 
—5c 



46 
J— 3c 



a + 26« 



a'+56« 
— 3ca 



1st Rem. 



15 6» 

— 2562c 

— 9 6c» 

15 c» 



a*+106* 
— 66V 



2d Rem. 



6 
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In like mutner the following examples may be peifoimed. 
a To divide 



■ 


-a? — 691 


ti^ + b* 


a? + ft» 


byrfi_6S 


2c3| 


— c* 


2 6<c9 




1 


V>i!*\ 




Answer— a*— 2ft2 


o9 6* 


. c2 


— 6»c8 


4. To divide y^ 


x5 — 8y* 


x*—y» 


»3 + 3y« 


—y 


-r3y3 


10 y* 


— 3y« 




3y» 


3y3 


— 9y< 




3y 


— 10y« 


3y3 


• 


-2 y 


6ya 


bj y 


«8 — 3y 


X — y3 


1 


—3 


3y 






2 






. 



52. When the dividend is not divisible by the divisor, we 
may still attempt the division, according to the rules which 
have been given, and continue it at pleasure. 

Thus let it be required to divide xhj x -\- z 



X 

x-^z 



x + ar 



% 



afl z* 



^ — z+:;^—z^+a^<^' 



xa «3^3c4 



■z 
■x-t 



X* x^ 
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From the number of t^rms in the quotient already obtained 
in th^ above example, the learner will readily infer a law, by 
which the quotient may be continued at pleasure without per- 
forming any more operations. 

53. Miscellaneous examples in the division of algebraic 
quantities. 

1. To divide 32x«—8c223 + 12«3_ca+l 
by4a:3_c3-|-L 

2. To divide x^ ^ i by x ^- 1. 

a To divide l—5x + 10x2 — l<)x3 + 5x*—x5 

byl— 2x + x^ 

4. To divide a^ -{- x^ by a + x. 

5. To divide a^—5a^z + lOa^z'^lOa^z^ + 5az^^:fi 
by o'— 2az + ^'' 

6. TodiFide6x6 — 5x5y»-|.21x35^3— 6a?4y^+x«y5 + 15y« 

by2x3 — 3x*y» + 5y3. 

7. To divide Iby 1— a. 

8. To divide l+ax + 6x» + cx3 + c?x*+&c., 

by 1 — X. 

- • - x + 1 



Ans. 1 + 1 
a 



a 
b 



x* &c, 



9. To divide a — 6x + cx* — dx^ + fcc, 
by 1 + X. 

54. As a further illustration of the use of algebraic symbols, 
art. 29, the following propositions may now be demonsti;ated. 

1. If the sum of any two quantities be added to their dif- 
ference, the sum will be twice the greater. 

2. If the difference of any two quantities be taken from 
their sum, the remainder will be twice the less. 

3. The second power of the sum of two quantities contains 
the second power of the first quantity, plus double the pro» 
duct of the first by the second, plus the second power of the 
second. 

4. The second power of the difierence of two quantities 16 
composed of the second power of the first quantity, minus the 
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double product of the first by the second, plus the second pow- 
er of the second. 

5. The product of the sum and difference of two quantities 
is equal to the difference of their second powers. 

Section Y. — algebraic fractions. 

55. When the division of two algebraic quantities cannot 
be exactly performed, the quotient, as we have seen, is ex- 
pressed in the form of a fraction, the dividend being taken for 
the numerator and the divisor for the denominator. 

A fraction in algebra has the same signification as a fraction 
in firithmetic ; the denominator shows into how many parts 
unity is divided, and the numerator how many of these parts 

are taken. Thus, in the algebraic fraction -, unity is suppos- 



ed to be divided into b parts, and a number a of these parts is 
supposed to be taken. 

REDUCTION OF FRACTIONS TO THEIR LOWEST TERMS. 

56. A fraction is said to be in its lowest terms, when there is 
no quantity, that wjll divide both of its terms without a re- 
mainder. To reduce a fraction therefore to this state, we sup- 
press in the numerator and denominator the factors, which are 
common to them. 

When the two terms of an algebraic fraction are simple 
quantities, it will be easy, from inspection, to determine the 
factors common to them ; but if the terms of the fraction are 
polynomials, this will not be so easy, and we must in this case 
have recourse to the method of the greatest common divisor. 

By the greatest common divisor of two algebraic quantities 
we understand the greatest in regard to coefficients and exponents^ 
that wilt exactly divide these quantities. Its theory rests upon 
tjhe same two principles, as that of the greatest common divi- 
sor in arithmetic, viz. 

1^ 7%e greatest divisor common to two quantities contains as 
factors all the particular divisors common to these quaintities and 
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no othera. 2°>. The greatest divisor common to two qwmtitie$ is 
the same with the greatest divisor common to the less of these {jfuan- 
tities and the remainder after the division of the greater by the less. 

57. This being premised, let it be proposed to find the great- 
est common divisor of the polynomials 

a^ — a^b + Sab'^ — ^b^ and a* — 5a6 +4 ft» 

Pursuing the same general course as in arithmetic, we- com- 
mence by dividing the first of the proposed polynomials by 
the second ; we thus obtain a -|- 4 6 for a quotient with a i:e- 
mainder 19ab^ — l9b\ 

By the second of the above principles the question is now 
Reduced to finding the greatest common divisor to this re- 
mainder and the divisor a* — 5a6-|-46*. But 19 a b^ — 19 6^ 
may be put under the form 19 b^ (a — 5) ; and since the fac- 
tor 19 6* of this quantity will not divide a* — 5 a 6 + 4 ft*, it 
will not from the first of the above principles be a factor of 
the greatest common divisor sought, it may therefor.e be re- 
jected ; thus the question will be still further reduced to find- 
ing the greatest common divisor to a — b and a* — 5 a 5 -|-4 b^ 

Dividing the last of these two quantities by the first we ob- 
tain an exact quotient a — 4 6; whence a — 6 is their greatest 
common divisor ; and by consequence it is the greatest com* 
mon divisor of the polynomials proposed. 

The following is a table of the calculaticms. 
1st operation a^' — a 6 + 3a6a-r3 6») o*— 5o6 + 4 b* 

a» — 5a«6+4o6» J a + Ib 

4a^b — ab* — Sb* 
4a«6 — 20o6« + 166» 

19 o 6a — 19 6» 
or 19 6* (a — b) 

a — b 



2d operation a^'^5ab'\'4b 



«* — «^ to— 46 



— 4a6 + 46» 
_4a6 4-4 6« 



6 
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Let it be proposed, ais a second example, to find the greatest 
common divisor of the polynomials 

6 j»_ 18 69 a+ 11 6 a^—6a% and 7 69—23 6a+ 6fl^ 

In this example 5 b% the first term of the dividend, is not 
divisible by 7 b% the first term of the divisor. It will be ob* 
served, however, that 7, the coefficient of the first term of the 
divisor, will not divide the remaining terms of the divisor. 
We may therefore, in virtue of the first principle, multiply the 
dividend by 7 without affecting the greatest common divisor 
sought. Performing this operation, we have for the dividend 
35 b^— 126 69a + 77 6 a« — 42 a* 

Dividing next 35 6' by 7 b\ we obtain 5 6 for a quotient. 
Hultiplyiug the whole divisor by 5 6, and subtracting, we have 
for a remainder — 11 6^ a -j- 47 6 o* -— 42 a^. 

The exponent of b in this remainder, being equal to the ex- 
ponent of the same letter in the divisor, we continue the op- 
eration ; and in order to render the first term divisible by the 
first term of the divisor, we multiply anew by 7, which gives 
— 77 62 a + 329 6 a* — 294 a\ Dividing thi& by the divisor, 
the quotient is — 11 a, which we separate from the other by 
a comma, to show that it has no connexion with it, and the 
remainder is 76 6 (*» — 228 a% or 76 o' (6 — 3 a). 

Suppressing, as in the preceding example, the factor 76 a*, 
the question is reduced to finding the greatest divisor common 
to * — 3 a and 7 6* — 23 6 a 4- 6 flS. Dividing, therefore, the 
last of these quantities by the first, we obtain an exact quo- 
tient 7 6 — 2 a; whence 6— -3a b the greatest common di- 
visor sought: 

See a table of the calculations. 
Ist operation 

356» — 1266»o-f-77*d9 — 42a» i 76» — 236a-f-6a« 



856»— 11569a + 306a» fEb, ^^^^^Wa 



I 



— 1169a+476a9 — 42 a* 
_77 69a-j-329 6a9 — 294a^ 
_77 69o -f 253 6a9^ 66a » 

766 a*— 228 a» 
or 76a* (6 — 3a) 



2d operation 
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76*_236a + 6a?) b—Sa 



1 



76^— 215a (76 — 2a 

— 2ba + 6a^ 

— 26a + 6aa 





The suppression of the factors 19 6^, 76 a* respectively in 
the first remainder of the preceding examples serves not only 
to simplify the calculations, hut it is also indispensable ; for 
unless this is done, we must multiply in the first example the 
new dividend by 19 6^, and in the second by 76 a^, in order to 
render the first term divisible by the first term of the divisor ; 
we should thus introduce into this dividend a factor, which is' 
found in the divisor, and by consequence we should introduce 
into the greatest common divisor sought a factor, which does 
not belong to it. 

The suppression of a factor is the same, it is evident, as di- 
viding the proposed by the factor, required to be suppressed. 
« 3. To find the greatest common divisor of the polynomials 

a^A^SaH + Sab^ — b^ 
a«+ 2o6 + 62 

4. To find the greatest common divisor of the polynomials 

a* — 2o36 + 2a63 — ft* 

5. To find the greatest common divisor of the polynomials 

a3— l0a6» + 3 63 
6a» — 16a6 + 36* 

6. To find the greatest common divisor of the polynomials 

3a3 — 3a«6 + o6» — ft» 

4a*— 5a6+6' 
58. Let it be proposed next to find the greatest common di- 
visor of the polynomials 

15a« + 10a* 6 + 4 a» 6' + 6 a«6»— 3aft* • 
and 12 o» 6* + 38 a» 6' + 16 o ft* — 106». 

Before proceeding to the division of the proposed polynomi- 
als, we observe that the first contains the letter a as a factor 
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common to all its terms ; and since this letter does not enter 
as a factor into the second polynooiial, we may suppress it, as 
forming no part of the greatest common divisor sought. 

For a similar reason, the factor 2 6' may be suppressed in 
the second polynomial. Thus the question is reduced to find- 
ing the greatest common divisor of the polynomials 

• 6a' + 19 a\b +S ab* — 5 b^ 

Pursuing with these polynomials the same course as in the 
preceding examples, we should multiply the dividend by 6, 
the coefficient of the first term of the divisor. But since 15 
and 6 have a common factor 3, it will be sufficient to multiply 
by 2 the other factor of 6, which does not enter into 15, mul- 
tiplying therefore by 2 and continuing the operations as above, 
we obtain for the greatest common divisor 3 a' -|- 2 a 6 — 6*. 

2. To find the greatest common divisor of the polynoxnials 

5 a'^ + 10 a* 6 + 5 a^ fta 
o''6-f2a'6' + 2a6»+6* 

3. To find the greatest common divisor of the polynomials 

6 a* + 15 a* c — 4 a» c' — 10 oV 
9a3 6 + 27a2 6c — 6a6c» — 18 6c» 

4. To find the greatest common divisor of the polynomials 

6a:* — 4x* — lla:» — 3x« — 3x — 1 

4x* + 2a:» — I8xa^3x— 5 

From what has been done, we have the following rule, by 
which to find the greatest common divisor of two polynomi- 
als, viz. The polynomials proposed being arranged with refer- 
ence to the same letter, V, We suppress in e€tchy the factors 
which are not found in the other ; 2^. we divide one of the poly^ 
fiomtafa hy the other^ and if the division cannot be exactly per- 
formed^ toe divide the first divisor by the remainder^ and so on 
observing to prepare each dividend when necessary in such a 
mannetj as to render the first term divisible by {he first term of the 
divisor^ and to suppress in each remainder the fa^tors^ which are 
not contained in the preceding divisor ; and that remainder, which 
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wiUexiKtIig dMd€ ike preceding^ wiU he the greatest cemmon <i^- 
xnsoT Bought, 

69. The research for the greatest common divisor of two 
poljDomials admits,, in certain cases, of simplifications which 
we shall now explain. 

1. Let it be proposed to find the greatest common divisor 
of the polynomials. 

and a*a?4-2a^x« +2o'a:3 4-o X* 

The letter a, it will be perceived, enters as a factor into 
each of the terms of the polynomials proposed. This letter 
will therefore be a factor of the greatest common divisor 
sought. Suppressing a in the proposed, and applying the rule 
to the polynomials which result, we obtain a -f- ^ for their 
greatest common divisor. The greatest common divisor sought 
will therefore be a (a + a;) or o* -|- ax. ^ 

2. To find the greatest common divisor of the polynomials 

9x* + 53x»— 9x»— 18x 
6x3 + 55x» + 150x 

3. To find the greatest common divisor of the polynomials 

6 a* 6 — 1 a3 ft« + 7 a « ft3 — 2 a ft* 
3a»6 — 6a»6«+2aft3 

4. Let it be required next to find the greatest common di-^ 
visor of the polynomials 



— c* 

b 

— c 



a« + 63 

— 6ca 

o* + 63 

— be 



a»+6*c* 

— 6'c* 

a3 + 63 

— 6*c 



a» 



The proposed, it will readily be perceived, have a simple 
factor a' common to both ; recollecting that this will be a fac- 
tor of the greatest common divisor sought, we suppress it in 
the proposed, and the polynomials, which result, will be 



6« 



a* + ft» 
— be" 



Zb'c\^^^-c Zbi 



a+b* 
— ^e 
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We najT now commence the divi&ioa of one of th<e9e poly«* 
^ nomials by the other according to the rule, in order to deter- 
mine their greatest common divisor. Before proceeding to 
this, however, let us see if there be not a polynomial divisor 
common to the coefficients of the letter a, with re&rence to 
which the arrangement is ma^e. 

Comparing for this purpose the two coefficients of the low- 
est degree 6* — c* and b — c, we find that b — c will divide 
both without a remainder. We inquire next if 6 — c will di- 
vide the remaining coefficients of a. This is the case ; 6 -— c 
therefore is a divisor common to all the coefficients of the two 
last polynomials. Recollecting that b — c will also be a factor 
of the greatest common divisor sought, we suppress b — c, and 
the polynomials, which result, will be 



b 
c 



«* + y 
be 



o3 -j- js c* + 6* c", and a« + ft a 4- 6« 



Applying the rule to these, the first, it will be perceived, 
contains a factor b + c^ which is not contained in the second. 
Suppressing this, it remains to find the greatest common divi- 
sor o( the polynomials 

a* + 6 a3 + 6» c», and a* + 6 a + ft* 

These it will be found, have no common divisor. The 
gteateat common divisor of the proposed will therefore be 

o2 (5 — c), or (t* 6 — a* c 
5. To find the greatest common divisor of the polynomials 



as 
c3 



d^ — a^(^ 



d'f 



— 4a c 



<?«. 



2oc' 
2c» 



0. To find the greatest common divisor of the polynomials 



3a: 



X 

3 



— 2a:» 

— 3x» 
9a; 

9 



y* + 3 X* 

9x» 



y3 + x* 

— 3x» 

— 18x* 

y* + «' y + 3 x* 



— 9x 



9i« 
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7. To find the greatest coininen dimor of the polynomhdt 



X 

— 1 

a? 

— 1 



y»_3x 

3 



3 



y*_xa 
3a; 

y» + x3 

— as 

— 2 



— « 



yS — 3)3 






8« Let it be proposed next to find the greatest common diTi- 
sor of the polynomials 



V* 



2 



— yz 



y^z 
— yz^ 



x* + by' 

— byz^ 

— eyz* 


x' + by'z 
dfz 



-^bcy z^ 



X'{'bdy*z 
— bdyz^ 



gfi 



— byz^ 
—dyz^ 

The simple quantity x y, it will be perceived, wilf exactly 
divide eaeh of the terms of the first of the proposed polyno- 
mials, and y z those of the second. The factor y common to 
these quantities will be, it is evident, a factor of the greatest 
common divisor sought. Setting apart the y therefore as such, 
and dividing the first polynomial by xy and the second hjyz, 
the polynomials, which result^ will be 

a^ + bef 
— bcz^ 



xA-hdy 



z* 


— bz^ 


— cz^\ 


y 

- z 


x* + by 

-ii 


m 


— dz 



The coefficients of the first of these are divisible each by 
y* — z\ and those of the second by y — z\ but y — z^ being 
a factor common to y* — z^ and y — z^ will also, it is evident, 
be a factor of the greatest common divisor sought ; setting it 
apart therefore as such, and dividing the first polynomial by 
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tf^ — z^ a&d the secoDd by y — sr, the polynomials, which re* 
suit will be 



x^ + b 



«» -|- J c «, and X* 4" ^ 

d 



X -\-bd 



Applying the rule to these last, we obtain x -{-b for their 
greatest common divisor. The greatest common divisor of the 
proposed will therefore be y (y-— «) (x + 6). 

From what has been done, the following method for finding 
the greatest common divisor of two polynomials will be readi- 
ly inferred, viz. 

V. Suppress in the polynomials proposed the greatest sim- 
ple divisors, which they respectively contain, observing to set » 
aside as a factor of the greatest common divisor sought the 
greatest factor, which these divisors have in common. 2*^. 
Suppress in the polynomials, which result, the greatest poly* 
nomial divisors independent of the principal letter, and set 
aside as a factor of the greatest common divisor sought the 
< greatest factor, which these divisors have in common.' 3^. 
Find the greatest common divisor of the polynomials, which 
result, this will be the remaining factor of the greatest com- 
mon divisor sought, and the product of the several factors, 
thus obtained, will be the greatest common divisor sought. 

EXAMPLES. 

1; To find the greatest common divisor of the polynomials 

a:*_3a:» — 5y« «« +.12y« a;+4y* 

— 4y> 

— 8y» 

x + 3 y» 
— 3y» 
_6y 

2. To find the greatest common divisor of the polynomials 



«' — 3y 
— 3 



y 

2 

X* — y* 
10 y 
2 



X 

— 9x 



> y»_2x* 

2x3 

18 x» 
— I8x 



3x 



«♦ — 3x» 
— 7x» 
6x 



y*_3x* 

27 x» 



— 12x« 



y3 + 2 X* 
— 18x» 



y«+4x' 
12 x» 



y* 
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60. To reduce a fraction to its lowest terms, we diyide the 
two terms of the fraction by their greatest common divisor. 



exampleTb. 



X h^ 



1. Reduce ^ — --_. to its lowest terms. 

ar — Ir 3^ 

i 

2. Reduee — -=-^^r TI— ^ to its most simple form. 

Si Reduce -, ^^ — - to its lowest terms. 

4. Reduce to its lowest terms. 

2a» — 16a — 6 

I 

5. Reduce 6^^^ + ^x' — 12aa ^^ .^^ ^^^^ ^.^p,^ ^^^^^^ 

6ax — Sa 



6. Reduce 



?!iii?l±i-- to ito low. 

«• — 3x*— 11x^+27 «» + 10x— 24 
est terms. 

61. Algebraic fractions being of the same nature as fractions 
in arithmetic, the rules for the fundamental operations are the 
same. We shall merely subjoin these rules, with some exam- 
pies under each. 

MDLTlPLICATIOIf OF ALGEBRAIC rRACTIONfl. 

Rule. — Multiply the numerators together far anm nfm^Or 
tOTy and the denominators for a new denominator, * 

EXAMPLES. 

1. Multiply -5- by - — 5. AUS. 3 

o a>rT- 1 a» + 2a* + i« d* . d\a+b) 

2. Multiply -^^-/- ^J ^^- ^^' -tSt- 

3. Multiply ^1+^^hj ^^, Ann. t±-ll + ^ 

^^ a* — «' •'(a — «)• (a — 9f 

1 
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4. Multiply 3 «, ^^-» ^^ i^b ^^^^^^^' 

3xS — 3x 

Ans. 



aa_i2 a« — 63 . . ax 

■ m ill »> . -.!■ I ■ — . 

a 4" 6 a « -[- *^ 



ft. Multiply , ,^ > rrj~2 ***^ • H together. 



Ads. 



DtTISION OF ALGEBRAIC FRACTIONS. 

Rule* — Invert the divisor^ and then proceed as in muUipli' 
mtUm. 

EXAMPLES. 

. .- a + b x + ff . a^—b^ 



1. Divide — ^— by —'-{. 



Ans. 



X — y a-^b ' a^ — y^' 

^ «.. .^ 3ax + »", .X . 3a+x 

58. Divide , \. by . Ans. ^ 



o* — X* o — X o'-|-ax+a*' 

o n- -J x*-*.6* , x*4-ftx . x»+6* 

ai Divide — — jr-, --5-, by — :i- Ans ^ — 

2^ — ibx + b* ^ x — b X 

4. To divide 12 by (l±J^ _ a. Ans. -5— i?-? -, 

X o' + a X + «*• 

ADDITION OF ALGEBRAIC FRACTIONS. 

Rule. — Reduce the fractions to a common denominator ; then 
aid'ihe nmneraiors together j and place their sum over the common 
ienommaior. 

je;xamples. 

1. Add together ?L+? and fipy Ans.^^'+V 

•.Add together ?!4X'and.?L=:y! Aiis. ^ ^^' + ^ y+jQ 

x + y X— y x + y 

3. Add together j ; — u.-. and . — -: 

b cd bed 

6cd 



^qjjktiovn. m 



4. Add together ---? and 



a® — 4y3 ac-^-'Zcy 

. ac* -|- aft d— 26iljf 

5. Add together 

l + 2a: 7 



■y and 



(3— a:)(l+ar)'(2 + x)(l— 3ar)* (14-x)(2 + x)' 

"^*' (3_a;)(l + x) (2+«) (1 — 3«)* 

SUBTRACTION OF AL6EBBAIC FRACTIONS. 

Rule. — Reduce the fracHan$ to a common denominator ; /keti 
place ike difference of their numerators over the denominaU^j Md 
ii wiU be the difference required, 

EXAMPLES. 

1. From. ^511? subtract ^JL±^. Ans. 2^-13x + i 
x + l X— 1 a^ — l 

1 1 2ir 



2. From subtract Ana. 



jc — y aj+y a® — jf*' 

3. From ^^ subtract JLHf Ans. ?l?^Zf?±L^ 

a From ^f-^y + ^ subtract IZli Aes. -IL-. 

y2_y y • y— 1 

Section VI. — Equations* 

02. The above rules are sufficient for the solutioii of all 
equations of the first degree, however complicated. 

Let it be jproposed, for example, to find the value of s ift 
the equation 

10x + 6c 12x— c« 9x + 3 6c 
a l3o — 6"^ b 

Indicating the operations required in order to make the de« 
nominators disappear, we have, 
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(10x + 6c) (13a— 6) ft — (12«— ca)a6=xa (9x + 3Ac) 
(13 a — 6) 

performing the operations, transposing^ and reducing, we have 
127aftx— 117a««— 1062x=:39a96c— 16a69c + 63c — a 

39a»fe c— i6afe»c + ft3c — gfeca 
whence x— m ab — 117 a^—i6¥'~ 

The following examples will serve as an exercise for the 
learner. 

7jp s 15x4-8 31^ z 

1. Given — — 1 J^ = 3 x ^ — i to find the 

value of X. ' Ans. x = 9. 

^ ^. 2x + l 4C2 — 3x ^ 471— 6x .^ i;' j ♦!,. 

2. Given — -i ~ -=9 .- , to find the 

29 12 2 

value cf z. Ans. x = 72. 

a Given ?^^L±_?? « i^—n x ^^ ^^^ ^^^ ^^^^ ^^ ^^ 
36 5x— 4 ^4' 

' Ans. x = 8. 

18 13x — 16 9 ' 

of X. Ans. z sss 4. 

5. Given l^lTli? + 11 5+?! = ^^±iA to find the 
^^8 r^x + U 14 ' 

value of X. Ans. x s=s 7. 

PROBLEMS AND EQUATIONS OF THE FIRST DEGREE WITH 

TWO UNKNOWN QUANTITIES. 

63. Most of the questions, which we have hitherto consid- 
ered, involve more than one unknown quantity. We have 
been able to >«olve them, however, by representing^ one of tfie 
unknown quantities only by a letter, since, by means of this it 
has been easy, from the conditions of the question^ to express 
the other unknown quantity. In many questions the solution 
becomes more simple by representing more than one of the 
unknown quantities by a letter, and in complicated questions) 
it is frequently necessary to do this. 
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The quftition, art. 1, viz. Ta divide the «iMii«f £6 inf^ Upo 
$u6kpart8y ik0i th€ greai€r mUy exceed the Um ty 12, presei4| 
itself naturally with two unkaowa <}iiiaQtitiea« Thuq, A^ncttr* 
ing the less part by x and the greater by jf, we have t>j t^e 
conditions of the question 

« ^ y set: 56 

y — z^l2 

Deducing the value of y from the second eqniktioq, we hikve 
y C9 X ^ 12 ; substituting for y in the first equation its yt^oe 
x-^ 12, we haye x -^x + 12^=56^ bix equation, which oon- 
tuns only one unknown quantity, and from which we obtain 
«»22. 

A. person has two horses and a saddle^ which of itself is 
worth $10. If the saddle be put upon the first hume^ hia 
▼alue will be twice the seccmd ; but if the saddle be put upon 
the second, his value will be three times the first. What is 
the value of each ? 

Let X cs the value of the first horse, and y that of the see* 
ond, we have by the question 

s+l(r=2y 

y + WaaiSt 

Deducing the value of y from the second of these equations, 
and substituting it for y in the first, we have 

x-f 10=:6x— 20 
whence x=r6 

Substituting next for x its value in the second equation, 
we have ^ y-|- 10 = 18 

whence y = 8 

The process by which one of the unknown quantities in an 
equation is made to disappear, is called elimination. The 
method of eliminating one of the unknown quantities, pursued 
above, is called elimination by subatiivUion. 

64. Since the two members of an equation are equal quanti« 
ties, it is evident, 1^ tiiat we may add two equatie^u member to 
member without destroying tjie equality. iS^. we may eubtract the 
members of one equation from thoee of another without destroying 

ike ejuaUty» 

7# 
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Taking advanlige of this remark, we may freqneiitly dim- 
mate one of the miknown quantities in a more simple manner« 
than by the process of substitution. 
Let there be proposed, for example, the equations 

5x-f 7 jfs43 
llx + 9y«r69 
If either of the unknown quantities in these equations were 
affected with the same coefficient we might, it is evident, 
eliminate this unknown quantity by a simpi« subtraction* But 
if the first equation be multiplied by 9 the coefficient of y in 
the second, and the second by 7 the coefficient of y in the 
'first, we shall obtain two new equations, which may be sub- 
atitoted for the proposed, and in which the coefficients of y 
will be equal, viz. 

45» + 63y=s=387 

77x + my^4S^ 

Subtracting then the first of these equations from the sec^ 

ond, we have 93 a: as 96, from which we obtain « s 3. Sub* 

stituting this value of x in either of the proposed we obtain 

the value of y. 

In like manner, if we wish first to eliminate z, we multiply 
the first of the proposed equations by 11 the coefficient of x 
in the second, and the second by 5 the coefficient of x in the 
first, we thus obtain two new equations, which may be substi- 
tuted for the proposed, and in which the coefficients of r will 
be eifual, viz. ^ SSx-^-lly^^AlS 

55x + 45y = 345 
Subtracting therefore the second of these equations from the 
firs^ we have 32 y =^ 128 ; whence y = 4. 
Let us take as second example the equations 

8x — 21y = 33 
6x + 35y=177 
The coefficients of x in these equations have, it will be per- 
ceived, a common factor 2. It will be sufficient therefore, in 
or^er to render these coefficients equal, to multiply the first 
equation by 3 and the second by 4. Performing the opera- 
tions we have a4x— •63y==99 

84±-|-I40y:=x708 
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whence, subtrtfetkig the first of these equalkms from the sec- 
ond, we obtain 

203y r=r609 

therefore y = 3 

In like manner since the coefficients of y contain the com- 
mon factor 7, in order to render the coefficients of y equal we 
multiply the first of the proposed equations by 5 and the sec- 
ond by 3, which gives the two new equations 

40j:— 105y = 165 
18« + l€5y = 531 
whence by addition, we obtain 

58x = 096 
therefore x = 12 

6S. The method of elimination, which we have now ex* 
plained, is called elimination by addition and sidftractiony since 
the equations being properly prepared, we cause one of the 
unknown quantities to disappear by addition or subtraction. 

In the use of this method, it is important to ascertain 
whether the coefficients have common factors, since, if this 
be the case, by omitting the common factors in the multipli- 
cations requiied, the calculations to be performed become 
more simple. 

1« To find the values of x and y in the equations 

4» — 3y = l 

3ar+4y=57 
2« To find the values of x and y in the equations 

^x + 7y=:201 ' 

8x — 3i, = I31 

3. To find the values of x and y in the equations 

By — 3x = 29 j 

6y— 4x = 20 

4. To find the values of x and y in the equation* 

2 + 3-^ 

3 2"" 
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5» To ind the Taliie» of x mnd y in the equatiotti 

•,+1-5, 

6. Tq find the values of x and y in the equations 

4 

7. To find the values of x and y in the equations 

^^^+3,-4 = 16 

8. T« find the values of x and y in the equations 

7 + » 2x — j( 

-g j-- = 3y-6 

5y^7 4«-8 _ 

2 + 6 *** ** 

A.ns. X SB 3, y ss 2. 

9. To find the values of x and y in the equations 

,,, 3y + 4x 9y + 33 

5x — 4 y lly — 1 9 
,^8 g «x J 

Ans. jp s=s 6, y ess 5. 

66. We pass next to the solution of some questions produc- 
ing equations involving two unknown quantities. 

1. A number consisting of t^o figures when divided hj 4, 
gives a certain quotient, and a remainder of 3 ; when divided 
by 9 gives another quotient and a remainder of 8. The value 
of the figure on the left hand is equal to the quotient obtained, 
when the number was divided by 9, and the other figure is 
equal to ^ of the quotient obtained, when the number was 
divided by 4. Required the number. 
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Let X and y sse the figures in order; then lOz +ymsi ike 
number, and we have by the qiilestion 

Deducing the values of x and y from these equations, we 
obtain x = 7, y = 1. The number required is therefore 71. 

2. A purse holds 19 crowns and 6 guineas. Now. 4 crowns 
and 5 guineas fill ^| of it. How many will it hold of each ? 

Let X == the number of crowns and y = the number of 

guineas, then - z= the space occupied by a crown and ~ s=s the 

X y 

space occupied by a guinea, we have therefore by the question 

h - = 1, and - +- « ^ 

X * y ' X ' y 63 

multiplying the first equation by 5 and the second by 6, sub- 
tracting the second from the first and reducing, we obtain 
X =21, whence y = 63. 

3. What fraction is that, whose numerator being doubled, 
and denominator increased by 7, the value becomes ^ ; but the 
denominator being doubled, and the numerator increased by 2, 
the value becomes f ? Ans. ^. 

4. A vintner sold at one time 20 dozen of nort wine, and 30 
of sherry, and for the whole received $120 ; and at another 
time sold 30 dozen of port, and 25 of sherry at the same 
prices as before, and for the whole received $140. What 
was the price of a dozen of each sort of wine ? 

Ans. $3 and $2 respectively. 

5. A farmer with 28 bushels of barley at 2s. 4d. per bushel, 
would mix rye at 3 shillings per bushel, and wheat at 4 shil- 
lings per bushel, so that the whole mixture may consist of 100 
bushels, and be worth 3^. 4cf. per bushel. How many bushels 
of rye, and how many of wheat must he mix with the barley ? 

Ans. 20 bushels of rye and 52 bushels of wheat. 

6. A and B. speculate with different sums; A gains $150, 
B loses $50, and now A's stock is to B V as 3 to 2. But if A 
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liaAbtt $50 and B gained $100, then A't stock would hate 
been to B's aa 5 to 9* What was the 8toek of each ? 

Ans. A^a $300 and B's $350. 

7. A rectangular bowling green having been measured, it 
was observed, that if it were 5 feet broader, and 4 feet longer, 
it would contain 116 feet more ; but if it were 4 feet broader, 
and .5 feet longer, it would contain 113 feet more. Required 
thje length and breadth. 

Ans. The length was 12 and the breadth 9 feet. 

8. There is a number consisting of two figures, the second 
of which is greater than the first ; and if the number be dl* 
Tided by the sum of its figures, the quotient is 4 ; but if the 
figures be inverted, and the number which res,ults be divided 
by a number greater by 2 than the difference of the figures, 
the quotient becomes 14. Required the number. 

Ans. 48. 

9. A person owes a certain sum to two creditors. At one 
time he pays them $53, giving to one four-elevenths of the 
sum due to him| and to the other $3 more than one sixth of 
his debt to him. At a second time he pays them $42, giving 
to the first three^eveuths of what remains due to him, and to 
the other one-third of what is due to him. What were the 
debts ? Ans. $121 and $36. 

10. Some smugglers discovered a cave which would exactly 
hold the cargo of their boat, viz. 13 bales of cotton and 33 
casks of wine. Whilst they were unloading, a custom house 
cutter coming in sight, they sailed away with 9 casks and 6 
bales, leaving the cave two-thirds full. How many bales or 
casks would it hold Ans. 24 bales or 72 casks. 

11. A person having laid out a rectangular bowling green, 
observed th.at if each side had been 4 yds. longer, the adjacent 
sides would have been in the ratio of 5 to 4 ; but if each had 
been 4 yds. shorter, the ratio would have been 4 to 3. What 
are the lengths of the sides ? Ans. 36 and 28 yds. 

12. A vintner has two casks of wine, from the gireater of 
which he draws 15 gallons, and from the less 11; and finds 
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tile quantitieB reiiiaiiiiiig ia the proporttoD of 8 to ^ After the 
casks become half empty, he puts 10 gallons of ivater into 
e.ach, and finds that the quantities of liquor now in them ave 
as 9 to 5. How many gallons will each hold ? 

Ans. The larger 79 and the smaller 35 gallons. 

13. Two persons, A and B, can perform a piece of work in 
16 days. They work together for 4 days, whfcn A being call- 
ed off, B is left to finish it, which he does in 86 days rnofe. 

. In what time would each do it separately ? 

Ans. A in 24 and B in 48 days. 

14. Two loaded wagons were weighed, and their weights 
were found to be in the ratio of 4 to 5. Parts of their loads, 
which were in the ]»oportion of 6 to 7 being taken out, their 
weights were then found to be in the ratio of 2 to 3 ; and the 
sum of their weights was then 10 tons. What were their 
weights at first ? Ans. 16 and 20 tons. 

15. There is a cistern, into which water is admitted by 
three cocks, two of which are of exactly thf ,satne dimensions. 
When they are all open, five^twelfths of the cistern is' filled 
in four hours ; and if one of the equal cocks be stopped, sev- 
en*ninths of the cistern is filled in ten and two-thirds hottts. 
In how many hours would each cock fill the cistern ? 

Ans. Each of the equal ones in 92 
hours and the other in 24. 

16. A has a capital of $30,000, which he puts out to inter- 
est at a certain rate per cent, and he owes $20,000, on which 
he pays a certain rate per cent, interest. The interest which 
he receives exceeds that, which he pays, by $800. B has a 
capital of $35,000, which he puts out to interest at the same 
rate per cent, that A pays on his debt, he also owes $24,000, 
on which he pays interest at the same rate, that A receives for 
his capital. The interest which he receives exceeds that 
which he pays, by $310. What are the two rates of interest? 

Ans. 6 and 5 per cent, respectively. 

17. There is a number consisting of two digits, which is 
equal to four times the sum of those digits ; and if 18 be ad* 
ded to it, the digits wUl be inverted. What is the number? 

Ans. 24. 
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18. To find a fraction BVteh, that if 3 be subtracted from the 
Bumerator and deaominator, it is changed into j^, but if 5 be 
added to the namerator and deuomiuator it becomes'^. What 
is the fraction ? Ans. ^. 

19. A has a certain capital which he puts out to interest at 
a certain rate per cent. B has a capital of $1X),000 more than 
A) which he puts out to interest at one per cent, more, and re- 
ceives $800 more interest than A. C has a capital of $15,000 
more than A, which he puts out at 2 per cent more, and re- 
ceives $ 1590 more interest than A. What is the capital of 
each and the three rates of interest 7 ' 

Ans. A's capita] is $30,000, B's $40,000, 
C's $45,000, and the rates of inter- 
est, 4, 5 and 6 per cent, respective! j« 

PROBLEMS AND EQUATIONS OF THE FIRST DEGREE WITH 
THREE OR MORE UNKNOWN QUANTITIES. 

67. Let now the following question be proposed, viz. 

There are three persons, A, B, and C, whose ages are as 
follows ; if from 4 times A's age added to 5 times B's age, we 
subtract 3 times C's age, the remainder will be 70 ; if from 3 
times A's age we subtract 4 times B's age, and to the*remain- 
der add twice C's age, the sum will be 25 ; and if twice A's 
age, 3 times B's, and 5 times C's age be added together, the 
3um will be 240. What is the age of each ? 

This question presents itself naturally with three unknown 
quantities. Thus denoting A's age by x, B's by y,. and C's 
i^e by Zy we have by the qestion 

4j;4-5y-,3z = 70 
3x_4y+25:=25 
2a? + 3y-j-5ar = 240 

Multiplying the first equation by 2, and the second by 3, 
and adding the results, we obtain 

17 a: — 2y==215. 
Again, multiplying the second equation by 5, and the third 
by 2, and subtracting, we obtaio, 

— llx-f 2ay»s3S5 
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We have ,now two equations with two unknown quantities 
only. Dedaoiog next the values of x and y from these in the 
same manner as in the preceding equations with two unknown 
quantities, we have a; = 15, ^ =s 20 ; substituting these val* 
nes in the first of the proposed equations, we obtain z =s 90. 

In the same manner, if there be four equations with foui , 
unknown quantities, we combine the equations two by two, 
until one of the unknown quantities is eliminated from the 
whole ; we then have three equations with three unknown 
quantities. Combining next these three two by two, until 
one of the unknown quantities is eliminated, we obtain two 
equations with two unknown quantities, and so on. The pro- 
cess is altogether similar for five or more equations with the 
same number of unknown quantities. 

EXAMPLES. 

1. To find the values of x, y, and z in the equations 

5x — 63f-f-42fs=il5 
7x-f4y — 32=19 
2«+ y-f 6z=46 

2. To find the values of x, y, and z in the equations 

2x + 4y— 3za22 
4x — 2y4-5z=18 
6x+7y— j? = 63 

3. To find the values of x, y, and z in the equations 

3x + 6y+72 = 179 
8x-f 3y— 22ra= 64 
6r — y -|-3z=» 75 

4. To find the values of x, y, and z in the equations 

3x + 2y — 4z= 8 
5x-.3y4.3;s = 33 

7x+ y + 5«S5s:65 

5. To find the values of x, y, z and « in the equations 

«+ y+ « — 2«=s 5 

^x\-^y — 2z+ tlarlO 

7«— 5y + 3«— 4i»=rs23 
8x-}.2y— jK4.7fis=20 
8 



86 ITLElfeNTS 01* ALGEBRA. 

68. It Gometimes happens, that all the unknown quantities 
are not found in each of the equations. In this case, the elim- 
ination may, with a little attention, be very readily performed. 

1. Let there be proposed, for example, the four following 
equations with four unknown quantities, viz. 

4m — 2a: = 30 

4.1J +2 z = 14 
5y + 3tt = 33 

With a little examination we see, that the elimination of z 

« 

from the first and third equations will give an equation in x 
and y, and that the elimination of u from the second and fourth 
equMions wiil also give an equation, in x and y. From these 
last the values of x and y may be readily found. Performing 
the necessary operations we obtain a; = 3, y =: I. Substituting 
next for x its value in the second equation, we have u =: 9, 
and substituting for y its value in the third, we have z = 5. 

2. To find the values of x, y, z aiid u in the following equa- 
tions 3x— y + 5r==16 

5a: + 2y — » =» 5 

9x — 3y + 2z==: 9 

8y — 3tt= 4 

3. To find the values of the unknown quantities in the fol- 
lowing eqiaatipoA 7 X — 2z + Su:=zl7 

4y — 2z+ .t=^n 
5y_3a; — 2tt== 8 
4y — 3tt + ?^=: 9 

. 3z + 8«=;=33 

69. We pass next to the solution of some questions. 

1. A merchant has three ingots composed each of gold, sil- 
ver and copper in the following proportions, viz. in the first 
there are 7 oz. of gold, 8 of silver, and one of copper to the 
pound, in the second there are 5 oz. of gold, 7 of silver, and 4 
of copper, and in the. third 2 oz. of gold, 9 of silver, and 5 of 
copper to the pound. What parts must be taken from each of 
these three ingots, in ord^r to compose; a fourth, in which there 
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^all be 4t{^ oz« of gold, 7^^ of ailver^ and d^V of copper to 
thq pound. 

Let 0^, ^, and z represent the number of ounces which must 
be taken respectively from the three ingots to form the ingot 
required. Then, since to every 16 oz. of the first ingot there 
are 7 oz, of gold^ to a number of ounces denoted by x there 

will be — oz. of £:old. In like manner in y oz. of the second 
16 * ^ 

ingot there will be —^ oz. of gold ; and in z oz. of the third 

16 

3 z 

there will be — oz. of gold. The proportion of gold in the 

16 

ingot required will then be 

7x 5y 2z 
16 + 16+16 

Finding, in like manner, the proportions of silver and cop- 
per, the equations of the question, freed from denominatoit»| 
will be 7x + 5y + 2z= 79 

8a: + 7y4-9;? = 122 

from which we obtain x =: 4, y = 9, and 3; = 3.' 

2. Three brothers purchased an estate for $15,000, and the 
first wanted, in order to complete his part of the payment, half 
of the property of the second ; the second would have paid 
his share with the help of a third of what the first owned ; 
and the third required, to make the same payment, in addition 
to what he had, a fourth part of what the fir^t possessed ; what 
was the amount pf each one's property ? . 

Ans. $3,000, $4,000 and $4,250 respectively. 

3. Three persons, A, B and C, compare their fortunes. A 
says to B, give me $700 of your money, and I shall have 
twice as much as you retain ; B says to C, give me $1400, 
and I shall have thrice as much as you have remaining ; C /lays 
to A, give me $420, and then I shall have 5 times as much as 
you retain. How much has each ? 

Ans. A $930j B $1540, C $2380. 
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4. Three players after a game count their money ; one had 
lost, the other two had gained each as much as he had brought 
to the play ; after the second game, one of the players, who 
had gained before, lost, and the two others gained each a sum 
equal to what he had at the beginning of this second game ; 
at the third game the player, who had gained till now, lost 
with each of the others a sum equal to that, which each pos- 
se^rsed at the beginning of this last game ; they then separat- 
ed, each having $1,20 ; how much had they each, when they 
commenced playing? 

Ans. $1,95, $1,05 and $0,60 respectively. 

5. Three laborers are employed in a certain work. A and 
B together can perform it in 8 days, A and G together in 9 
days, and B and G together in 10 days, in how many days 
can each alone perform the same work ? 

Ans. A in 14jj, B in 17|4 and C in 23^^ days. 

6. Three men, A, B, C, driving their sheep to market, says 
A to B and C, if each of you will give me 5 of your sheep, I 
shall have just half as many as both of you will have lefl. 
Says B to A and C, if each of you will give me 5 of yours 
I shall have just as many as both of you will have left. Says 
C to A and B, if each of you will give me 5 of yours I shall 
have just twice as many as both of you w^ill have left. How 
many had each. Ans. 10, 20, and 30 respectively. 

7. A cistern is furnished with three pipes. A, B and C. By 
the pipes A and B it can be filled in 12 minutes, by the pipes 
B and G in 20 minutes, and by A and G in 15 minutes. In 
what time will each fill the cistern alone, and in what time 
will it be filled if all three are open together ? 

Ans. A will fill it in 20, B in 30, and G. in 60 minutes, 
and the three together in 10 minutes. 

8. It is required to divide the number 72 into four such 

parts, that if the first part be increased by 5, the second part 

diminished by 5, the third part multiplied by 5, and the fourth 

part divided by 5, the sum, dilSerence, product and quotient 

shall all be equal. 

Ans. The parts are 5, 15, 2, and 50. 
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Section VII. — Negative quantities. Questions 

PRODUCING NEGATIVE RESULTS. 

70. The length of a certain field is eight rods and the 
breadth five rods, how much taust be added to the length, that 
the field may contain 30 square rods ? 

Let X = the quantUy to be added, then by the question 

40 + 5a: = 30 
and 5a: = 30 — 40 

or dividing by 5 x = 6 — 8 

In this result 8, the quantity to be subtracted, is greater 
than that, from which it is required to be taken ; the subtrac- 
tion therefore cannot be performed. We may, however, de- 
compose 8 into two parts 6 and 2, the successive subtraction 
of which will be equal to that of 8, and we shall have for 
6— '8 the equivalent expression 6 — 6 — 2, which is reduced 
to — 2 or more simply — 2, the sign — r being retained before 
the 3 to show that it remains to be subtracted. , 

A monomial with the sign — prefixed is caUed a negO' 
live quantity, thus, — % — 3 a, — 5 a 6, jare negative quantities. 

Monomials with the sign -f- either prefixed or understood 
are called positive quantities. Thus 2, 3 a, 5 a ^, are positive 
quantities. 

Negative quantities, it will be perceived, differ in nothing 
from positive quantities except in their sign. They are de- 
rived from endeavoring to subtract a larger quantity from one 
that is. smaller, and are to be regarded merely as positive quan- 
tities to be subtracted. 

71. If it now be asked what is the sum of the monomials 

4- a, — 6, -{- c, the question, from what has been said, is re« 

dueed to this, what change will be produced in the quantity a, 

if the quantity h be subtracted from it and the quantity e be 

added to the . remainder. Indicating the operations required 

to obtaia the answer to the question thus proposed, the result 

'Will be 

a — i + c 
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In order then to [add monomials affected with the signs -f- 
and — , it will be sufficient to write them one after the other 
with the signs with which they are affected^ when they stand 
alone, 

72. If we now add the quantities -j- 6, — 5, the result b — 6, 
it is evident, will be equal to zero. If then the expression 
b — 6 be added to a, it will not affect the value of a ; and 
a'\-b — b will only be a different form of expression for the 
same quantity' a. If it now be proposed to subtract -}~ b from 
a, it will be sufficient, it is evident, to efface -{~ ^ ii^ the 
equivalent expression a -|- ^ — ^> *°^ *^^ result will be a — b. 
Again, if it be required to subtract — b from a, it will be 
sufficient to'efface — 6 in the same expression, and we shall 
have for the result a -f- 6. Thus, to subtract a positive quan- 
tity is the same as to add an equal negative quantity, and to 
subtract a negative quantity is the same as to add an equal 
positive quantity. To subtract monomials therefore of what- 
ever sign, we change the signs^ and then proceed as in addition. 

73. If we multiply b — 6 by a the product must be a 6 — a by 
because the^ multiplicand being equal to zero, the product 
must be zero, mnce then the product of 6 by a is evidently 
a 6, that of — 6 by a must be — a 6 in order that the second 
term may destroy the first. For a similar reason the product 
of a by 6 — b will be ab — ab; Whence if a negative quanti' 
ty be nmttipHed by a positive^ or a positive by a negative) the 
product will be negative, 

Again, if we multiply — a by 6 — 6, from what has been 
proved above, the product of — a by b will be — a b, the 
product of — 6 by -— a must therefore be ^ a 6, in order that 
the result may be zero, as it should be, when the multiplier is 
zero. Whence, the product of a negative gtuaiiity by a negor 
tive qwuMy wUl be poeitipe. 

74. We arrive at the same ^conclusions by the definition of 
mtiltiplieation given in arithmetic, according to which to mtd- 
Oply one number by anotherj we form a number by means of the 
multiplicand in the same manner that the multiplier is formed by 
meisns of wnty. Thus to multiply 5 by — 8, we form a num- 
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berby means of 5 in tbe same manner tbat — 3 is fonned by 
means of unity ; but — 3 is formed by tbe subtraction of tbree 
units, tbe product required will therefore be formed by tbe 
subtraction of tbree fives, by consequence it will be — 15. 
In like manner tbe product of — 5 by — 3 will be found by 
the subtraction of three minm fives', it will therefore be-f- 15. 
The rules for division follow necessarily from those for mul- 
tiplication. We have therefore the same rules for the signs 
in tbe multiplication and division of isolated simple quanti- 
ties, as are applied to these quantities, when they make a part 
of polynomials ; and in general, monamialsy token they are iso* 
IcUedj are combined in the same manner with respect to their signs, 
as when they make a par^ of polynomials, 

75. From what has been said, it will be perceived, that tbe 
term addition does not in algebra, as in arithmetic, always im- 
ply atigmentation.' Thus, the sum of a and -^5 is, strictly 
speaking, the difference between a and b; it will therefore be 
less than a. To distinguish this from an arithmetical sum, 
we call it an algebraic sum. Thus tbe polynomial 

3a 6 — '5b c-\- cd — c/, 
considered as formed by uniting the qulLntiti^s 

3 ab, — 5 6 c, -f ^ ^'j -*-" «/> 
w^ith their respective signs is called an algebraic sum. Its 
proper acceptation is tbe arfthmetical difference between tbe 
sum of the units contained in the terms, which are additive, 
and the sum of those contained in the terms, which are sub- 
tractive. 

In like manner tbe t^m subtraction in algebra does not al- 
ways imply diminution. Thus — b subtracted from a gives 
o -)- ^> which is greater than a. This result may, however, be 
called an algebraic difference, since it may be put under the form 
a—(—b). 

76. Resuming now the question proposed, art. 70, we have 
for the answer x s=s — 2. In order to interpret this negative 
result, we return to the equation of the question 40 -|-5a;s3s30t 
Here, the addition intended in the enunciation of the questioiv 
being arithmetical, it is evidently absurd to require that some- 
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thing should be added to 40 in order to makft 30, »ince 40 is 
already greater than 30. The negative re^U indicates tber^ 
fore, that the question is arithmetically impossible, or in other 
words, that it cannot be solved in the exact sense of the enun- 
ciation* If,, however, in the equation 40 *]- 5 x s=s= 30, we sub* 
stitute — 2 for x, we have 40 — 10 a 30, an equation which 
is exact. In order then that the result may be positive, or 
which is the same thing, that the question may be arithmet- 
ically possible, the enunciation should be modified, thus, 

The length of a certain field is eight rods, and its breadth 
five rods ; how much must be subtracted from the length, thst 
the field may contain 30 square rods ^ 

Putting X for the quantity to be subtracted, we have by this 
new enunciation 40 — 5 x =: 30, from which we obtain z = 2. 

^. The length of a certain field is 11 rods and its breadth 7 
rqds ; how much must be subtracted from the lengthy that th^ 
field may contain 98 square rods ? 

Let X ss: the quantity to be subtracted ; then by the ques- 
tion 77 — 7a? = 98 
whence » = — 3 

To interpret this result, we return to the equation of the 
question. Here, as an arithmetical subtraction is intended in 
the enunciation, it is evidently absurd to require, that some- 
thing should be subtracted from 77 to make 96^ sinee 77 ia 
already less than 98. The question therefore cannot be solv- 
ed in the exact sense of the enunciation. If, however, instead 
of X in the equation of the question, we substitute -^ 3, we 
have 77 4" 21 =s 98, an equation, which is- exact. In order 
then that the rcfsult may be positive, the question should be 
modified, thus, 

The length of a certain field is 11 rods and the breadth 7 
rods ; how much must be added to the length in order that the 
field may contain 98 square rods ? 

](lesolving the question according to this new enunciation, 
we obtain z s=s 3., 

Let us take as a third example the following question. 

3. A laborer wrought for a person 12 days md had his wife 
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and son with him 7 days, and received 46 shillings. He after- 
wards wrought 8 days, having his wife and son with him 5 
days, and received 30 shillings ; how ^uch did he earn per 
day himself, and how much did his wife and son earn ?* 

Let x=3s the daily wages of the man, and y that of his wife 
and son ; we have hy the question 

12 X + 7 y =^. 46 

8x + 5y==30 

Resolving these equations, we obtain x ^ 5, y = — 2. 

In order to interpret the negative result, we substitute 5 for 
X in the equations above, by which we have 

69 + 7y=46 
40 + 5 y := 30 
equations which are evidently absurd, since it is required to 
add something to 60 in order to make, 46, and to 40 in order 
to make 30. If, however, we substitute — ? for y in these 
last, we have 60 — 14 := 46 

40—10 = 30 
equations which are exact. The negative value therefore ob- 
tained for y, shows that the allowance made to the wife and 
son, instead of augmenting the pay of^the laborer, should be 
regarded as a charge placed to his account. The question 
therefore should be modified, thus, 

A laborer wrought for a person 12 days and had his wife and 
son with him 7 days at a certain expense^ and received 46 shil- 
lings. He afterwards wrought 8 days, having his wife and 
son with him 5 days at expense as before, and received 30 shil- 
lings. How much did the laborer earn per day, and how much 
was charged him per. day on account of his wife and son ? 

Resolving the question, thus stated, we have 

X == 5, y = 2 

77. From what has been done, it will be perceived, that in 
problems of the first degree, a negative result indicates some 
inconsistency in the enunciation of the question, arithmetical- 
ly considered, and at the same time shows how this inconsis- 
tency may be reconciled by rendering subtractive certain quan- 
tities, w^hich had been regarded as additive, or additive cer^ 
tain quantities, which had been regarded as subtractive. 
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Negative resiiltB, however, in the extended sense, U which 
the termg addition and suhtractioii are used in algebra, may 
be regarded as answers to q^estioi^. Thus, in the equation 
40-f-^x=^30, the negative result' — 2 shows that it is neces* 
sary to add — 10 to 40 to obtain 30. By means of this exten- 
sion of the meaning of the terms, addition and subtraction, 
we may regard as one single question, those, the enunciations 
of which are such, that the solution, which satisfies one of 
the enunciations, will by a mere change of sign satisfy the 
other also. 

78. The following examples will serve as an exercise in the 
interpretation of negative results. 

1. A father is 55 years old, and his son is 16. In bow 
many years will the son be one fourth as old as the father? 

2. What number is that, whose fourth part exceeds its third 
part by 12 ? 

3. There are two numbers such, th^^t if twice the second be 
added to the £rst, the sum will be 20, but if 3 times the sec- 
ond be subtracted from the first, the difierence will be 45- 
What are the number? ? 

4. To divide the number 30 into two such parts, that if the 
first be multiplied by v and the second by 5, the sum of the 
products will be 90. 

5. A gentleman put out at interest $ 1500, and at the end of 
6 years received for principal and interest $ 1326. What rate 
of interest did he receive ? 

6. What number must be subtracted from the numbers 70 
and 50 respectively in order that their differences may be as 4 
to 3? 

7. If B gives to A $5,00 of his money, B will have twice 
as much as A; but if A gives B $5,00 of his money, A will 
have three times as much as B. How much has each ? 

8. Three persons comparing their property, it is found, that 
A's and B's together amount to $1000, A's and C's to $480, 
and B's and C's to $400. What amount of property has each ? 

9. A laborer wrought for a gentleman 10 days, having his 
wife with him 5 days and his son 4 days, and received $14^25. 
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At another time he wroug^ht'8 ^ys, having his wife with him 
6 days and hjs son 3 days, and received $ 13. At a third time' 
he wrought 6 days, having his wife with him 4 days amd his 
son. 5 days, and received ^8,00 How much did he receive a 
day himself and how much for his wife and son severally ? 

Section VIII. — lNDBT£RMiifAT£ Analtsib. 

79. Let it he proposed to find two numbers such, that the 

first added to three times the second shall be equal to 15. 

Putting X and y for the numbers sought, we have by the 

question 

x + 3y = 15 

her%as we have two unknown quantities and but one equa- 
tion, the particular numbers intended in the question proposed 
cannot be determiued. ^Deducing, however, from the equation 
the value of one of th^ unknown quantities, x for example, 
we have . , x = 15 — 3 y 

If we now assume arbitrarily any values whatever for y, we 
shall obtain values for x, which will satisfy the equation,, 
thus; let y= 1, li, 2, 2^ . . . . , . 

we have , x == 12, 10^ 9, a 

or otherwise *y = — 1, — 1^ — 2, — 2^ .."..., 

we have x == 18, 19J, 21 22 

pairs of values for x and y, which, it is easy to see, will satisfy 
the equation, and the number of which may be increased With- 
out limit. 

In general, if the conditions of a problem furnish fewer 
equations, than there are unknown quantities to be determined, 
the equations of the problem will adtnit of an infinity of sys- 
tems of values for the unknown quantities, if we understand 
by these any quantities whatever, entire or fractional, positive 
or negative. It is frequently the case, however, that the na- 
ture of the question requires, that the values of the unknown 
quantities should be entire numbers. This circumstance, it is 
evident, will very much restrict the number of solutions, es- 
pecially if we reckon the direct solutions only, that is to say, 
solutions in entire and positive numbers. 
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Tktts, if in the question proposed the numbers sought are 
Tequired to be entire and positive^ the value of y^ it is evident, 
must not exceed 5; if then ive put successively for y 

y=«0. 1, 2,3,4,5 
we have x = 15, 12, 9, 6, 3, 0- 

and the question admits of six different solutions only, the so- 
lution in which is reckoned as a value of one of the un- 
known quantities being included. 

Problems of the kind, which we are here considering, are 
called indeterminate problems j and that part of algebra, which 
relates to the solution of indeterminate problems, is called in- 
determinate anaJiysis, 

80. The preceding question, in which the coefficient of one 
of the unknown quantities is equal to unity, presents no diffi- 
culty. We ishall now show, that whatever the coefficients of 
the unknown quantities, the solution of the question proposed 
may be made to depend npon the solution of an equation, in 
which the coefficient of one of the unknown quantities is 
equal to unity. 

Let it be proposed then to find the entire values of z and y 
in the equation 17 x =t 542 — 11 y 

Deducing from this equation the value of y, we have 

542— 17x 

y= — n — 

or performing the division as far as possible, we have 

3 — 6x 
y « 49 — X + — jj— 

But, by the question the values of x and y should be entire 

numbers, it is necessary, therefore, and it is sufficient, that — j- — 

should be equal to an entire number. Let t be this number 
{t is called an indeterminate) , we huve 

y = 49 — x + t 

11 1= 3 — 6x (2) 

and the question is now reduced to resolve in entire numbers 

the equation (2), the coefficients of which are more simple 

than those of the proposed. Deducing from this equatioii the 
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value of X aud periTormiiig the division as far as possible, we 
have 

Here, since x and / are entire numbers, — ^ — must be equal 

to an entire number ; let f be this number,, the letter t being 
mMted with an accent to show that it represents a quantity 
different from that before represented by it, we have 

-X = — « + «' 
6f=S — 5t{S) 
and the questipn is still further reduced to resolve in entire 
numbers the equation (3), the coefficients of which are more 
simple than those of equation (2). Deducing from this eqjua^ 
tion the value of /, we have 

but t and f in this equation are entire numbers; — v— ^^^^ 

therefore be equal to an entire number; let f be this nuniber 
we have ^ = — f-j-r 

5r=B — f 
or r =3 — 5r (4) 

and the question is now reduced to resolve in entire numberd 
the. equation (4), in which the coefficient of one of th» un- 
r known quantities t^ is equal to unity. Indeed the two princi- 
pal unknown quantities and the several indeterminates emplpy* 
ed are, it is evident, connected together by the equations 

y ass 49 — X -}- ' 

Zz=—t + f 

/ = — r-f*" 

^'*=:3 — 5r 

if then we give any entire value whatever to f and return to 
the values of x and y corresponding, the values thus found, it 
is evident, will be entire numbers, and will satisfy the equation 
proposed. Thus, let I" = 1, we have x = — 5, y = 57, val- 
ues which, it is easy to see, wUl satisfy the equation proposed* 

9 
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» 

To detennioe with more hxtWitf the values ^ i'\ which will 
^ve entire values for z and y, we express x and .^immediately 
in terms of t". In order to this we substitute for 1^ its value 
in the equation for (, which gives 

<==;=— (3—5 r) + r=6r— 3 

substituting next for t and t* their values in the equation for x^ 
and for x and t their values in the equation for y, we Ohtpn 
finally ar== 6 — 11^ 

y==40 + 17r 
If then we make successively t" =£ 0, I 2, 3, • . . or other- 
wise, <" = 0, — 1, — 2, •^— 8, . . . in the above, we shall ob- 
tain all the entire values of x and y proper to satisfy the equa- 
tion proposed. But if entire and positive values only are re- 
quired for a: and y, it will be necessary to give to t" such values 
only, as will render 6 — 11 1"^ 40 +• 17 t" positive. It is ev- 
ident, that i" s= 0, t" = — 1, <" c= — 2 are the only values of 
f'^ that will fulfil this condition ; for, every positive value of 
tf' lyill render x negative, and every negative value of i" nu- 
merically greater than 2 will render y negative. Putting there- 
fore l^sssO, — i, — 2 successively, we have 

x = Q, 17,28 
y = 40,23, 6 

The proposed therefore admits of three different solutions 
in entire and positive numbers, and of Ihree only. 

2. Let it be proposed, as a second example, to divide the 
number 159 into two such parts, that the first may be divisible 
by 8, and the second by 13. 

Designating by x and y the quotients, arising from the di- 
vision of the parts sought by the numbers^ and 13 respective- 
ly, we have by the question 8 a; + 13 y = 159. 

Pursuing with this equation the same process, as in the pre- 
ceding example, we have the fite equations 

1=19 — y 4- e 

y= 1-^4-'' 

t^ — f + f" 

i'sra 1— /".^f" ' 



I 
i 
I 
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ExpreBsing x and y in terms of t^"y we haye 

« «= 15 + 13 P 

y= S — St'^' 
Here it is evident, that t'" = 0, and t"' r= — 1 are the onl j 
values of t'"y which will give entire and positive values for z 
and y. Making successively t'" = 0, i'." == — 1, we have 

x = 15, 2 

y=3,il 

Since then 8 x and 13 y represent the parts required, the 
proposed admits of two solutions, viz. 120 and 39 for the first 
solution, and 16 and 143 for the second. 

3. It is required to divide 25 into two parts, one of which 
may he divisible by 2, and the other by 3. 

4. A person has in his pocket pieces of 5 shillings and 3 
shillings only, and wishes to pay a bill of 58 shillings. How 
many pieces must he give of each ? 

5. A sum of $81 was distributed among some poor persons, 
men and women; each woman received $5, and each man 
$ 7. How many men and women were there ? 

81. Let it be required next to solve in entire numbers the 
equation 49 x — 35 y = 11. 

Here it will be observed, that the coefficients of x and y 
have a common factor 7 ; dividing therefore both members by 

7, we have 7x — 5y=-., an equation which is evidently 

impossible in entire numbers ; the proposed therefore does not 
admit of entire and positive values for x and y» In general, 
the proposed equation being reduced to the form a x -|- 6 y = c, 
if the coefficients of x cmd y have a common factor^ which does 
not enter into the second member^ the eqttation is impossible in en- 
Hre numbersi 

If there be a factor, common to the coefficients of x and y, 
which does not enter into the second member, and this factor 
be not perceived at first, the course of the calculation will 
make known sooner or later the impossibility of solving the 
question in entire numbers. 
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Applying the process explained above to the equation 
49 X — 35yc=all, we obtain finaliy the equation 

an equation, which is evidently impossible in entire numbers 
for t and t'j from which it is readily inferred, that the propos- 
ed will not admit of entire solutions. 

If the equation of the proposed question has therefore a 
factor common to both members, we suppress it ; the coef- 
ficients of :c and y will then be prime to each other, if the 
question admits of solution in entire and positive numbers. 
This being the case, the process explained above will always 
lead to a final equation, in which the coefficient of one of the 
indeterminates is equal to unity. Indeed, it will readily be 
perceived, that in the course pursued we apply to the coef- 
ficients of a; and y in the proposed the process of the greatest 
common divisor; since then these coefficients are by hypothe- 
sis prime to each other, we arrive finally at a remainder equal 
to unity, which will be the coefficient of the last but one of 
the indeterminates introduced in the couise of the calculation. 

82. In certain cases the preceding process admits of simpli- 
fications, which it is important to introduce in practice. 

1. Let it be required to solve in entire numbers the equa- 
tion 5 « 4" ^ y = ^9* 

Proceeding as before, we have 

3y = 49 — 5x 

2x — 1 
y = 16 — a? — — 3— 

but the quotient on dividing 5 x by 3 being nearer 2 x, we put 
the equation under the form 

3y = 49 — 6x + x 

whence y:^16 — 2x + -^ 

from which we obtain x = 3 ^ — 1 

y = 18 — 5/ 
By means of the simplification, here introduced, the num- 
ber of indeterminates, employed in the calculation, is one less, 
than would otherwise be necessary. 
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3. A person prarchaa^s wheat at 16a. and barley at 9«. a 
bushel, and pays ia all 167«, How many bashels of each did 
he purehase ? 

3. To find two numbers such, that if the first be multiplied 
by 7 and the second by 13, the sum of the products will be 
128. 

4. Let it be proposed next to resolre in entire numbers the 
equation 13 x — 57 y =3s 101. 

Deducing the value of x, we have 

In order that x and y in this equation may be entire num- 

hers, 7^ ^^^^ ^^ equal to an entire number ; but since 
1<> 

5 and 13 are prime to each other, it is necessary in order to 

V + 2 
this, that ^ ^ should be an entire number , putting t for this 

lo 

number, we have 

i = 4y-f-7 + 5t 

13 <= y + 2 
from which we obtain 

x = 67( — 1 
y==13f — 2 
Here, every entire and positive value for t will give similar 
values for x and y ; but if we suppose ^ :;= 0, or to be nega- 
tive, the values of x and y will be negative. The number of 
entire and positive solutions of the proposed is therefore infi' 
nite, and the smallest system of values for x and y is 

x=:56, ysll 

By means of the simplifications, here introduced, one inde-* 
terminate only is employed instead of 3, which would other- 
wise be necessary. 

5. To divide 100 into two such parts, that if the iatst be di* 
vided by 5, the remainder will be 2 ; and if the second be dir* 
Tided by 7 the remainder will be 4. 

6. To find two numbers such, that 11 times the first, dimin-* 
ished by 7 times the second, may be equal to 53. 

9» 
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7. A person purchases some horses and oxen ; be pays $dO 
for each horse, and 923 for each ox ; and he finds, that the 
oxen cost him $ 12 more than the horses. How many horses 
and oxen did he buy ? 

8. To find two numbers such, that if 8 be added to 17 times 
the first, the sum will be equal to 49 times the second. 

9t Let it be proposed next to resolve the equation 

39x — 56y=;:ll 
Deducing from this equation the value of s, we have 

17y + ll 



x=y + 



39 



17y-i-ll 

Here, in the expression — ~~ — it will be observed that 

the difference between 17, the coefficient of y, and the divisor 
39y contains the other term 11 as a factor; on this account we 
take the quotient 56 y divided by 39 in excess, which gives 

firom which we readily obtain 

«=r56/' — 27 
y = 39<' — 19 

10. To find two numbers such, that if the first be multiplied 
by 11 and the second by 17, the first product is 5 greater than 
the second. 

11. In how many ways can a debt of 546 livres be paid, by 
paying pieces of 15 livres, and receiving in exchange pieces of 
11 livres. 

12. The difference between two numbers is 309, and if the 
greater be divided by 37 the remainder will be 5, and if the 
less be divided by 54 the remainder will be 2 ; what are the 
numbers ? 

83. From what has been done, it will be perceived, that if 
the equation proposed be of the form ax-^by^c, the num- 
ber of solutions in entire and positive numbers will be limited; 
but if the equation be of the form ax — by = c,c being either 
positive or negative, the number of solutions will be infinite. 

If moreover we compare the formulas for x and y with the 
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equations from which they are derived, the coefficient of the 
indeterminate in the formula for x is the same, it will he oh-* 
served^ with the coefficient of y in the equation ; and the co- 
efficient of the indeterminate in the formula for y is the same 
with the coefficient of x in the equation, taken with the con- 
trary sign, or the coiiverse, as it respects the sig^s of the co- 
efficients. Having obtained then a first solution of the ques- 
tion proposed, th6se which follow will be found by adding 
successively to the values of a; the coefficient of y in the equa- 
tion, and subtracting successively from the values of y the co- 
efficient of X in the equation or the converse, the coefficients 
of X and y being taken with the signs, which they have in 
the equation. 

84. We pass next to the solution of problems and equations 
with three or more unknown quantities. 

1. Let it be proposed to pay 741 livres with 41 pieces of 
money of three different species, viz. pieces of 24 livres, 19 
livres, and 10 livres. 

Let Xj y and z represent respectively the number of pieces 
of each kind, we have by the question 

:r -}- y -(- 5r = 41 
24ar + 19y + 10;? = 741 
Eliminating one of the unknown quantities, x for example, we 
have 5y + 14;2r = 243 

Deducing from this equation formulas for entire values for z 
and y, according to the method explained above, we have 

z = 5t—S 
y = 57 —Ut' 
Substituting next, in the first of the equations of the proposed, 
the expressions for z and y just obtained, and deducing the 
value of Xf we have x = 9 /' — 13 

If we now put for t'j in the above formulas for x, y, and z^ 
any entire values whatever, we shall obtain entire values for 
Xj y, and z^ which will satisfy the equations of the proposed. 
But to obtain the entire and positive values only, as the nature 
of the question requires, it is evident, 1^ that 9 t' must be 
greater than 13, or which is the same thing, that ^ must be 
greater than 1| ; 2^. that 14 I' must be less than 57, or which 
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18 (he same thing, that /' muflt be less than 4^; ^ can there* 

fore have onlj the values 2, 3, 4. 

Putting in the formulas above i' e<{ual to 2, 3, and 4 succes- 

sivelj; we have 

a;= 5, 14,23 

y = 29, 15, 1 

« = 7, 12, 17 

The proposed therefore admits of three different solutions 

and of three only. 

^. Thirty persons, men, women, and children, spend fiO 

crowns in a tavern. The share of a man is 3 crowns, that of 

a woman 2 crowns, and that of a child is 1 crown. How 

many persons were there of each class ? 

3. The sum of three entire numbers is 15, and if the first 
be multiplied by 2, the second by 3 and the third hy 7, the 
sum of the products will be 65. What are the numbers ? 

4. Let it be required next to resolve in entire numbers the 

equations ' 

6x + 7y + 4af = 122 

llx + 8y — 6z = 145 

Eliminating z from these equations, we have 

40x + 37y = 656 

Deducing from this equation formulas for entire values for 

X and y, we have 

x = 37f + 9 

y=8 — 40i 
Substituting these expressions for x and y in the first of the 
proposed equations, and reducing, we have 

2z — 29/ = 6 
Deducing from this last, formulas for entire values for z and f, 

we have 

:? = 29<'-f 3 

«=2f' 
Substituting next in the formulas for x and y, obtained above, 
2 i' for {, the formulas for x, y, and z will be 

X »= 74 ^ + 9 
y= 8 — 80<' 
ip=29<' 4-3 
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Putting any entire values whatever for P in these formulas, 
we obtain entire values for z, y, and Xj which will satisfy the 
equations proposed. But if entire and positive values are re- 
quired, it is evident, that t' cannot be positive, for then y will 
be negative ; neither can t' be negative, for then x and z will 
be negative. The hypothesis t' = 0, however, will give 
X =r 9, y =:;:8, ;; = 3. The proposed equations therefore ad- 
mit of but one direct solution. 

Fiom what has been done, it will be easy to see how we 
are to proceed in the case of three equations with four un- 
known quantities and so on. 

5. A coiner has three kinds of silver, the first of 7 ounces, 
the second 5^ ounces, the third of 4^ ounces fine per marc 
of eight ounces. How many marcs must he take of each sort, 

' in order to form a mixture of the weight of 30 marcs, at 6 
ounces fine per marc ? 

6. To find three entire numbers such, that if the first be 
multiplied by 3, the second by 5, and the third by 7, the sum 
of the products will be 560 ; and if the first be multiplied by 
9, the second by 25, and the third by 49, the sum of the pro- 
ducts will be 2920. 

85. In the preceding examples, the numb^. of equations has 
been one less than the number of unknown quantities to be 
determined. It is sometimes the case that the number of 
equations is less by two or more units, than the number of un- 
known quantities ; the problem is then said to be indetermifh' 
atdy indeterminaie or more than indeterminate. 

The solution of the following problem will exhibit the 
course to be pursued in cases of this kind* 

1. It is required to pay a debt of 187 francs with pieces of 
5 francs, 6 francs, and 20 francs without any other coin. 

Let Xy y, and z be the number af pieces of each sort respec- 
tively ; we have by the question 

5x + 6y + 20z=l&7 

which returns to 5 x -f- 6 y = 187 — SO ar 
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Let 187 — 20 « = c, we have 6 x +^y = e, from which 

we obtain 

c — 6y c — y 

let — ^ = t\ deducing tlie value of y, we have y = r — 6 f 

and by consequence x = — c -f- 6 1 

or restoring the value of c, we have finally 

x = — 187 + 20^ + 6^ 

y = 187 — 20^— .5f 
Here in order that x and y may be entire, it will be sufficient 
to give to z and t any entire values whatever ; but if, as the 
nature of the question requires, we seek the entire and posi- 
tive values of the unknown quantities, it is evident from the 
equation 5x-f-6y-}'20 5; = 187, that z cannot receive values 

187 7 

greater than -^- or 9 ^, otherwise x or y would be negative. 

Let us then put successively 2 = 0, 1, 2, • . • 9. Making 
j; r= the values of x and y become 

ar = — 187 + 6< 
y= 187 — 5f 
Here, in order that x and y may be positive, it is necessary 
that t should be greater than 31^; but less than 37f . Putting 
therefore successively f = 32, 33, . . . 37, we have for the hy- 
pothesis 2: = 

x=: 6, 11, 17,23,29,36 

y = 27, 22, 17, 12, 7, 2 
Putting 2: = 1, the formulas for x and y become 

x = — 167 + 61 
y= 167 — 5 < 
Here, in order that x and y may be positive, t should be great- 
er than 27f, bt%t less than 33f. Putting ;=: 28, . . SSiUcees- 
aively, we havi^ for the hypothesis z = 1, 

xz= 1, 7,13, 19,25,31 
y=27, 22, 17, 12, 7, 2 
Making z=8, the formulas for x and y become 

X=: — 27 + 6f 
y= 27 — 5t 
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Here, in order that x and y may be positive, t should be great-* 
er than 4j^, but less than 5f ; whence for the hypothesis z sB, 
vre have x=: 3,^^=2; thus the proposed admits of but one 
solution for this hypothesis. 

If we put 2rz=9, the formulas for x and y become, 

« = — 7 + 6(, y = 7 — 6r; 

X and y therefore can have no entire and positive values for 
this hypothesis. 

2. A gentleman has a piece of work to be done, for which 
he is willing to pay 29 shillings, but is obliged to employ la- 
borers at three different prices, viz : at 5, 4, and 3 shillings a 
day. In how many different ways can he employ la!borers at 
these prices to do the work ? 

3. A merchant purchases some pieces of cloth of three dif- 
ferent kinds for $67, giving $4 a piece for the first kind, $5 
for the second, and $9 for the third. How many pieces of 
each kind did' he purchase ? 

MISCELLArfEOUS EXAMPLES. 

1. To pay a debt of 78 francs with pieces of 5 francs and 
of 3 francs, without any other coin. 

2. A company of men and women spend 1000^ shillings at a 
tavern. The men paid each 19 shillings, and each woman 
18. How many men and women were there ? 

3. To divide 1000 into two such parts, that the first may be 
divisible by 7, and the second by 13. 

4. Is it possible to pay a debt of 71s. with pieees of 7s. and 
13&. without any other coin ? 

6. A company of men and women club together for the 
payment of a reckoning ; each man pays 25 shillings, and 
each woman 16 shillings, and it is found that all the women 
together have paid 1 shilling more than the men. How many 
men and women were there. 

6. A coiner has gold of 15, of 17, and of W carats fine. 
How many ounces must he take of each, in order to form a 
mixture of the weight of 35 ounces, 20 carats fine. 
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7. What numbers divided by 3^ 7 and. 10, leave the remain- 
ders 2, 3 and 9 respectively ? 

Putting X, y and z for the quotients respectively, the num- 
bers sought will be represented by either of the expressions 

3 X -|- 2, 7 y + 3, or 10 z -^ 9. Comparing the first two of 
these expressions, we obtain 

x = lt — 2 

y = 3t-l 

■ Substituting the values of x and y in the expressions 

3x+2,7y+3 
respectively, we obtain 21 1 — 4. Thus to fulfil the first two 
conditions the numbers sought must be of the form 21 t — 4 ; 
comparing this with the. expression 10 2; -f- 9, the numbers 
that will fulfil all three of the conditions will be found to be 
oif the form 210 / + 59. 

8. What numbers divided by 3, 4, and 5, leave the remain- 
ders 2, 3, and 4 respectively ? 

9. A fortunate gamester counting the guineas which he bad 
won, finds that if he counts them by fours, sixes, or nines, 
there will be 3 remaining, but if he counts them by fifteens, 
there will be 12 remaining. How many guineas did he win ? 

10. What numbers divided by 11, 19, and 29, leave the re- 
mainders 3, 5, and 10 respectively ? 

11. To find three numbers such, that if the first be multi- 
plied by 7, the second by 9, and the third by 11, the first pro- 
duet may be 1 less than the second, and 2 greater than the 
third. 

12. A shepherd counting his sheep finds, that if he counts 
them by sevens, there will be none remaining, but if he counts 
diem by threes, fours, or fives, there will be 2, 3, or 4 remain- 
ing respectively. How many sheep had he ? 

13. A person buys 100 head of ca^ttle for 100 crowns, viz. 
oxen at 10 crowns each, cows at 5 crowns, calves at 2 crowns, 
and sheep at j- crown each. How many of each kind did he 

buy? 

14. It is required to pay a debt of 139 franes, by means of 
pieces, of 3 francs, 5 francs, and 20 francs^ without any other 
coin. 
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15. To find three numbers saeh, that if the first be divided 
by 3 the remainder will be 2, if the second be divided by 6 
the remainder will be 3, and if three times the first be dimin- 
ished by twice the second, the remainder will be 21. 

16. Three bodies set oat at the same time from a given 

point in the circomference of a circle, and move in the same 

direction' with the velocities », »', y' in an hour respectively. 

It is required to determine the times, in which the bodies will 

meet two and two, the length of the circumference being de- 

noted by c. 

Let us suppose v' greater than v and o" greater than o'. The 

spaces passed over by the bodies in an hour will be as v, o', v*' 

respectively, and in order that any two of them may meet it is 

necessary and it is sufficient, that the space passed over by one 

should be equal to the space passed over by the other in the 

same time increased by an exact number of circumferences. 

This being the case, let it be supposed that after x hours the 

first two bodies are upon the same point of the circumference, 

the spaces passed over by each will be t> x, ©' x respectively, 

and n representing any entire and positive number whatever, 

we shall have ©'x=;»x-f-*^ 

fl c 

»' V 

Putting in this formula n=l, 2, 3, &c. successively, we 
shall have the number of hours required for the second body 
to meet the first, for the first, second, third, &c. times. 

In like manner, let it be supposed that after y hours the 
third and first bodies are upon the same point of the circum- 
ference, and that after z hours the third and second are upon 
the same point of the circumference, n* and n" denoting each 
any entire and positive numbers whatever, we i^hali have 

«' c n" c 



y=w'— '* 



To determine therefore, the times in which the bodies will 

meet two and two, it will be sufficient, to give to the indeter* 

minates n, n*, n" in the above formulas, the values 1, 2, 3, &c. 

successively. 

10 
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The following are particular cases of this problem. 

1. The hour and minute hands of a watch are together at 
12 o'clock. When will they be together again for the first, 

^second, third, &c. times ? 

2. There is an island 73 miles in circumference, and three 
footmen all start together to travel the same way about it* A 
goes 5 miles a day, B 8, and C 10. When will they meet two 
and two at a time ? 

Section IX. — Discussion of problems and equations 

OF the first degree* 

• 86. When a problem has been solved in a general manner, 
it may be proposed to determine what values the unknowa 
quantities will take for particular hypotheses made upon the 
known quantities. The deterinination of these different val- 
ues, and the interpretation of the results, to which we arrive 
form what is called the discussion of the problem. 

The discussion of the following problem presents nearly all 
the circumstances that can ever occur in equations of the first 

degree. 

Two couriers set out at the same time from two different 
points A and B in the line £ D and travel towards D until 
they meet ; the courier, who sets out from the point A, travels 
at the rate of m miles an hour, the other travels at the rate of 
II miles an hour ; the distance between the points A and B is 
« miles \ at what distance from the points A and B will they 
meet ? 

1 C' A B C D 

Suppose C to be the point in which they meet ; let x=ss the 

distance A C, y =s the distance B C. We have for the first 

equation x — y =» a 

The first courier, travelling at the rate of m miles an hour, 

SB 

wUl be -hours in passing over the distance x; the second 

HI 

trayelling at the rate of n miles an hour, will be ? hours in 
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passing over th^ di^ance y ; and since these distances must 
each' be passed over in the same time, we shall have for the 
second equation 

m n 
Resolving these two equations, we have 

am an 



m — « ^ m 



Discussion, 

1. Let m be greater than n. In this case the values of irtiid 

y will be positive, and the problem will be solved in the exact 

sense of the enunciation ; for, it is evident, that if the courier, 

who sets out from A, travels faster than the other, thejr will 

itteet somewhere in the direction A D. 

'2. Letfi he greater th^n m. This being the case we sliiA 

have 

atn an 



n — m " tt — - fli 

Here the values of x and y are negative. In order to inter- 
pret this result, we observe that the courier from B travelling 
faster than the courier from A, the interval between them 
must increase continually. It is absurd therefore to require, 
that they should meet in the direction A D. The negative 
values for x and y indicate then an absurdity in the conditioBfi 
pf the question. To show how this absurdity may be done 
away, let us substitute in the equations of the problem 
•*^9f-^^y instead of x and t/, we shall then have 

— a:4-y = a^ fy — a: = a 
_«__^>or} f_y 

m »3 C tn n 

The second equation is not affected by the change of sigUi 
as indeed it ought not to be, since it ouly expresses the equal- 
ity of the times. In regard to the first, however, we have 
jf «— r «=? (^ instead of a; — y =^ <>• This shows that the point, 
in which the couriers meet, must be nearer A than to B by 
the distance A B ; it must therefore be at some point C on 
the other side of A with respect to B. In order then to re- 
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mo?e the absurdity in the enuociatioii of tb^ qoestioiii it is 
necessary to suppose the couriers instead ef travelling in the 
direction A D to travel in the opposite direction B £. Indeed, 
if we retolve the equations 

m n 

- am cut , * • i_ 's.* 

we have x = ».V= values which are positiv^^ 

n — m n — m ' 

and which answer the conditions of the problem modified| 

jthus, 

Two rourters set out at the same time from two points, A 
and B in the line £ D and travel towards £ ; the courier, 
who sets out from the point B» travels at the rate of n miles 
an hour, the other travels at th^ rate of m miles an hoar ; the 
distance betwen the points B and A is a miles ; at what dia- 
tance from the points B and A will they meet ? 

3. Let fti =• n. In this case we have m — n = 0, and the 
values of x and y become 

a fit A fi 

But how shall we interpret this result ? Returning to the 
question, we perceive it to be absolutely impossible to satisfy 
the enunciation ; for, the couriers travelling equally fast, the 
interval between them must always continue the same, how- 
ever far they may travel in either direction. It is impossible 
then that they should meet, and no change in the enunciation, 
so long as we have m=s:^f}, can make it possible. Indeed^ 
the equations of the problem on the hypothesis m s=7 n become 

X — y = 
equations, which are evidently incompatible. Zero being a 
divisor is, then, a sign of impossibility. 

The expressions -^r-, -jr are considered, however, by math* 

ematicians as forming a species of value for x and y, to which 
they give the name of infinite value. To show the reason for 
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iMBj let i» suppose that the differenee between m md n witlH 
out being absolutely nothing is very small ^ in this case, it it 
evident, that the values of x and y will be very large^. Let, 
for example, mssid, m — ns=sO. 01, we shall then hare 
n sss 2. 99, whenee 

wi — » .01 m — n 

Again let m — n =£ .0001^ m being equal to 3, n will then 
=3s 2. 9999, whenee 

^"* =30000a, -^^ = 29999a 



m — n m — n 

In a word, so long as there is any difference, however small, 
between m and n, the couriers will meet in one direction or 
the other ; but the distance of the point, in which they meet, 
from the points A and B will be greater in proportion as the 
difference between m and n is less. If then the difference 6e- 
iween m and n is less than any assignable quantity y the distances 

toiU be greater than any assignable quantity or 

tn^-^n -m — n 

infinite. Since then is less than any assignable quantity, we 

may employ this character to represent the ultimate state of a 

quantity which may be decreased at pleasure ; and sinee the 

value of a fraetional quantity is greater, in proportitm aa ita 

denominator is less^ the expression ^ — , and in general, any 



quantity with zero for a denominator may be considered as the 
symbol of an * infinite quantity y that is,, a quantity greater than 
any, which can be assigned. 

We say then that the values x = ~-^ ^ =s — are mfinxte. 

To show how the notion indicated by the expression — . 

does away the absurdity of the equations 

x — y = a, X — ^ = 0, 
from the second of these equations, we deduee the value of y 
and substitute it in the first, we then have x-*x=^a; divid* 
ing both sides of this last by x, we have 



10 



l_l=.f, or^ = 

X X 
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Here, a9 we put. for x ralaes greater and greater^ the fraetioD 

? will differ less and letis from 0, and the equation will ap- 

X. 

proach nearer and. nearer to being exact. If then x be greater 
than any assignable quantity, ? will be less ithan any assigna- 

X 

ble quantity or zero. 

4. Let us suppose next » = n, and at the same time 0=^0, 
we shall then have 

But how sball we interpret this new result ? Returning to 
the enunciation, we perceive, that if the couriers set out each 
from the same point and travel equally fast, there is no partic- 
ular point in which they can be said to meet, since in this 
case, they will be together through the whole extent of their 
route. Indeed, on this hypothesis the equations of the prob- 
lem become 

«— 3f»0 

X — y = 
equations which are identical ; the problem is therefore tmle- 
iermincUey since we have in fact but one equation with two un- 
known quantities. The expression Q is therefore a sign of In- 

JkierminaHon in the enunciation of the problem. 

The preceding hypotheses are the only ones, which lead to 
remarkable results. They are sufficient to show, the manner 
in which algebra corresponds to all the circumstances in the 
enunciation of a problem. 

QENEEAL FORMULAS FOR EQUATIONS OF THE FIRST DE- 
GREE WITH ONE OR TWO UNKNOWN QUANTITIES, 

87. Every equation of the first degree with one unknown 
quantity may, by collecting all the terms, which involve x into 
one member and the known quantities into the other, be re- 
duced to an equation of the form ax = b, a and ( denoting 
any quantities whateveri positive or negative. 
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Let there be, for example, the equation 

x—l . 23 — X ^ 44-x 
7^5 4 

Freeing from denominators, we have 

<20x-. 20 + 644*^38£:^980-- 140 — 85x 
or transposing and uniting terms 

27x = 216 
Comparing this equation with the general formula, we have 
0=27,6 = 216. 

Again let there be the equation 

mx 

p = x — q 

n 

Freeing from denominators, transposing and uniting terms, 
we have (m — n) x == n (p — q). 

Comparing this equation with the general formula, we have 
m — n = a, n {p — 9) 3= (. 

88. Resolving the equation ax =& 6, we have x == .. This 

a 

is a general solution for equations of the first degree with one 

unknown quantity. 

Discussion. 

1. Let it be supposed, that in consequence of a particular 
hypothesis made upon the known quantities, we have usssO, 

the value of x will then be ~. But the equation a Xssaion 

this hjrpothesis becomes X a;^=B^> <^ equation which it is 
evident, cannot be satisfied by any determinate value for x. 
The equation X x=s=6 may, however, be put under the 

form - = 0. Here, if we consider x greater than any as- 

b 
signable quantity, the fraction - will be less than any assign- 

X 

«able quantity or zero. On this account we say that infimty in 
this case satisfies the equation. It is evident, at least, that 
the equation cannot be satisfied by any jint^e value for x. 

2. Let us suppose next a s=s 0, and at the same time 6 aoBB 0, 
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the value of x will then take the form 0. In this case the 

equation becomes € X x =: 0, an equation which m%j be sat- 
isfied by any finite quantity whateFer, positive or neg^tife. 
Thus the eqilation, dr tb« problem, of 'which it is the alge* 
braic translation, is indeterminate. 

It should be observed, however, that the symbol h does not 

» 

always indicate that the problem is indeterminate. 

Let for example the value of x derived &o« th^ solutmi. of 

a problem be 

o3 — 63 



«*=-^ 



a2 — 62 
If we put a = 6 in this formula, it will, under its present 

ferm, be reduced to 8 ; but this value for a; maybe put under 

the form 

*~ (a — b) (a + 6) ' 
If then before making the hypothesis a =5, we suppress 
the factor a — 6, the value of x becomes '^ 

from which we obtain x = — on the hypothesis a = b. 

We conclude therefore that the symbol ^ is sometimes in alge* 

bra the sign of the existence of a factor comm&n to the two ternu 
of afractiony which in cense fuence of a parUcukar hypothesis he* 
ames 0, and reduces the fractjhn to this form. 

Before deling then,, that the result^ it a sign that the 

problem is indeterminate, we must examine whether the ex- 
pressions for the unknown quantities, which in consequence 
of a paiticular hypothesis are reduced to this torm, are in their 
towfist tennS| if not, they must be reduced to tHu state ; the 

particular hypothesis being then made anew, the result ^ 

stows that the problem is really indeterminate. 
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Every equation of the first degree with two onkiiown 
quantities may be reduced to an equation of ti&e form 

a I + ft y =: c, 
a, 6 and c denoting any quantities whatever, positive or nega* 
tive. It is evident, that ail equations of the first degree with 
two unknown quantities may be reduced to this state, l^ by 
freeing the equation from denominators ; 2^. by collecting into 
one member all the terms, which involve x and y, and the 
known quantities into the other; 3^ by uniting the termSi 
which contain x into one term, and tho^ which eoBtain y 
into another. 
Let US take the equations 

« flc -f" ft y = ^ 
a' ap -j- ft' y == c' 

Resolving these equations we have 

.cft^ — ftc' atf — ea! , 

^~ ab' — hi^y *"" iiV^ha/ 

This is a general solution for all equations of the second 

degree with two unknown quantities. 

To show the use, which may be made of these formulas in 

the solution of equations, let there be the two equations, 

5« + 3y = 19, 4x + 7y = 39 

Comparing these with the general equations, we have 

a = 5, ft = 3, c=19, a' = 4, ft' = 7. c' ==« 29, 

whence by substitution in the formulas for x and y, we have 

— 19 X 7 — 3 X 29 133 --87 _ 46 _ 
*~ 5x"7— "3X4 ~ 35 — 12""23~ 

5 x29 — 19 X4 145— 7669 
^~ 5X7 — 3 X4 ™'35 — 12~23^ 

Discussion. 

In the above formulas for x and y let a ft' — ft a' = O, 
cy — b & and ad — e a' being each different from zero, we 
shaU then have 

eft' — ftc' ad — c af 
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To interpret these remits, we observe that the equation 

a h* 
al/-^b a' = gives a' = -^ ; substituting this value in the 

equation of x + b* ^is:^ d\ we have 

from which we obtain a as -|- & ^ :;?= -y- ; comparing thia with 

the equation a x -f- ^ y = C) the left hand members, it will 
be perceived, are identical, while the right are essentially dif- 
ferent \ for if in the numerator cV — 5 c', c ^ be greater than 

hd 
b dj c will be greater than-TT-, and if c b^ be less than b &j 

bd 
c will be less than-T7. We conclude therefore, that ike two 

equations proposed cannot in this case be satisfied^ at the same 
iimsj by any system whatever of finite values for x and y. The 
question therefore in this ease is impossible. 
Again let us suppose a ^ -^ baf ssiQ^ and at the mane time 



c5' — 5c' = 0; the value of x in this case is reduced to g 

To interpret this result, we remark that the equations pro- 
posed may, in consequence of the relation a^ — ^o'ssO, be 

put und<^r the form 

ax-|-6y = c 

bd 
ax + byz=z-^j 

equations, which are identical, since from the relation 

bd 

cb* — 6 c' s= 0, we have -vj- =? e. 

In order then to resolve the problem, we have in fact but 

one equation with two unknown quantities ; the question 

therefore is indeterminate, 

ba' . 
Since the equation a 6' — 6 a' = gives ft' =» — we have 

by substitution in the equation c 6' — ^ 6 c' =?= 0, 

cba' 

bd=i:0 
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or roduciDg, ad — c a' = ; toe infer therefore thai if the value 

of X he of the form ^, the vtdue of j toiU he of the same form 
and the converse. 

PROBLEMS FOR SOLUTION' AND DISCUSSION. 

1. To ind aBumber such, that if it be added to the num- 
bers a and b respectively, the first sum will b^ m times the 
second. 

Putting X for the number, we have 

mb — a 
1 — m 
How shall we interpret this result when t» 3t= 1 ? How 
when m=s 1, and at the same time a = 6? H(»w whetVm is 
greater than 1, and m h greater than a 1 What conditions are 
necessary in order that the question may be solved in the ex- 
act sense of the enunciation ? 

2. The sum of two numbers is a, and the sum of th^r pro-^ 
ducts by the numbers m and n respectively is b. What are the 
numbers ? 

Putting X and y for the numbers, we have 

h — na ma — ^b 

m — n "^ w — « 
How shall we interpret these results, when m is gjreaiier than 
fi, and n a greater than h ? How when m =fi ? Ilow when 
ms=rnj and at the same time n a=^h? What conditions are 
necessary in order that the question may be solved in the ex- 
act sense of the enunciation ? 

3. It is required to make a mixture of gold and silver, the 
weight of which shall be a grains, in such proportions that 
the price of the mixture shaU be h shillings, the value of a 
grain of gold being c shillings, and that of a grain of silver d 
shillings ; how much must be taken of each to form the mix- 
ture required ? 

Let X = the quantity of gold, y that of the silver, we have 

^_^a{b-d) ,,_a{c-b) 

* — ri::5~'* — ^^rj- 
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How shall we ittterprel these results when c^=d> How 
vfhtn 6 == r and at the same time c:s=d?. What comiitions 
are necessary in order that the question may he solved in the 
exact sense of the enunciation ? 

4. The sides of a rectangle are to each other in the propor- 
tion of m to n ; hut if the quantity a be added to the first and 
the quantity & subtracted from the (secood^ the surface of the 
rectangle will be diminifihed by the quantity p. What are the 
sides ? 

Let X and y represent the sides respeetiyely^ we have 

^_ m(p — ab) n{p — ab) 

mfr«— «o'*^ mb — na 

What conditions are necessary in order that this problem 
Biay be solved in the exact sense of the enunciation ? When 

will the values of x and y take the form 9. What will be the 

values of x and y if p = 0, and how should the enunciation of 
the qnestion be altered to correspond to these values? 

5. A banker has two kinds of money, in the first there are 
a pieces to the crown, and in the second b pieces to the crown ; 
how many pieces must be taken from each, in order that there 
may be c pieces to the crown ? 

Putting X and y for the number of pieces of each respective- 
\fy we hav^ 

_ a(c — b) _ b(a — c) 
a — b '^~ a — b 
In what cases will the values of x and y become infinite or 
impossible ? When will one of them become negative and 
hew are we to interpret the result in this case ? When will 

they take the form Q. When will either one or the other of 

the quantities become ? What conditions are necessary in 
order that the problem may be solved in the exact sense of the 
enunciation ? 
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Section X. — Theory* op Inequalities. 

90. In the reasonings, which relate to the discussion of a 
problem, we have frequent occasion to make use of the ex- 
pressions ^^ greater thany^' '' less tkan,^* In such cases we shall 
attain a greater degree of conciseness, by representing each of 
these expressions by^ a convenient sign. It is agreed to repre^ 
sent the expression '^^rsa/er than^'^ by the sign^; thus, a 
greater than b is expressed by a^b. The same sign by a 
change of position is made to represent the phrase " less than ;'' 
thus, a less them b is expressed by a <^ 6. 

An equation of the form a = a is called an eqttality. An 
expression of the form a ^ 6 or a <^ 6 is called an inequaUtjf. 

The principles established for equations apply in general to 
inequalities. As there are some exceptions however, we shall 
state the principal transformations, which may be made upon 
inequalities, together with the exceptions which occur. 

1^ We may always add the same quantity to both members of 
€tn ineqwdity^ or subtract the same quantity from both mendferSf 
end the inequality will continue in the same sense. 

Thus, let 3 <[5; adding 8 to both sides, we have 

8+3<5+8, or 11<13 
Again let — 3 ]> — 5 ; adding 8 to both sides we have 

8 — 3>8 — 5, or5>3 

This principle enables us, as in the case of equations, to 
transpose a term from one member of an inequality to the oth« 
er; thus, from the inequality a' + ^*]>^<^ — «*> w® obtain 
2a« + 6»>3c«. 

2°. We may in all cases add member to member tvoo or m&re «yi- 
equalities established in the same sense , and the. inequality^ which 
results, will exist in the sense of the proposed. 

Thus, let there be a > 6, c >► d, 6>-/; we have 

But if we subtract member from member two or more inequoH-' 
ties established in the same sense, the inequality, which rtstdts, 
wM not always exist in the sense of the proposed, 

11 
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Let there be t}ie iueqtialities 4 <^ 7, 2<[ 3, we have by sub- 
traction 4 — 2 < 7 — 3, or2<4. 

But let there be the inequalities 9 <^ 10 and 6 <^ 8, sub- 
tracting the latter from the former, we have 

9 — 6>10 — 8, or3>2. 

^, We may multiply or divide the two members of an inequali^ 
ty by any positive or absolute number ^ and the inequality, which 
rewltSj wiU exist in the sense of the proposed. 

Thus, if we have a <^ 6, multiplyibg both sides by 5, we 
have5a<[5 6. 

By means of this principle, we may free an Inequality from 
its denominators. Thus, let there be 

a* — 6» a» — 6» 



2ei ^ 3a 

we have by multiplication (o' — 6') 3a^ (a* — 6') 2c/, and 
by division 3 a ]> 2 cZ. 

But if we multiply or divide the two members of an inequality 
by a negative quantity, the inequality y which results j will exist in 
the contrary sense. 

Thus, let8]>7; multiplying both sides by — 3, we have 

— 24< — 21. 

From this it follows, that if we change the sign of each term 
of an inequality^ the inequality^ which results^ wiU exist in a sense 
contrary to that of the proposed ; for this transformation will be 
equivtUent to multiplying both members by — 1. 

91. Let there now be proposed the inequaltty 

Multiplying both sides by 3, we have 
. 21a: — 23>2ar + 15 
whence transposing and reducing, we have 

x>2 
Here 2 is the limit to the value of x, that is, if we substi- 
tute for X in the proposed any value greater than 2, the inequal- 
ity will be satisfied. The process, by which the limit to the 
value of the unknown quantity is determined, is called tesoh^ 
mg the inequality. 



THEORY OF IVB^^ALITISS. 133 

EXAMPLES. 

1. To find the limit to the value of -x in the inequalities 

2. To find the limit to the value of x in the inequalities 

5"r"3^5"^ 9 ". 
X X 6 X 

3. To find the limit to the value of x in the inequalities 

ax , a* 

bx 6» 

92. The theory of inequalities may be applied to the solu- 
tion of certain problems. 

1. The double of a ntimber diminished by 5 is greater than 
25, and triple the number diminished by 7 is less than double 
the number increased by 13. Required a number that shall 
possess these properties. 
By 4he question, we have 

2x — 5>25 

3x — 7<2x + 13 

Resolving these inequalities, we have a;]>15, «<^20. 
Any number therefore, entire or fractional, comprised between 
15 and 20 will satisfy the conditions of the question. 

2. A shepherd being asked the number of his sheep re- 
plied, that double their number diminished by 7 is greater 
than 29, and triple their number diminished by 5 is less than 
double their number increased by 16. Required the number 
of sheep. 

Resolving the question, we have a; ]> 18, and a;<^21. 
Here all the numbers, comprised between 18 and 21, will 
satisfy the inequalities; but since the nature of the question 
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requires that the answer should be an entire number, the num- 
ber of solutions' is limited to 2, viz. a; 3= 19, x =s: 20. 

3. A^ market woman has a number of oranges, such, that 
triple the number increased by 2, exceeds double the number 
increased by 61 ; and 5 times the number diminished by 70 is 
less than 4 times the number diminished by 9. How many 
oranges had she. 

4. The sum of two numbers is 32, and if the greater be di- 
vided by the less, the quotient will be less than 5 but great- 
er than 2. What are the numbers ? 

5. The sum of two numbers is 25 ; if the greater be divid- 
ed by the less, the quotient will be greater than 3, and if the 
less, be divided by the greater the quotient will be greater 
than ^. What are the numbers ? 

Section XL — Extraction of the Square Root. 

93. Let it now be proposed to find a number, which multi- 
plied by five times itself will give a product equal to 125. 

Putting X for the number required, we have by the question 
5 a^:= 125, from which we obtain x' = 25. This equation is 
essentially different from any, which we have hitherto consid- 
ered. It is called an equation of the second degree^ because 
it contains x raised to the second power. To find the .value 
of Xj we must see what number multiplied by itself will give 
25. It is obvious, thatthe number 5 will fulfil this condition ; 
w« have therefore x = 5. 

The value of x is easily found is the present example, but 
in others it will be more difficult Hence arises this new arith- 
metical question, viz. To find a number^ which multiplied by tf- 
nlf wUl give a product equal to a proposed number j or which is 
the same thing, from the second power of a number to deter- 
mine the first. 

A number, which multiplied by itself will produce a given 
number, is called the square or second root of this number. 
The process for finding the second root is called extracting the 
square or second root 



EXTRACTION OF TQE S^lTABC ROOT. ISS 

In the following table, we haire the nine primitiire numbers 
with their squares writteo under them respectively. 

1, 2, 3, 4, 5, 6, 7, 8, 9, 
1, 4, 9, 16, 25, 36^ 49, 64, 81. 

By Inspieetiou of tliis table, it will be perceived, that among 
entire numbers consisting of one or two figures, there are nine 
only, which are squares of other entire numbers. The re- 
mainder>bave for a root an entire number plus a fraction* 
Thus 53 which is comprised between 49 and 64, has for its 
square root 7 plus a fraction. 

The numbers in the second line of this table being the 
squares of those in the first, conversely the numbers in the first 
line are the square roots of those in the second. If therefore 
the number, the square root of which is required, consist of 
one or two figures only, its root will be readily found by means 
of the table. 

Let it be proposed to find the root of a number consisting of 
more than two figures, 6084, for example. 

The square of 9, the largest number consisting of one figure, 
is 81, and the square of lOO, the smallest number consisting 
of three figures, is 10000 ; the square root of 6084 will there* 
fore consist of two places, viz. units aud tens. 

To determine then a method, by which to return from the 
proposed number to its root, let us observe the manner, in 
which the different parts of a number consisting of two places, 
47, for example, are employed in forming the square of this 
number. For this purpose we decompose 47 into two parts, 
viz. 40 and 7, or 4 tens and 7 units. Designating the tens by 
a and the units by 6, we have a + 6 3=47, and squaring both 
sides a'-f2a64-6's=:2209. Thus the square of a number, 
consisting of units and tens, is composed of three parts, viz. 
the square of the tens^ plu$ twice the product, of the teus muU^U- 
ed fry the units, plus the square of the units* Thus in 2209, the 
square of 47, we have 

the square of the tens (a*) = 1600 

imce the tens fry the units (2 afr) =3? 560 
ike square of the units (fr*) s= 49 

2209 
11* 
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Considering then the proposed number 6084 as conaposed of 
the square of the tens of the root sought, twice the product 
of the tens by the units, and the square of the units, if we 
can discover in this number the first of these parts, viz. the 
square of the tens, the tens of the root will be readily found. 
The square of an exact number of tens, it is evident, can have 
no figure inferior to hundreds. Separating then the two last 
figures of the proposed from the rest by a comma, the square 
of the tens will be found in 60, the part at the left of the 
comma, which in addition to the hundreds in the square of the 
tens will also eontain those, which arise from the other parts 
of the square. 60 is comprised -"between 49 and 64, the roots 
of which are 7 and 8 respectively ; 7 will then be the figure 
denoting the tens in the root sought. Indeed 60 00 is com* 
prised between 49 00 and 64 00, the squares of 70 and 80 re- 
spectively } the same is the case with 60 84 ; the root requir- 
ed will therefore consist of 7 tens and a certain number of 
units less than ten. 

The figure 7 being thus obtained, we place it at the right 
of the proposed, taking care to separate them by a vertical 
line ; we then subtract 49, the square of 7, from 60, and to 
the remainder 11 we bring down 84, the two other figure of 
the proposed. The result 1184 of this operation will then 
contain twice the product of the tens of the root by the units, 
plus the square of the units. Twice the product of the tens 
by the units will, it is evident, contain no figure inferior to 
tens. Separating then 4, the right hand figure of the remain- 
der 1184, from the rest by a comma, the part 118 of this re- 
mainder, at the left of the comma, must contain the double 
product of the tens by the units, together with the tens aris- 
ing from the square of the units. 

The double product of the tens is 14 ; dividing therefore 
118 by 14, the quotient 8 will be the unit figure exactly, or in 
consequence of the tens arising from the square of the units, 
it may be too large by 1 or 2. To determine whether 8 be 
the right figure for the units of the root, we multiply twice 
the tens by 8 and subtract the result from 1184, the remainder 
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64 being equal to the square of '8 abows that 8 is the vnit fig- 
ure sought. We have 78 therefore for the root required. The 
opeiatioD will stand thus, 

7 



60,84 
49 



14 

8 



118,4 
112 

64 
64 

To complete the root, we place 8 the unit figure, at the 
right of 7 the figure for the tens. The work, moreover, may 
be abridged by writing, the 8 at the right of the divisor, and 
multiplying 148 the number thu^ formed by 8. We thus ob- 
tain in ,one expression twice the tens by the units and the 
square of the units ; this being equal to the remainder 1184 
proves as before that 8 is the right figure for the units of the 
root. 

With this modification, the work will stand thus 

60, 84 I 78 
49 



118,4 L 148 
118 4 



[ 



Let us take, as a second example, the number 841. Pursu* 
ing the same course as in the preceding example,* we find 2 for 
the tens of the root ; subtracting the square of the tens the 
remainder will be 441. Separating the unit figure in this re- 
mainder from the rest by a comma, and dividing the part at 
the left by double the tens, in order to obtain the unit figure 
of the root, we have 11 for the result. This is evidently too 
much. Indeed, we cannot have more than 9 for the units ; 
we therefore try 9. This proves to be the correct figure. The 
root sought is therefore 29. 
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The operatioii win bens follofrs 



8,41 
4 



29 



44, 1 I 49 
44 1 



94. Any number however large may be considered as com- 
posed of units and tens ; 345, for example, may be considered 
as composed of 34 tens and 5 units. 

Let it now be proposed to find the second root of 190969. 
This number exceeds 10 000 and is less than 1000 000 ; its 
root wijl therefore Consist of three places. But from what 
has been said, the root may be considered as composed of 
two parts, units and tens. The proposed will then consist of 
three parts, viz. the square of the tens of the root, twice the 
tens by the units and the square of the units. The square of 
the tens will have no figure inferior to hundreds. Separating 
therefore the last two figures from the rest by a comma, the 
tens of the root will be found by extracting the square root of 
1909, the part of the proposed at the left <^ th^ comma. 
Regarding 1909 for the moment as a separate number, its root 
will evidently consist of two places, units and tens. The 
method of finding the root will therefore be the same as in 
the precediqg examples. Performing^he necessary operations 
we obtain 43 for the root and a remainder of 60. There will 
t|iereibre be 43 tens in the root of the proposed, and bringing 
down the last two.figures of the proposed by the side of 60, 
the result 6069 will contain twice the product of the tens of 
the root sought by the units, plus the square of the units. 
Separating therefore the right band figure from the rest by a 
comma, we divide 606, the part on the left of the comma, by 
86 twice the tens ; this gives 7 for the u];iit figure. Placing 
the 7 therefore at the right of 43, the part of the root already 
found, and also at the right of 86, and multiplying this last 
by 7, we have 6069 for the result. 7 is therefore the right 
unit figure^ and the root of the proposed is 437. 
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The following is a table of the operations. 



19,09,69 
16 

309 I 83 
249 



437 



606,9 
606,9 



867 



The same process, it is easy to see, may be extended to any 
number however large. From what has been done, therefore, 
the following rule for the extraction of the second root will 
be readily inferred, viz. 1^ Separate the number into ptxrts of 
Hoo figures eachj beginning at the right. 2^. Find the greatest 
second' power in the lefi- hand part ; write the root as a quotient 
in ^visiony and subtract the second power from the left hand part* 
2f^. Bring down the two next figures at the right of the remainder 
for a dividend^ and dtmble the root already found for a divisor* 
See how many times the divisor is contained in the dividend, neg- 
lecting the right hand figure. Write the result in the root at the 
right of the figure previously found, and also at the right of the 
divisor. 4^ Multiply the divisor j thus augtnented, by the last fig^ 
ure of the root and subtract the product from the whole dividend. 
5°. Bring down the next two figures as before^ to form a new di" 
videndy and double the root already found for a divisor, and pro* 
ceed as before. The root will be doubled, if the right hand figure 
of the last divisor be doubled. 

95. If the number proposed be not a perfect square, we shall 
obtain by the above rule, the root of the greatest square num- 
ber contained in the proposed. Thus, let it be required to fitid 
the square root of 12S7« Applying the rule to this number, 
we obtain 35 for the root with a remainder 62. This remain- 
der shows that 1287 is not a perfect square. The square of 
36 is 1225, that of 36 is 1296; whence 35 is the root of the 
g^reatest square contained in the proposed. 

96. When the proposed number is not a perfect square a 
doubt may sometimes arise, whether the root found be that of 
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the greatest square contained iii this numher. This knay he 
readily determined hy the following rale. The square of 
a-^-lis a* -\-2a -^ l\ whence the square of a quantity great- 
er hy unity than a exceeds the square of a by 2 a -}- i* From 
this it follows, that if the root obtained shoidd be augmented by 
unity or more than unity^ the remainder after the operation must 
be at least equal to twice the root piu9 unity. When this is not 
the case, the root obtained is that of the greatest square con- 
tained in the proposed. 

EXAMPLES. 

1. To find the square root of 56821444. 

2. To find the square root of 17698849. 

3. To find the square root of 698485673. 

4. To find the square root of 1420913025. 

5. To find the square root of 48303584206084. 

97. From w^hat has been done, it will be perceived, that 
there are many whole numbers, the roots of which are not 
whole numbers. What is remarkable in regard to these num- 
bers is, that they will have no assignable roots. Thus the 
numbers 3, 7, 11 have no assignable roots, that is, no number 
can be found either amon^ whole or fractional numbers, which 
multiplied by itself will produce either of these numbers. 
The proof of this depends upon the folluwing proposition, 
which we shall now demonstrate, viz. 

Every number P, ifihich will exactly divide the product KB of 
two mM>ers A and B, and which is prime to one of these nwn^ 
ber»j must necessarily divide the other number. 

Let us suppose that P will not divide A, and that A is grest* 
er than P. Let us apply to A and P the process of the great- 
est common divisor, designating the quotients, which arise by 
Q, Q'j Q" . . . and the remainders by R, R', R" . . . respec- 
tively. It is evident, that if the operation be pursued suffir 
ciently lar, we shall obtain a remainder equal to unity, since 
by hypothesis A and P are primt to each other. Thia beiog 
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premised, we have the fo.llo^Yi3lg equations 

A=Pq+R 
P = R Q + R' 
R = R'Q' + R" 



Multiplying the first of these equations by B, and divicfing 
by P, we have 

. A B 

By hypothesis -p- is an entire number, and since B and Q 

are each entire numbers, the product B Q is ^ entire number. 

B R 

It follows therefore, that -p- must be an entire number ; whence 

B multiplied by the remainder R is divisible by P. 

Again, multiplying the second of the above equations by B 
and dividing by P, we have 

_ B R Q' B R' 
U == — ^p }- -p^ 

BR. 
But we have already shown that -p- is an entire number ; 

whence — p — is an entire number. This being the case, — p- 

must be an entire number ; whence B multiplied by the re- 
mainder R' must be divisible by P. 

If then the remainder R' is equal to unity, the proposition 
is demonstrated, since in this case we shall have B X 1 or B 
divisible by P. But if the remainder R' is not equal to unity, 
it is evident, that if the process of the greatest common divi- 
sor be applied to the quantities A and P until a remainder is 
obtained equal to unity, we may, in the same manner as 
above, prove that B multiplied by this remainder will be divi- 
sible by P. 

We conclude therefore that if P, which we have supposed 
not to divide A, will not divide B, it will not divide A B the 
product of A by B. 

Returning now to our purpose, it is evident, in order that a 
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fractional numberT may be the root of an entire number c, we 
must have 

But if c be not a perfect square, its root will not be an en- 
tire number, that is, a will not be divisible by h ; but from 
what has just been demonstrated, if a is not divisible by 
&, a X a or a* will not be divisible by 6, and by consequence 

0* will not be divisible by 6'; whence ^cannot be equal to 

an entire number c. 

98. Though the 'roots of numbers^ which are not perfect 
squares cannot be assigned either among whole or fractional 
numbers, yet it is evident, there must be a quantity, which 
multiplied by itself will produce any number whatever. Thus 
the root of 53 cannot be assigned ; yet there must be a quan- 
tity, which multiplied by itself will produce 53. This quan- 
tity, it is evident, lies between the numbers 7 and 8, for the 
square of 7 is 49, and the square of 8 is 64. If then we di- 
vide the difference between 7 and 8 by means of fractions, we 
shall obtain numbers, the squares of which will be greater 
than 49 and less than 64, and which will approach nearer and 
nearer to 53. 

99. AH numbers whether entire or fractional have a com- 
mon measure with unity ; on this account they are said to be 
commensurable ; and since the ratio of these numbers to unity 
may always be expressed by entire numbers, they are on this 
account called rational numbers. 

The root of a number which is not a perfect square can 
liave no common measure with unity; for, since it is impossi- 
ble to express this root by any fraction, into how many parts 
soever we conceive unity to be divided, no fraction can be as- 
signed sufficiently small to measure at the same time this root 
and unity. The roots of numbers,, which are not perfect 
squares, are on this account called incommensurable or irrational 
quantities. They are sometimes also called surds. 
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To indicate that the square root of a quantity is to be taken, 
we use the character ^, which is called a radical sign. Thus 
0s/\^ is equivalent to 4. ^2 is an incommensurable or surd 
quantity. 

EXTRACTION OF THE Si^XTARE ROOT OF FRACTIONS* 

100. Since a fraction is raised to the second power by rais- 
ing the numerator to the second power, and the denominator 
to the second power, it follows^ that the square root of a frac- 
tion will be found by extracting the square root of the numera- 

•9 3 
tor, and of the denominator. Thus, the square root of ^^ is j. 

If either the numerator or denominator of the fraction is 

not a perfect square, the root of the fraction cannot be found 

exactly. We may, however, always render the denominator 

of a fraction a perfect square by multiplying both terms of 

the fraction by the denominator. This will not alter the 

value of the fraction. The root of the denominator may then 

be found, and for that of the numerator, we must take the 

number nearest the root. Thus, if it be required to extract 

• 3 

the square root of g, multiplying both terms by 5, the fraction 

becomes ^^ the root of which is nearest ^i accurate to within 

less than ^• 

If the denominator of the fraction contain a factor, which 
is a perfect square, it will be sufficient to multiply both terms 
by the other factor of the denominator. Thus, let it be re» 

8 

quired to find the square root of ^ ; multiplying both tennt 

48 7 

by 6, the fraction becomes ^ the root of which is jg, accurate 

to within less than |g. 

If a greater degree of accuracy is required, we conFert the 
fraction into another, the denominator of which is a perfect 
square, but greater than that obtained by the method aboFC. 

12 
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3 . • 1 

To find, for ezamipley the square root of vto within », the 

fraction must be converted into 225th8. This is done by mul- 

tipl jing both terms by 4$. Thus we have g = ^, the root 

12 1 

of which is nearest ». accurate to within less than jg. 

After making the denominator a perfect square, we may mul- 
tiply both terms of the proposed fraction by any number, 
which is a perfect square, and thus approximate the root 
more nearly. If, for example, we multiply both terms of 

IS 21(i0 

^ by 144, the square of 12, we obtain ^ggg the root of which 
is nearest ^. Thus, we have the root of ? to within less 

than^. 

101. We may in this way approximate the roots of whole 
AumberSf the roots of which cannot be exactly assigned. 
If it be required, for example, to find the square root of 2; 

we convert it into a fraction the denominator of which will 

450 
be a perfect square. Thus, if we put ^ ==-. ^^ we have for 

21 1 

the root ^^ or 1^, accurate to within less than js. 

In general, to find the square root of a number accurate to 
within a given fraction, we multiply the proposed number by the 
square of the denominator of the given fraction; we then find the 
entire part of the square root of this product^ and divide the re- 
mit by the denominator of the given fraction. 

This rule may be demonstrated as follows. Let a be the 
■timber proposed, and let it be required to find the root o£ a 

(9 within leas than -. 

n 

on* 
We shall have it is evident, a = — ^-j let r be the entire part 

of the root of the numerator an^'^ an* will be comprised be- 
tween f* and (f-|-l)*, and by consequence the square root of 

r* fr + 1)* 
o will be comprised between those of -s and -^ — ^i--^ that if to 
*^ ft' n' 
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r r -4- 1 r 

«aT, between -and : whence - will be the root of o to 

n n n 

within less than -. 

II 

102. To approximate the root of a number, which 18 not A 
perfect square, 'it will be most convenient to employ some 
power of 10 as the multiplier of the proposed, or which is the 
same thing, to convert the proposed into a fraction, thedenoiA-* 

inator of which shall be some power of 10. Thus, to approx- 

200 
tmate the root of 2, let us put 2=s ^-^ or 2.00, the approximate 

root will be 1. 4. Again, let 2 = j^^ or 2.0000, the approx- 
imate root will be 1. 41. ' 

103. From what has been dohe, and indeed from the ntp 
ture of multiplication it follows, that the number of decimal 
places in the power will be double the decimal places in the 
root. To find the approximate root of an entire number by 
the aid of decimals therefore, we must annex to this number 
twice as many zeros as there are decimal places wanted in 
the root. Thus, if 5 places are required in the root, ten zeros 
must be annexed. The zeros may be annexed as we pro- 
ceed, it being observed, that two zeros must be annexed for 
eyery new figure placed in the root. 

The root of 7, to three places, will be found as follows. 

7 (2. 645 
4 

300 
276 



2400 
2096 



30406 
2642a; 



3975 
If the proposed be already a decimal, the number of deci- 
mal places must be made even by annexing a 2;ero, if necessa^ 
tj' If the root, of tfa.e OAimber, thus prepared, is not snfficient* 
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Ij exact two zeros must be annexed for every new figure re- 
quired in the root. 

104. To find the root of a vnlgar fraction by the aid of deci- 
mals, we convert this fraction into a decimal and then extract 
the root. 

. If the proposed consist of an entire part and a fraction, we 
convert the fraction into a decimal, annex it to the entire part, 
tnd then extract the root. 

In converting the fraction into a decimal, it will be neces- 
sary to pursue tbe operation, until twice as many decimals are 
obtained, as are wanted in the root. 

EXAMPLES. 

1. To find the root of,-—; 

\ifiA 

2. To find the root of 13^-^- 

7 

3. To find the approximate root of ^ 

18 

4. To find the approximate root of ^ 

23 

. 5. To find the approximate root of ^ 

6. To find the approximate root of 29 

7. To find the approximate root of 4. 425 

8. To find the approximate root of t^ 

9. To find the approximate root of 0. 01001 

13 
10. To find the approximate root of 2 r^ 

BXTRACTION OF THE SQUARE ROOT OF ALGEBRAIC QUAN- 
TITIES. 

105. By the rule for multiplication we have 
(5a«6»c)* = 5o*6»cX5a«6»c = 25a*fc«c» 

A monomial is therefore raised to the square by squaring the 
coefficient and doubling the exponent of each oi the letters. 
Whence to extract the square root of a monomial^ it is ne- 
cessary 1^ to extract the root of the coefficient, 2^ to divide 
the eaq^onent of each of the letters by 2. 



9q,UARE ROf&T OF ALGEBRAIC QUANTITIES. 137 

Aceording to this rule, we huve 

^d4af'b* = 8 a» h* 

lu order that a monomial may be a perfect square, its coeffi- 
cient, it is evident from the preceding rule, must be a perfect 
square and the exponent of each of the letteis must be an eren 
number. 

Thus 98 a b* is not a perfect square. Its root can therefore 
oulj be indicated by means of the radical sign, thus y^gg ^ 54^ 

Expressions of this kind are called irra/ionair quantities of the 
second degree, or more simply radicals of the second degree. 

106. The second power of a product, it is easy to see^ is the 
same as the product of the second powers of all its factors. 
It follows therefore, that the sqtuure root of a product will be the 
same as the product of the square root of all its factors. 

By means of this principle, we may frequently reduce to 8 
more simple form expressions of the kind, which we are here 

cojpsidering. Thus, the above expression \^9d a b* may be 

put under the farm ^49 A* X V2T; but ^4&b* »= 7 4% 

whence V98 a b^ =7 6* ^^ai 
In like manner, we have 

a/8647?"6*~7^ = Vi44 a» 6* c*« X 6 6 c = 12 a 6' d" VgTc 

In the expressions 7 6* V^ a, 12 a 6* c* VeTc, the q«tii^ 
tities 7 b*, 12 a 6' c* placed without the radical «ign are caUeil 
the coefficients of the radical. The expressions themselves are 
said to be reduced to their most simple form. 

From what has been done, we have the following rule for 
reducing irrational quantities, consisting of one term, to their 
most simple form, viz. Separate the quantity proposed into tvoo 
partSy one of which shall contain aU the factors^ lohi^ are perfect 
squares^ and the other those which are not ; write the roots of the 
foictorsj which are perfect squaresj without the radical sign as 
nwhipliers of the radical quantittfj and retain under the radietd 
$ign the factors, which are not perfect squares. 

12 « 



~J- -^ ■^.i^'-»« 
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EXAMFLES. 

1. To reduce \/75 a^bc to its most simple form. 
2: To reduce V 32 a' b^ c to its most simple form. 

3. To reduce ^175 a* b^ <? d to its most simple form. 

4. To reduce \/406 a* b*<^ de to its most simple form. 

5. Tp reduce ^/245 o' 6^ c* d* e' to its most simple form. 

6. To reduce ^606 a' 5* c* cP to its most simple form. 

7. To reduce ^1014 a* b^ c^ d to its most simple form. 

107. The square of — a, it will be observed, is a*, as well 
as that of + a ; the root therefore of a' may be either 4* <* 
or — o. Both of these roots may be comprehended in one 
expression by means of the double sign ±' Thus 

\/^= ± a, \/257S? = ± 6 &• c. 

The double sign, it is evident, should be considered as af- 
fecting the square root of all quantities whatever. 

If the monomial proposed be negative, the square root 
is impossible; since there is no quantity positive or neg- 
ative, which multiplied by itself will produce a negative quan- 
tity. Thus, V — a, V — 3 b* are impossible or imaginary quan- 
tities. 

Expressions of this kind may be simplified in the same 

Banner as radical expressions, which are real. Thus ^/ — 9 
may be put under the form ^/ — 1X9; whence 

fj^^= 3 VlTf: 

In like manner \/ — 4 a* = 2 a V — 1. 

108. We proceed to the extraction of the square root of 
polynomials. 

A quantity consisting of two terms cannot, it is evident, be 
a perfect square, for the square of a simple quantity will be a 
simple quantity, and the square of a binomial consists always 
of Uiree terms. 

This being premised, let the proposed be a trinomial, its 
root| it is evident, will consist of at least two terms. Let 
ai -|- A be the root, we have (m Hh »)^ == m^ -(- 2 m n -f n'. 
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This tbows, that if the proposed be arranged with reference 
to the powers of some letter tliat, l*'. the first term of the 
proposed will be the square of the first term of the root 
sought ; 2^ the second term of the proposed will he equal to 
twice the first term of the root multiplied by the secohd ; 3^. 
the third term of the proposed will be the square of the sec* 
ond term of the root. 

Let it be proposed to extract the root of the trinomial 

Arranging with reference to the letter a, the proposed be- 
comes 16 a* c2 + 24 flS 63 c + 9 66 

In order to obtain the root, we extract according to what 
has been said the root of the first ^term 16 a* c^, which gives 
4 a^ c. This is the first term of the root. Dividing next the 
second term 24 a^ 6^ c by 8 a^ c, twice the term of the root al- 
ready found, we have 3 6^ for the second trrm of the root, and 
since the square of this is equal to 9 6^ the remaining term of 
the proposed, the proposed is a perfect square, the root of 

which is 4 a* c -{- ^ 6*« 

Again, let the proposed consist of more than three terms, 
its root wilt consist of more than two terms. Let it consist 
of three and let m-^-n -{-p be the root. The expression 
m-j- « -{-p may be put under the form (to + n) +p> forming 
the square after the manner of a binomial, we have for the re- 
sult (m -j- »)'-}- 2 (wi + w) p + p*, or developing {m -f- «)*, 
the result will be i»* + 2 m n + n* -f 2 (m -f n) p +p\ The 
proposed therefore being arranged with reference to the pow- 
ers of some letter it is evident, that the first term of the root 
will be found by extracting the root of the first term of the 
proposed, and that the second term of the root will be found 
by dividing the second term of the proposed by twice the first 
term of the root already found. If then we subtract from the 
proposed the square of the two terms of the root already ob- 
tained, the remainder will be equal to twice the first two terms 
of the root multiplied by the third plus the square of the 
third. Dividing this remainder therefore by twice the tefms 
of the root already found, or which is the same thing, divid- 



140 KLEK£NT8 Of AhQEVBX^ 

ing the first fenh of the remaiiider hy twice the first tem of 
the root, we shdl ohtain the third term sought. Subtrseting 
from the first reraaiDder twice the product of the first two 
terms of the root by the third, together with the square of the 
third, if the result be 0, the proposed is a perfect square, and 
the root is exactly obtained. 

Let it be proposed to find the square root of the polynomial 
49o»fta_24o6» + 25o* — 30aH-f 166*. 

The proposed being arranged with reference to the letter a, 
the work will be as follows ; 

26a4 — 30a36-f 9a^b^ JlOa^ 

40o9 69 — 24a63^1664 
40a«62 — 24a63+16 6^ 





We begin by extracting the root of 25 a*, this gives 5 a^ for 
the first term of the root sought, which. we place at the right 
of the proposed and on the same line with it ; we then mul- 
tiply this term of the root by 2 and write the result 10 a^ un* 
der the root. Dividing next the second term of the proposed 
by 10 a^ we obtain — Sab for the second term of the root 
sought. Squaring the part of the root already found, viz. 
5 a^ — Sab, and subtracting the square from the proposed^ we 
have for the first term of the remainder 40 a^b^. Dividing 
this last by 10 a^ the double of 5 a^y we obtain 4 b^ for the 
quotient. 

This is the third term of the root sought ; forming next the 
double product of 5 a^ — 3 a 6 by 4 6^, and subtracting the re- 
sult together with the square of 4 6^ firom the first remainder 
the result is 0. The proposed is therefore a perfect square^ 
and we have for the roo^ required 

5aS— 3a5+4i». 

The ealculations in the abore example nay be perfi»nned 
with nsre ftcilit j as ioUows. 
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25 a* — 30 an + 49 ©36^ — 240*3+ 16** 
25a« 



— 30a36+ 9o36? 



5 a9^3 a 6 + 4 6» 

10 a2^^3 fl'6 
l0a2_6a6+46» 



49aa^3_.24a63+16^ 


HaTing found the first term 5 a^ of the root, we subtract its 
square from the first term of the propbaed, and bring down the 
next two terms for a dividend. Dividing the first term of the 
dividend by 10 a^, we obtain — 3 a 6, the second term of the 
root; this we place by the side of 10 a^; we then multiply 
the whole, viz. 10 a^ — 3a 6 by. this second term and subtract 
the result from the dividend, which gives a remainder 40 a^ b^; 
to this remainder we bring down the two remaining terms of 
the proposed for a new dividend. Doubling the two terms of 
the root already found for a new divisor, we write the result 
under 10 a^; dividing next the first term of the new dividend by 
the first term of the divisor, we obtain 4 b^ the third term of 
the root, which we place by the side of the last divisor; we 
then multiply the whole by this last term of the root, and sub* 
tracting the result from the last dividend remains. 

109. The same process it is easy to see, may be extended 
to a polynomial of any number of terms whatever. 

EXAMPLES. 

1. To find the square root of 

4 a*+ 12 a^a: + 13 a2 x3 + 6 ax» + x* 

2. To find the square root of 

,6 ^ 4 a.5 ^ 10 ^ ^ 20 a:3 + 25 x9 + 24 « + 16 

3. To find the square root of 

4 x«+ 12 a:5 + 5 a;4 — 2 xS + 7 «9 — 2x+ 1 

4. To find the square root of 

9** — 12x3+16«2_8x + 4 
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5. To find the square root of 

4 X* — 16 x3 + 24 a:9 _ 16 X + 4 

6. To find the square root of 



16 a* — 40 a3 6 + 25 62 

64bc 



a3_80oft9c-|-64 59ca 



110. The polynomial proposed being; arranged with refer- 
ence to the powers of some letter, if the first term of the 
proposed is not a perfect square, or if in the course of the 
operation we arrive at a remainder, the first term of whieh is 
not divisible by twice the first term of the root, the proposed 
is not a perfect square, and the root cannot be exactly asaign- 
ed. 

The polynomial a^ b -{• 4 a^ t^ -^ 4 a h^^ for example, is not, 
it is easy to see, a perfect square ; the root therefore can only 
be indicated, thus,\^a3 fe -f" 4 o® 6^ ^ 4 ^ ^a, \ye may, bow- 
ever, apply to expressions of this kind the same simplifications, 
that have already been applied to monomials. The proposed 

indeed may be put under the form ^/(a^'\'4ab-\-4b^)ab; 
but the root of a^ I- 4 a 6 -f- 4 6^ is evidently a + 2 ft, whence 

VaH+ 4a^b^ + 4alP = (a + 2 ft) ^/ab 

EXAMPLES. 

1. To find the square root ofSo^ft— Ga^fta^-daS^ 

2. To find the square root pf 5 o^ ft — 30 a fts + ^^ 

3. To find the square root of 12 o^ ft^ + 12 a^ 53 ^ 3 54 

4. To find the square root of a^ + 3 a^ ft + 3 a ft^ + fts 
6. To find the square root of a^ -|- a^ ft — ab* — ft' 

Section XIL — Equations of the Second Degree. 

111. An equation is said to be of the second degree, when 
it contains the second power of the unknown quantity with- 
out any of the higher powers. 

In an equation of the second degree there can be therefore 
three kinds of terms only, viz. 1®. terms, which involve the 
second power of the unknown quantity, 2°. terms, which in-*^ 
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Tolve the first power of tbe unknown quantity, 3^. terms con- 
sisting entirely of known quantities. 

An equation, which contains all three^ of these different 
kinds of terms is called a complete equation of the second de-* 
gree. 

If the second of these different kinds of terms be wanting, 
the equation is then called an incompkte equation of the sec- 
ond degree. 

A complete equation of the second degree is sometimes 
called an affected equation, and an incomplete equation is 
sometimes called a pure equation of the second degree. 

112. We are now prepared for the solution of incomplete 
equations of the second degree. 

Let there be proposed, for example, the equation 

3«a— 29=^+510 

Freeing from denominators, we have 

12a:2_n6=x2^.2040 
transposing and uniting terms 

llar2 = 2156 
or X* = 196 

whence, extracting the root of both members 

2 = 14 

Equations of the second degree, it should be observed, admit 
of two values for the unknown quantity, while those of the 
first degree admit of but one only. This arises from the cir- 
cumstance, that the second power of a quantity will be posi- 
tive, whether the quantity itself be positive or negative. 

Thus we have x in the preceding example equal -|- 14 or 
— 14, or, uniting both values in one expression, we have 

a?=±14. 

Let us take, as a second example, the equation 

5,2_8=4-?a:9 

Freeing from denominators, transposing and reducing, w% 
have 



^-s.-i— .-»/i 
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In this example -^ is not a perfect square ; we can there^ 

fore obtain only an approximate value for x. 
Let us take, as a third example, the equation 

Deducing the value of x from this equation, we have 

x = ^:ri6 

To find the value of x, we are here required to extract the 
square root of — 16. But this is impossible ; for, as there is 
no quantity positive or negative, which multiplied by itself 
will produce a negative quantity, — 16, it is evident, cannot, 
have a square root either exact or approximate. — 16 may in- 
deed be considered as arising from the multiplication of -|- 4 
by — 4 ; but -|-4 and — 4 are difTerent quantities ; their pro- 
duct therefore is not a square. 

The result x =. y^Hle shows then, that it is impossible to 
resolve the equation, from which it is derived.' In general, 
an expression for the square root of a negative quantity is to 
be regarded as a symbol of impossibility. 

113. Equations of the kind^ which we are here considering, 
may always be reduced to an equation of the form aa^zssbj 
a and b denoting any known quantities whatever, positive or 
negative. It is evident, that they may be reduced to this 
state, by collecting into one member the terms j which involve x^ 
and reducing them to one term^ and coUeciing the known temu 
into the other member. 

Resolving the equation ax^=6, we have 



=»/i 



This is a general solution for incomplete equations of the 
second degree. 

If - be a perfect square, the value of x may be obtained ex- 
actly, if not, it may be found with such degree of approxima* 

tion as we please. If - be negative, we shall have Xjt , 

a symbol of impossibility. 
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From what has h^en (lone, we have the following rule for 
the solution of incomplete equations of the second degree, 
viz. Collect into one member all the term^^ which involve the 
square of the unknown quantity and the known quantities into the 
other ; free the square of the unknown quantity from the quanti- 
ties^ btf which it is multiplied or dimthd ; the value of the unknown 
quantify will then he obtained by extracting the square root of 
each member, 

QUEvSTIONS PRODUCING INCOMPLETE EQUATIONS OF TH^ 

SECOND DEGREE, 

1. What two numbers are those, whose difference is to the 
greater as 2 to 9, and the difference of whose squares is 12S. 
Let 9 X = the greater and 2 x ==: the difference, then, &c. 

Ans/lS and 14. 
2." It is required to divide the number 18 into two such parts, 
that the vSquares of these parts may be in the proportion of 25 
to 16. Ans. 10 and 8. 

3. It is required to divide the number 14 into two such 
parts, that the quotient of the f^rcater part divided by jthe less 
may be to the quotient of the less divided by the greater as 
16 to 9. Ans. 8 and G. . 

• 

4. Two persons A and B lay out some money pu specula- 
tion. A disposes of his bargain for £\\ and gains as much 
per cent, as B lays out ; B's gain is J^36, and it appears that 
A gains 4 times as much per cent, as B. Required the capi- 
tal of each. Ans. A\s £5, B'S £120. 

5. A charitable person distributed a certain sum among some 
/oor men and women, the numbers of whom were in the pro- 
p'^rtion of 4 to 5. Each man received one third as many shil- 
lings as tliere were persons relieved; and each woman receiv- 
ed twice as many shillings as there were women more thaa 
men. Now the men received all together 18.?. more than the 
women. How manv were there of each ? 

Ans. 12 men and 15 women. 

6. In a cdurt there are two square grass plots ; a side of one 

13 
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of which 18 10 yards longer than the side of the other; and 
their areas ate as 25 to 9. What are the lengths of the sides ? 

A lis 25 and 15 yards. 

7. A person hought two pieces of linen, which together 
measured 36 yards. Each of ihem cost as many .shillings a 
yard as there were yards in the piece ; and their whole prices 
were in the proportion of 4 to 1. What were the lengths of 
the pieces? Ans. 24 and 12 yards. 

8. There is a rectangular field, whose length is to the 
|>readth in the proportion of 6 to 5. A part of this equal to 
^ of the whole being planted, there remain (or ploughing 625 
aquare yards. What are the dimensions of the field ? 

Ans. The sides are 30 and 25 yards. 

9. Two wofkmen A and B were engaged to work for a cer- 
tain number of days at different rates. At the end of the 
time, A, who had played 4 of the day^, received 75 shillings, 
but B who had played 7 of the days, received only 48 shil- 
lings. Now had B played 4 days, and A played 7 days, they 
would have received exactly alike. For how many days were 
they engaged ; how many did each work, and what had each 
per day t . Ans. 19 days; A worked 15, and D 12 

days, and A received 5s. and B 4s. a day. 
* 10. Two travellers A and B set out to meet each other, A 
leaving the town C at the same time that B left D. They 
travelled the direct road C D, and on meeting, it appeared that 
A had travelled 18 miles more than B ; and that A could have 
gone B's journey in 15£ days, but B would have been 28 days 
in performing A's journey. What. was the distance between 
C and D .' Ans. 126 miles. 

11. A and B carried 100 eggs between them to market and 
each received the same sum. If A had carried as many as B 
he would have received 18 pence for them, and if B had 
takep only as many as A, he would have received only 8 
pence. How many had each ? Ans. A 40, B 60. 

12. What two numbers are those, whose sum is to the great- 
er aa 11 to 7y the difference of their squares being 132 ? 

Ans. S and 14. 
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13. A merchant sold for $963 a certain number of pieces of 
silk, for which he paid four-tiflhs as many dollars a piece 
as there were pieces. He gained $1000 by the sale, how 
many pieces did he sell ? 

COMPLETE EQUATIONS OF THE SECOND DEGREE. 

114. Let US take' next the equation x' + 8 a: = 209. This 
is a complete equation of the second degree. The solution 
of this equation, it is evident, would present no difficulty, if 
the left hand member were a perfect square. But this is not 
the case ; for, the square of a quantity consisting of one term 
will consist of one term, and the square of a quantity consist- 
ing of two terms will contain three terms. Let us then see 
if a:*-|-Q3: can be made a perfect square; for this purpose, it 
will be recollected, that the three parts which compose the 
sqiuare of a binomial are 1^ the square of the first term of ih0 
binomial,, 2^. twice the first term muUiplied by the second^ 3^ tht 

square of the second term. Thus 

(x + a)= = x' + 2 a X -f a^ 

If then we compare x' + 8 x with x' + 2 a x + «'» it is evi- 
dent, that x*-f-8xmay be considered the first and second 
terms in the square of a binomial. The first term of this bi- 
nomial will evidently be x ; then as 8 x must contain twice 
the first term by the second, the second will be found by di- 
viding 8 X by 2 x, which gives 4 for the quotient, x' + ^ * 
is therefore the fir&t two terms in the square of the binomial 
X + 4. If then we add 16, the square of 4, to- x* + 8 x, the 
left hand member of the proposed, the result x^ -{-Sx -^1^ 
will be a perfect square. But if 16 be added to the left hand 
member, it must also be added to the right, in order to pre- 
serve the equality; the proposed will then become 

a:» + 8^ + 16 = 225 

Extracting the root of each member of this last, we have 

x + 4 = ±15 
whence x = ll, x = — 19. 

Let us take as a second example, the equation 
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Comparing x* — x witU the square of the binomial a: — a, 

♦J 






▼iz. x^ — Sax-f- a', it is evident, that x* — ;rX maybe con- 

sidered the first two terms of the squuro of a binomial. By 
the same course of reasoning as in the j)recetJing example, we 

1 1 

find this binomial to be x — ?;. 11 then the square of j^ be ad- 
ded to both sides, the left hand member vvill be a perfect 

square, we have then 

o I 

Extracting the root of each member, we have 

1 

whence a: = 4^,a: = — 3 J. 

Let us take as a third example, the equation ;r* + pa; = ^. 

Comparing the left hand member of this equation with 

x^ -\- 2 a X -\- a^ , it is evident, that it may be considered as 

P 
the first two terms in the square of the binomial x -|- s > 

P 
whence if the square of ^ be added to both sides, the left 

hand member will become a perfect square, and we shall have 

^'+P^ + ir = q + l 
Extracting the root of each member 

.hence a: = -| + V/,+^', ..=_|-V/7+l' 

Making the left hand member a perfect square is called 
completing f he square. This is" done, as will readily be infer- 
red from the preceding examples, bij adding io both sides ike 
square of one half the coefficient of x in the second term. 

Let us take, for a fourth example, the equation 

^ 3 <)1— x^ 



^x 



5 4x 
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Freeing from denominators, we have 

140x — 70 — I2«« + 6x=:305 — 6 a? 
Transposing and uniting terms, we have 

140x — 7x«==375 
Or changing^ the signs of each term and dividing by tb« 
coefficient of z* 

« 146x_ 3Z5 
« 7^ — "" 7 

Completing the square, w6 have 

146 X 5329 375 5329^2704 

^~ 7 +1(9"'^ 7"+"49"~ 49 
Whence extracting the root of each member 

73 52 

X— ^ =dz-7 

X=r:17f, X = 3 

The rule for completing the square applies only, it is evi- 
dent, to equations of the form x' -\- p x z=si q^ p and q denotinj 
any quantities whatever, positive or negative. 

If not already of the form x'.-f- 1) x=. 9, equations of thi 
kind, which we are here considering, must always be reduced 
to this form, before completing the square. Thus, in the pre- 
ceding example, the given equation was reduced, before com- 
pleting the square, to «' — -^ - x = ^, an equation of 

the form required. 

It is evident, that all complete equations of the second de- 
gree may be reduced to the form x' +P^ = 5'i 1** ^y collect- 
ing all the terms which involve x into the first member and 
uniting the terms, which contain x' into one term, and those 
which contain x into another, 2^ by changing the signs of 
each term, if necessary, in order to render that of x' positive, 
3®. by dividing alt the terms by the multiplier of x*, if it have 
a mnltiplier, and multiplying all the terms by the divisor ol 
x", if it have a divisor. 

ox' ex 

Let the equation -3 » 6 x' = -r:- + « « b© reduced to the 

4 5 

fonnx'4*p3^==9> 

13* 
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Freeing from denominators, we have 

6 ax— 20 J «• =- 4 ca: +20 a « 
By transposition — 20 bx* -^5 ax — 4cxrr=:20a€ * 
Changing signs 20fcx* — 5rtx-}-4cx=s — 20 a«' 

Uniting terms 20 fc x« — (5 o — 4 c) ar = — 20a e 

Dividing by 20 fc x« — ^—^:1^ x «= — y 

Comparing this equation with the general formula, we have 

P(5a — 4 c) ae 
—20-6 ' «- T- 

From what has been done, we hav« the following rule for 
the solution of complete equations of the second degree, viz. 
1^ The equalion being reduced to the form x' + p x=?q, add 
to both members the square of half the coefficient of x in the sec- 
ond term; 2". extract the square root of both meniberSy taking 
care to give to the root of the second member the double si^ db> 
y. deduce the value of x from the equation^ tohich arises from the 
last operation. 

EXAMPLES. 

2x» X 

'1. Given -g— -f- 3J. = ^ + 8, to find the values of x. 

36 — X 

2. Given 4 x = 46, to find the values of x. 

X 

40 27 

3. Given -r-A = 13, to find the values of x. 

X — 5 ' X ' 

14 — X 

4. GiveA 4 X ^—r- = 14, to find the values of x. 

• , X 7 

5. Given ^ . 60 = 3 ^ 5 * ^® ^^^ *^® values of x. 

x-f-3 16^— 2 X 

6. Given — ^ — + gx 5 ^^ ^' *® ^^^ *^^ values of x. 

7. Given x "4' 4 v ***"- 14 ) 

and y > + 4 X =*2y + 11 p^ find the values of x and y. 

8. Given2x + 3y = 118 K « j *v 1 

and 6 x« — 7 y « = 4333 j *® °°° ^'^^ ^*'"®® ^^ * ^^^ V- 

« i^. 2ar+7y ^ 61+2x1 

9. iSiven — J—^=2y i^r — 

4x ^ 10 

^4x + 3y 
•nd—^^^y-2 



to find the Talues of 
X and y. 
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115. We pass next to the solution of some questions. 

1. To find a number such, that if three times this number 
be added to twice its square, the sum will be 65. 

Putting X for -the number sought, we have by the question 

2a7'-f3a;=:;65 

3 6^ 

Dividing by 2, we nave a:« + 5 x = -^ 

3 9 65 9 

Completing the square ^* + 2^ + i« = ^ + T6 

Extracting the root a: -j- j = ± -j- 

13 

whence x = 5, x = — -q- 

The first value of x satisfies the question in the sense, in 
which it is enunciated. In order to interpret the second, it 
will be observed, that if we put — x instead of x in the equa- 
tion 2 x'+ 3* =^> ^^ becomes 2 X* — 3x:^65. Resolv- 

13 

ing this equation, we obtain x = -^, x == — 5, values of x, 

which differ from the preceding only in the signs. The num- 
ber -jr will therefore satisfy the conditions of the question 

modified thus, 

To find a number such, that if three times this number be 
subtracted from twice its square, the remainder will be 65. 

2. A person bought some sheep for £72 ; and found if he 
had bought 6 more for the same money, he would have paid 
£1 less for each. How many did he buy ? 

Let X = the number, we have 

72 72 

X . x-|- 6 
from which we obtain xs=18, or — 24. To interpret the 
negative result,- we write — x for x in the equation, which be- 
comes 72 72 

— T~ — x-f-6~^ 
or which is the same thing 

72 72_ 

i — 6~x— * 

•a equation, which correspotids to the following cnunciatioii. 
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A person boufrht some sheep for £12, and foond if he ha 
bought 6 less for the same money, he would have paid £ 
more for each. How mauy did he bay ? 

The negative values here modify the proposed questions, i' 
a manner analogous to what takes place, as we have alread; 
seen in equations of the first degree* 

3. To find a number such, that if 15 be added to its squar 
the sum will be equal to eight times this number. 

Putting X for the number sought, we have by the question 

Resolving this equation, we have 

Z =s 5, X :=: 3 

In this example both values of x are positive, and answe 
directly the conditions of the question, in the sense in whici 
it is enunciated. 

4. To find a number such, that if the square of this numbe 
be augmented by 5 times the number and also by 6, the resul 
will be 2. 

Putting a: for the number sought, we have by the questioi 

a;»+5x + 6 = 2. 
Whence, resolving the equation we have 

x = — 1, xs=. — 4 
The values of x in this example are both negative ; the 
question therefore, as is evident from inspection, cannot bt 
solved in the sense, in which it is enunciated. 

If instead of x we write — x In the equation of the propos- 
ed it becomes x^ — 5 x -4- 6 =: 2, from which wt obtain ar s= 1, 
X j=4. The numbers 1 and 4 will therefore satisfy the cob^ 
ditions of the proposed modified thus, 

To find a number such, that if five times this number be 
subtracted from its square, and 6 b^ added to the remainder, 
the result will be 2. 

5. To divide the number 10 into two such parts, that the 
product of these parts will be 30. 

Putting X for one of the parts 10 — x will be the other; w< 
have therefore by the question 

lOx — x«=30 
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Resolving this equation, we obtain 

X = 5 4" ^ — »'j X = 5 — v' — 5. 
This result indicates, that there is some absurdity in the 
conditions of the question proposed, since in order to obiain 
tile value of x, we muat extiact the loot of a negalive quanti- 
ty, which is impossible. 

In order to see in \\\viX this absurdity consists, let us eviAUi- 
ine into what two parts a given number should be divided, in 
order that the product of these parts may be the greatest pos- 
sible. 

Let us represent the given number by p, the product of the 
two parts by (/, and the difference of the two paits by d ; the 

J) d 1 P ^ 

greater part will then be ^ + .> and the less ^3 — f;, and we 

shall have 

.2 + 2/ V2-2/=^ 
p^ d^ 

Here the value of y, it is evident, will be greater as that of 
d is less ,* the value of q will therefore be the greatest possi- 
ble when d is zero, that is, the product will be the greatest pos- 
sible^ when the difference btiween the two parti is zero, or in other 
words when the two parts are equal. 

The greatest possible product, which can be obtained by di- 
viding 10 into two parts and taking their product will be 25. 
The absurdity of the question above consists therefore in re- 
quiring, that the product of the two parts, into which 10 is to 
be divided, should be greater than 25. 

116. The following questions will serve as an exercise for 
the learner. 

1. There is a field in the form of a rectangular parallelo- 
gram, whose length exceeds the breadth by 16 yards, and it 
contains 960 square yards. Required the length and breadth. 

Ans. 40 and 24 yards. 

2. There are two numbers, whose difference is 9, and their 
sum multiplied by the greater, produces ^i^. What are those 
numbers ? Ans. 14 and 5. 



or -7 — -r = q 
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3. A regiment of soldiers, consisting of 1066 men, is form- 
ed into two squares, one of which has four men more in a side 
than the other. What number of men are in a side of each of 
the squares ? Ans. 21 and 25. 

4. Two partners A a"d B gained £18 by trade. A's money 
was in trade 12 months, and he received for his principal and 
gain £'26. Also B's money, which was £3% was in trade 16 
mouths. What money did A put into trade? 

Ans. £20. 

5. The plate of a looking glass is 18 inches by 12, and is 
to be framed with a frame of equal width, whose area is to be 
equal to that of the glass. Required the width of the frame. 

Ans. 3 inches. 

6. A grazier bought as many sheep as cost him £60 ; out 
of which lie reserved 15, and sold the remainder for JSd4, 
gaining 2 shillings a head by them. How many sheep did he 
buy and what was the price of each ? 

Ans. 75 sheep, and the price was I6s, 

7. A person bought two pieces of cloth of different sorts ; 
whereof the finer cost 4 shillings a yard more than the other; 
for the finer he paid JS18; but the coarser, which exceeded 
the finer in length by 2 yards, cost only «£16. How many 
yaids were there lu each piece, and what was the price of a 
yard of each ? 

Ans. 18 yards. of the finer, and 29 of the coarser, and 
the prices were £\ and 16a'. respectively. 

8. Three merchants. A, B, and C, made a joint stock, by 
which they gained a sum less than that stock by iS80; A'a 
share of the gain was £6d, and his contribution to the stock 
was iS17 more than B\s. Also B and C contributed together 
£225, How much did each contribute ? 

Ans. 75, 58, and 267 pounds respectively. 

9. Two messengers, A and B, were dispatched at the same 
time to a place 93 miles distant ; the former of whom riding 
one mile an hour more than the other, arrived at the end of 
bis journey an hour before him. At what rate did each travel 
per hour? . Ans. A 10 miles, B 9. 
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10. The joint stock of two partners, A and B, was #416. 
A^s money was in trade 9 months and B's sii^ months ; on di- 
Tiding their stock and gain, A received $223, and H $252. 
What was each man^s 8tock ? Ans. A's $192, B's $224. 

11. A and B sold 130 ells of silk, of which 40 ells were 
A's and 99 B's, for $42. Now A sold for a dollar ^ of an ell 
more than B did. How many ells did each sell lor a dollar ? 

Ans. B sold •) ells, and A 3^ for a dollar. 

12. A square court-yard has a rectangular gravel-walk round 
it. The side of the court wants 2 yards of being 6 times the 
breadth of the gravel-walk ; and the number of square yards 
in the walk exceeds the number of yards in the periphery of 
the court by 164. Required the area of the court 

Ans. 256 yards. 

13. A vintner sold 7 dozen of sherry and 12 dozen of claret 
for $59. He sold 3 dozen of sherry more for $10 than he 
did of claret for $6. Required the price of each ? 

Ans. The sherry $2, and the claret $3 a dozen. 

Section XIII. — Discussion op the general equation 

AND OP PROBLEMS OF THE SECOND DEGREE. 

117. All complete equations of the second degree may, as 
we have already seen, be reduced to an equation of the form 
a:* -]- p x:=q^ p and g denoting any known quantities what- 
ever positive or negative. Resolving this equation, we have 

This is a general solution for equations of the second degree. 
We shall now examine the circumstances, which result from 
the different hypotheses, which may be made upon the know^n 
quantities p and .9. This is the object of the discussion of the 
general equation of the second, drgree, 

lis. Any quantity, which substituted for the unknown quan- 
tity in an equation of the second degree will satisfy it, is called 
^ root of the equation. 

Before proceeding to the proposed discussion, we shall show, 
that every equation of the second degree admits of two values 
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for the unknown quantity, or in other words of two roots, and 
of two only. In order to this we take the general equation 

0-^ + /) a? = 7 (1) 

completing the square, we have 

x'^-\-px + ^ = q + )r-y or [v + ^) =7 + j- 

Let q -j- j-=: m^, we shall then have 

a;-f-|)'=^//l.^ or (or -f-|)* — m^ =0 

But the first member of this equation being the difference 
between two squares, it may be put imder the form 

. (•^4-1 + "') {x-\-l-m) = (2) 

This last equation is, it is evident, a necessary consequence 
of equation (I) and the converse. Each of these equations 
will be satisfied therefore by the values of cr, which satisfy the 
other, and bv these only. But since the left hand member of 
equation (2) is composed of two factors, this member will be- 
come zero if oilher of its factors is equal to zero, and thus the 
equation will be satisfied. 



P P 

If we suppose 05 + ^ — w= 0, we shall have a: = — ^ -f- 

7) p 



m 



If we suppose a? 4- 5 + m = 0, we shall have x = — ^ — m 
Or substituting; for m its value, we have 



— i-v/'r+^ 



4 

4"* 

Since equation (2) can be satisfied only by putting for r a 
value, which will reduce to zero one or the other of the two 
factors, of which the left hand member is composed, it follows, 
that every equation of the second degree admif9 of two roofs or 

m 

values fur the unknown quantity and of two ovh/. 

It follows also from what has been done, that every eqfuttion 
ef the second degree may be decomposed info two binomia?. fojptwn 
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o/ the first degree with respect to x, having x for a common ttnuy 
and the two roots taken with their signs changed^ for the second 
terms. 

Resolving the eqaation x' -f- 8 x — 209 =s: 0, tor example 
we have x = 11, xss — 19. Either of these values will sat- 
isfy the equation. We have also 

(x— 11) (x+19)=xa + 8x — 209 = 0. 

If we add together the two general values for x, found 
above, the sum, it is evident, will be — p; if we multiply 
them together the product will be — g\ whence 1*. 77i« alge^ 
braic sum of the two roots is equal to the corffident of the second 
term, taken with a contrary sign, 2^. The product of the two 
roots is equal to the second member of the equation, taken also 
with a contrary sign. 

119. Let us now proceed to the discussion proposed. Re- 
suming the value of x obtained from the general equation 
X* -f- p x=s5', we have 

In order to find the value of this expression, whieh con- 
tains a radical, that is, a quantity the root of which is to he 
extracted, we must be able to extract the root either exactly 

or by approximation; q-^j-^ihe quantity placed under th« 

radical sign must therefore be positive. But ^ will necessa- 

rily be positive, whatever the sign of p may be ; the sign of 

p^ 
the quantity ^+ j will therefore depend principally upon that 

of q, or. the quantity in the equation altogether known. 

1. This being premised, let q in the first place be pontioe* 
In this case p may be either positive or negative, and the gen- 
eral equation may be written under the two forms 

X* + />X = +5r,X»— JJX=-f y, 

or uniting both in one 
from which we have 



-H^i/,*? 



14 



n 
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Here jr + j- will evidently be positive ; the valu« of x may 

therefore be obtained, either exactly or with such degree of 
approximation as we please. 
With respect to the two values of x, the first, viz. 

«• p 

will be positivcy for tbe square root of j- alone being 5, the 

»* p 

square root of g' -f- T ^^*^^ ^^ greater than 5, the value of x 

will therefore have the same ugn with the radical and will by 
consequence be positive. This value will answer directly the 
conditions of the equation, or the problem of which the equa- 
tion is the algebraic translation. 

The second value of x, viz. x = ^5 — \/^ 9"f"r> ^c>Dg 

also necessarily of the same sign with the radical, will be es- 
sentially negative. This value, though it satisfies the equa- 
tion, will not answer the conditions of the question, from 
which the equation is derived. It belongs to an analogous 
question corresponding to the equation, after — x has been in- 
troduced instead of x, that is, to x* Tp x= q. Indeed, from 

this last equation, we deduce x= ± 5 i l/^^ 9' "h^i values 

which do not differ from the preceding except in the sign. 
Thus the same equation connects together two questions, 
which differ from each other only in the sense of certain con- 
ditions. 

2. Again, let q be negative. The equation will then be of 
the form a^ ± p x :=: -^ q^ and we have 

Here in order that the root of tbe quantity placed under the 
radical sign may be taken, or in other words, that the value of 

B may be real, it is evident that q must not exceed ^ . 



, » 
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Since moreover \/ ^ — ^r is numerically less than 5, it 

follows, that the values of x will both be negative^ if p is pos- 
itive in the equation, that is, if the equation is of the form 
a:'+/?a: = — q\ and that they w« 11 both be posUiocjii p\B 
negative in the equation, that is, if the equation is of the form 
a:* — p x = — q. 

Indeed, it may be shown a pnoriy that always when q is 
negative^ in the srcond member and p negative in the fifst^ the 
problem will admit of two direct solutions^ provided that q does 

not exceed r. 
4 

The equation x' — px=. — q may, by changing the signs 
of all the terms, be put under the form 

px — i' = g, or a: {p — jc) = y. 

But the equation X ^/7 — a:) = ^ is evidently the algebraic 
translation of the following enunciation, viz. To dipide a nvM' 
her p into two parfSy the product of which shad he equal to a giv" 
en number q. For if we put x for one of the parts, the other 
part will be p — z, and the product of the two parts, will be 
z {p — x). 

This being premised, the enunciation of the problem ad- 
mitS) it is evident, of two direct solutions; for the equation of 
the problem will be the same, whether x be put for one or the 
other of the parts ; there is no reason then, why the equation, 
when resolved, should give oue of the parts rather than the 
other ; it should therefore give both at the same time. 

Moreover, in order that the problem may be possible, it 

is necessary, that q should not exceed j ; for the greatest 
possible product of the parts, into which the number/) may he 

divided being equal only to^ it is absurd to require that 
their product, which we have represented by ^, should he 

greater than ^. We conclude therefore that, in all cases ff^en 

the known quantity is negative in the second member^ but niniier- 
icidly greater than the square of half the coefficient of the second 
term^ the question proposed is impossible. 
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120. The followiDg examples will serve as an exercise upon 
the difierent cases, which we have here been considering. 
What change must be made in the enunciations of the first five 
questions respectively, in order that the negative solutions 
may become positive ? How must the sixth question be mod- 
ified, so that the answers shall become positive ? In vtrhat 
does'the absurdity in the ninth question consist ? 

1. A company at a tavern had £8^ 15s. to pay, but two of 
them having left before the bill was settled, those who re- 
mained had each in consequence 10s. more to pay. How 
many were in the company at first ? 

2. A man travelled 105 miles, and then found that if he had 
not travelled so fast by 2 miles an hour, he should have been 
6 hours longer in performing the same journey. How many 
miles did he go per hour ? 

3. A regiment of foot was ordered to send 216 men on gar- 
rison duty, each company being to furnish an equal number ; 
but before the detachment marched, 3 of the companies were 
sent on another service, when it was found that each company 
that remained was obliged to furnish 12 additional men, in 
order to make up the complement 216. How many companies 
were there in the regiment, and what number of men was each 
ordered to send at first ? 

4. A and B set out from two towns, which were distant 247 
miles, and travelled the direct road till they met. A went 9 
miles a day ; and the number of days at the end of which they 
met, was greater by 3, than the number of miles, which B 
went in a day. Where between A and B did they meet .? 

5. A merchant sold a commodity for 56 dollars, and gained 
as much per cent, as the whole cost him. What was the cost .? 

On substituting — x for x in the equations, which pertain 
respectively to the preceding questions, it will be easy to 
translate these equations into enunciations analogous to those 
of the questions proposed ; there are questions however, in 
which it will be very difficult to do this, and the negativi^ so- 
Itttions in such cases are to be regarded merely as connected 
witK the first m the same equation of the second degree. 
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6. A gentleman counting the guineas^ which he bad in his 
purse, finds that if 24 be added to their square, and 8 times 
their number be subtracted from 17, the sum and remainder 
Tvill be equal. How many guineas had he in his purse ? 

7. A set out from G towards D, and travelled 7 miles a day. 
After he had gone 32 miles, B set out from D towards C, and 
went every day one-nineteenth of the \yho1e journey ; and 
after he had travelled as many days as he went miles in one 
day, he met A. Required the distance of the places C and D? 

8. Two merchants sell each a certain number of yards from 
the same piece of cloth, the second three yards more than the 
first, and received jointly $35. Said the first to the second, 
at my price I should have received $24 for your cloth, and I, 
replies the other, at my price should have received only $12j- 
for your cloth. How many yards did each sell ? 

9. The difference of two numbers is 7, and the square of the 
greater is equal to 25 times the less ; What are the numbers ? 

EXAMINATION OP PARTICULAR CASES. 

1. In the general equation let q be negative, that is, let 
the equation be of the form x* + jo ar = — q^ p being of any 

sign whatever ; if we suppose q=s'-j^ the radical 



V- 



•<-, 



-will he reduced to (^, and the values of x will be equal each to 

P P* 

— 5. Thus if q be negative in the equation and equal to -j, 

the values of x will be equal, and will both be positive if pis 
negative, or both negative if p is positive. 

2. In the general formula 

let g = 0, the values of x will then be x = 0, p = — -p. 

3. In the same formula let jo = 0, we have then 

x==±=A/g, 
that is to say, the values of x will in thi^ case be equal, but of 
contrary signs, real if gr is positive, and imaginary if 9 is negatiye. 

14 ♦ 
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4. Let p=sO, 9 sss 0, the values of x will then be each equal 
toO. 

5. We have next to examine a remarkable case which fre- 
quently occurs in the solution of problems of the second de- 
gree. For this purpose, let us take the equation 

ax^ -{- bx = c. 
This equation being resolved, gives 

— b dbz ^/fcTZToe 

2a 

Let it now be supposed, that in consequence of a particular 
hypothesis made upon the given things in the question, we 
have a =0, the values of x then become 

*— (T ^ — ~ 

The second value of x here presents itself under the form 
of infinity and may be regarded as a true answer, when the 
question is susceptible of infinite solutions. In order to in- 
terpret the first, if we return to the equation, we see that the 
hypothesis a = reduces it to 6 a: == c, from which we deduce 

c ■ ^ 

X = ^, an expression finite and determinate^ and which must 

be regarded as the true value of ^ in the present case. 

6. Let it be supposed finally, that we have at the same time 
a = 0, 5 = 0, c=:0. The equation will then be altogether 
iiideterminate. This is the only case of indetermination, 
which the equation of the second degree presents. 

DISCUSSION QF PROBLEMS. 

121. The following problems offer all the circumstances, 
which usually occur in problems of the second degree. 

1. To find on the line A B, which joins two luminous bod- 
ies A and B, the point where these bodies shine with equal 
light. 

C" i C B C' 
The solution of this problem depends upon the following 
prineiple in physics, viz. The intensity of light from the same 



"^ 
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luminous body will be, at different distances, in the inverse 
ratio of the square of the distance* 

This being premised, let a t=^ A B, the distance between the 
two bodies ; let 5 == the intensity of A at the unit of distance, 
c= the intensity of B at the same distance; let C be the 
point required, and let A C := x. 

The intensity of A at the distance 1 being &, its intensity 

h b b 
at the distance 2, 3, 4 . . . will ^^ i) q» i^ • • •> *^^ ^J 

consequence, at the distance z, it will be — ^. For the same 

reason, the intensity of B at the distance a — x will be 

c 

z — tq ; whence by the question, we have 

b € 

From which, we obtain 



6 — c^V (6— O'^fc—c 



, . a(b±s/bc) 
or reducing x = \ 

But bzizj\/bc may, it will be observed, be put under the 
form Ay b {^y b ±iy c)j and b — c may be put under the form 

(V 6)«- (V c)S or (V 6 + VO (V 6- V c)- 
Taking advantage of this remark, the value of x may be ex- 
pressed more simply, thus 

a^/b , draV c 

9 whence a — x = 



or 



A/bdEiA/c " A/b±A/c 

V and < V ^ 



M/b — A^cy I s/b — A^e 



V^ + ^/c 
O's/b 



DISCUSSION. 



1. Let b be greater than c. 

The^ first value of x is positive and less than a since 

fJb 
MJbA- iJ ' ** * fraction. The point sought thetefore, accord* 
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ing to this value of x, is sitaated between A and B. It 10 
moreover nearer B than to A ; for, in consequence of ^ ^ r, 
we have a/ b -{- /^ bj or 2 a/ by> /i^ b -\- a/ c^ whence 

This indeed should be the case, since we have supposed the 

intensity of A greater than that of B. 

The corresponding value of a — x is also positive and less^ 

a 
as it will be easy to see, than ^. 

The second value of x is positive, but greater than a, since 

we have — i , v~ ^ !• This value of x gives therefore a 

a/ b — fi/ c^ ° 

second point C situated upon A B produced and at the right 

of A and B. Indeed, since the light from A and B expands 

itself in all directions, there should be, it. is easy to see, on 

A B produced a second point where A^ and B shine with equal 

light. This point moreover should be nearer the body, the 

light of which is least intense. 

The second value of a — x is negative, this, should be the 

case, since we have x"^ a. 

2. Let b be less than c. 

u 
The first value of x is positive, but less than ^. The cor- 

responding value of a — x\% also positive and greater than ^. 

Thus on the present hypothesis the point C, situated be- 
tween A and B should be nearer A than to B. 

The second value of x is essentially negative. In order to 

interpret it, we return to the equation, which becomes by sub- 

b c 

BtitutiDg — a: for X, — 2 = 7— I— T«* ®"^ « — a: expressing in 

X \€L "^ X J 

the first instance the distance of the point sought from B, 
a -|- X must in the present case express the same distance. 
Thus the point sought should be at the left of A, in C" for 
exatiaple. Indeed, srince by hypothesis the intensity of B is 
^eater than that of A, the second point sought should be 
nearer A than to B. 
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3. Let b=c. 

The first value of x, and also that of a — x is reduced ift 

a 
this case to ^* Thus we have the middle of A B for the 

point^eught. This result conforms to the hypothesis. 

a /^ h 
The remainiDg values are reduced to — v> — , or become in- 
finite, that is, the second point, where the bodies shine with 
equal light, is situated at a distance from A and B greater than 
any assignable quantity. This result corresponds perfectly 
with the present hypothesis ; for, if we suppose the difference 
h — c, instead of being absolutely nothing to be very small, 
the second point will exist, but at a very great distance from 
A and B. If then 6 = c or 

the point required must cease to exist or be placed at an infi- 
nite distance. 

4. Let 6 = c and a = 0. 

The first system of values of x and a— ^x reduce them- 
selves in this case to 0^ and the second system to t?- This 

last character is here the symbol of indetermination ; for, on 
returning to the equation of the problem 

(b — c) x'— 2a6x=: — a*6 
this equation becomes on the present hypothesis 

0.x'— 0. x=0, 
an equation which may be satisfied by any number whatever 
taken for x. Indeed, since the two bodies have the same in- 
tensity and are placed at the same point, they should shine 
with equal light upon any point whatever in the line A B. 
5. Finally let a = 0, 6 being different from c. 
Both systems in this case will be reduced to 0, which in- 
dicates, that there is but one point, where the bodies shiqe 
with equal light, viz. the point, in which the two bodies are 
situated. 

2. To find two numbers such, that the difference of their 
products bj the numbers a and b respectively may be equal to 
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a given number «, and the difference of their squares equal to 
another given number q. 

Denoting by x and y the numbers sought, we have by the 
question ax — bi/ =zs 

x^ — y^ = q 

Resolving these equations, we have for the first system of 
values for x and y 

^ ~ a' ^b' ~ 

and for the second system, we have 

as — b ^.sa—^r («»—/,») 

X— ^2 11^2 

_^bs — aA/s^ — qiu^ — L^) 
DISCUSSION. 

1. Let a be greater than 6, and by consequence o^ — 6^ pos- 
itive. 

In order that the values of x and y may be real, it is neces* 

sary that we have 

s^ 
q (a2 _ 62) < s% and therefore g < ^g_^.3 

This condition being fulfilled, the values of x and y in the 
first system will be necessarily positive, and will by conse- 
quence forin a direct solution of the problem in the sense, in 

which it is enunciated. 

j 

In the second system the value of x will be essentially pos- 
itive ; for, a'^b gives as'^ b 5, and for a still stronger reason 

a s> b\^ s^-^q(a^ — b% 

. With respect to the value of y, it may be either positive or 

negative. In order that it may be positive, we must have 

5 5> aV-j9 — q (o2 — 62) 
or, squaring both sides 

62 »'-i> aa s2 — a2 y (a^ — 62) 
or, adding a^ q (a^ — 62) iq ]^qi\^ gi^es of this last, and sub- 
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r 

tracting l^ s^ from both sides 

or, by division 9^~2* 

Thus Id order that the second system may be a real and 
direct solation^ we must have 

?< ^2376^1 but (?>^. 

If then we take for a, 6, and s any absolute numbers what- 
ever provided that we have a^h^ and that we take for q a 

number comprised between th.e two limits -^ and ^ ,3 , ^c 

shall be certain of obtaining two direct solutions. 
Thus, let a:= 6, 5 = 4, 5 = 15 ; we have 
^_225_^ 59 225 

^— 36 -^ Hi a»d o9_ft2— 20 — ^^i 5 

if then we take y = 10, for example, we shall have 

6X l5=±=4\/225^^20xl0 11 7 

X = ^— — — = — , or - 

'20 2 ' 2 

4 X 15=!=6V225 — 20x 10 9 3 

^ 20 2' 2 

. ,9 

If on the present hypothesis, we have g <^ -3, and for a still 

stronger reason q '^"T^ji) the value of y in the second sys- 
tem will be negative. This system therefore will not be a so- 
lution of the proposed problem in the sense, in which it is 
enunciated, but of an analogous problem, the equations of 
which are ax + 6y=*s 

a^ — y^ = q 

and which will differ from the proposed in this respect only^ 
that s will express an arithmetical sum instead of difference. 

2. Let a be less than b and therefore a® — 6^ negative. 

In this case the expressions for x and y .in the first system 
may be put under the form* 

— as — b^/:^ + q(b^ — ^) 



X s= 



69^fl9 



_ — b8-^a^ ^ + q{l^—t^) 
V — l^ — a^ 
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and in the second 

— a5 + 6>\/52 + 9(62 — a2) 
*— h^ — a^ 

_ — ^ ^ + g ^^^ + 9 ( ^^ — q? 

The values of x and y in both systems, it is evident, will 
be real, since the quantity placed under the radical is essen- 
tially positive. 

In the first system the values of x and y are essentially nc^- 
atioe ; in the second the value of x, it is easy to see, is neces- 
sarily positive, but the value of y may be either positive or neg- 

ative ; in order that it may be positive, we must have 9]> -g. 

Ok 

3. Let a = 6, and therefore o^ — h^=^ 0. 
On this hypothesis, we have for the first system of values 
for X and y 

' ^ (P* 
and for the second 

« — o» y — 

Returning to the equations of the proposed in order to inter- 
pret these last we obtain for x and y on the present hypothesis 

"^ ~ "T^7~' y == "~2"a7~ 

PROBLEMS FOR SOLUTION AND DISCUSSION. 

1. There are two numbers, whose sum is a and the sum of 
whose second powers is h. Required the numbers. 
Putting X and y for the numbers, we have 

X = . 

2 

a i5=\/2 h — a^ 
y = .JlZ_ 

What conditions are necessary in order that the values of x 
and y may be real ? When will the values of x both be posi- 
tive ? Can both be negative ? When will one of them be 
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positiye and the other negative, and to what question does the 
negative value belong ? 

2. To find two numbers such, that the sum of their products 
by the numbers a and b respectively may be equal to 2 s, and 
their product equal to p. 

Putting X and y for the numbers, we have 

s z±z^8^ — abp 

a 
sdtzl^/s^ — abp 



9— b 

What conditions are necessary in order that the values of x 
and y may be real ? What is the greatest value of which p 
admits ? Can either of .the values of x or y be negative ? 

3. To find two numbers such, that the sum of their products 
by the numbers a and b respectively may be equal to a given 
number 5, and the sum of their squares equal to another given 
number q. 

Putting X and y for the numbers respectively, we have 

_as ±:b \^ (a^ + b^) q^ s^ 



y — 



a« + 6> • 
bsdtz a \/(a* -|- 6') q — s^ 



*' + *' 
What conditions are necessary in order that the values of jb 

and y may be real ? Within what limits must q be comprised 
in order that both values of x may be positive ? Within what 
limits must q be comprised in order that both values of y may 
be positive ? In the second system of values for x and y, 
when will the value of x be positive, and that of y negative, 
and what is the analogous problem, to which this system be- 
longs ? 

4. To find a number such, that its -square may be to the 
product of the difi'erences between this number and two other 
numbers a and b in the ratio of qio p. 

Putting X for the number sought, we have 

• 

^_ q (g + h) =±: >s/g« (a - 6)' + ^f g"^ 
16 
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Let this formula be examined on the different hypotheses 

Section XIV. — Maxima and Minika. 

122. In several of the preceding questions, the given things, 
we have seen, are so connected among themselves, that one is 
determined by the others to be comprised within certain lim- 
its, or to have a greatest or least possible value. 

A quantity, the value of which may be made to vary, is 
called a variable quantity ; the greatest value of which is call* 
ed 9^ maximum and the least a minimum. 

Questions frequently occur, in which it is required to deter- 
mine under what circumstances the result of certain arithmet- 
ical operations performed upon numbers will be the greatest or 
least possible. We shall resolve a few questions of this kind, 
the solutions of which depend upon equations of the second 
degree. 

1. To divide a number, 2 a, into two parts such, that the 
product of these parts may be a maximum. 

Let X be one of the parts, then 2 a — x will be the other, 
and their product will be x (2 a — x). By assigning different 
values to «, the product x(2d — x) will vary in magnitude, 
and the question is to assign to a? a value such, that this pro- 
duct may be the greatest possible. Let m be the maximum 
sought, we have by the question 

x{2a — x) =m 

Regarding for the moment m as known, and deducing from 
this equation the value of ar, we have 

From this result it appears, that in order that x may be real, 
m must not exceed o* ; the greatest value of m will therefore 
be a*, in which case we have x = a. Thus to obtain the great- 
Bit possible product^ the proposed must be divided into two equal 
partSj and the maximum obtained voiU be equal to the square of one 
of these parts^ 

I In the equation x{2a—x) ;b=in,. the expression x(2a x) 

it called a Juncti<m of x, This function is itself, a variable, the 
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value of yrhicfa depends upon that given to the first variable 
or X. 

2. To divide a number, 2 a, into two parts such, that the 
sum of the square roots of these parts may be a maxtmtm. 

Let x^ be one of the parts, then 2 o — x^ will be the other, 

and the sum of the square roots will be a; -f- ^/ 2 o — x^. Let 
m be the maximum sought, we have by the question 

x-j-\/2a — 3^ = m 
from which we obtain 

or simplifying x = ^ ± 2 '*^4o— »? 

In order that the values of x may be real, the value of m* 
must not exceed 4 a; 2^ a is therefore the greatest value, 
which m can receive; 

Let us put m s= 2 ^ a, we have x = ^ a and x* s=xa, whence 
2 a — x'sa. Thus, the proposed must be divided into two 
equal parts in order that the. sum of the square roots of the parts 
may be a maximuin. This maximum moreover will be equal ia 
twice the square root of one of the parts. 

3. Let it be proposed next to find for x in the expression 

p«x* + o* 

7-i — 4ir"- a valu6 such as to render this expression a minimum^ 

Putting /— — -^^ =t », we have 

p' x* — (p* — g*) m X := — 5' 
from which we obtain 

{p''—(t)m , 1 , 

"^^ 27^=*=27^(P'-^T»^'-4pY 

In order that the values of x may be real (p* — jf*)' «' must 
at least be equal to 4 p^ ^, and by consequence m must at least 

be equal to , ^^. . Putting w = , ^ ^^ i^>^ t^« expression 

P —T V —H 

for X, the radical disappears, and we have . 

j^-f 2'pq q 
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o *» ^ 

The least value of the proposed is therefore . ^ ^ - and 

.r — ^^ 

the value of x^ which will render the proposed a minimuin, is 
x = ^ 

From what has been done, the following rule for the solu- 
tion of questions of the kind, which we are here coBsidering 
will readily be inferred, viz. Having formed the algebraic ex^ 
pression of the quantity susceptible of becoming n maximum or 
minimum^ make this expression equal to Ofny quantity m. If the 
equuUion thus made is of the second degree in x, x designating 
the variable quantity ^ which enters into the algebraic expression^ 
resolve this equation in relation to x ; make next the quantity cm- 
der the radical equal to zeroj and deduce from this last equation 
the value of m ; this will be the maximum 'or minimum sought. 
Substituting finally the value of m in the expression for x, we 
obtain the value of x proper to satisfy the enunciation proposed. 

If the quantity placed under the radical remains essentially 
positive, whatever the value of m, we infer that the expres* 
Bion proposed may be of any assignable magnitude whatever, 
or in other words, that it will have infinity for a maximum and 

zero for a minimtm. 

43ca4_4x 3 

Thus let there be proposed the expression ^ , J . , , ; 

6 (2 a: -|~ 1) 

to determine whether this expression is susceptible of a maxi^ 

mum or minimum, 

4x^ '4-4:X^ 3 

Putting ^ . J^ j irrr" ^^ ^ ^°^ deducing the value of a: we 

have X = — ^ — ±- a/ 9 w' -[- 4. Here, whatever value we 

give to m, the quabtity placed under the radical will be posi- 
tive ; the pioposed therefore may be of any magnitude what- 
ever. 

EXAMPLES FOR PRACTICE. 

1. To divide a given number a into two factors, the sum of 
which shall be a minimum, 

Ans. The two factors should be equal. 

2. Let d be the difference between two numbers; required 
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tliftt tbe square of the greater divided by the less may be a. 
minimum. Ans. Tbe minimum required is 4td. and tbe value 

of tbe greater part corresponding is 2 d, 

3. Let a and b be two numbers of wbicb a is tbe greater, to> 
find a number such, that if a be added to this number and h 
be subtracted from it, tbe product of the sum and difference 
thus obtained being divided by the square of tbe number ; tbe 
quotient will be a maximum. 

Ans. Tbe number 3= -, and tbe maximum =r P" ^ 

a — o 4 ab 

4. To divide a number 2 a into two parts such, that tbe sum 
of the quotients obtained by dividing the parts mutually one 
by tbe other may be a minimum, 

Ans. The number should be divided into two equal 
parts, and the minimum is 2. 

5. To find a number such, that if a and b be added to thift 
number respectively, the product of the two sums thus obtaiib^ 
ed divided by the number may be a minimum. 

Ans. The number s= ^ a 6, and the minimum, 

6. Let d be the difference between two squares ; required 
the least value of the excess of the product of the greater of 
tbe two roots by a given number a above the product of tbe 
other root by a given number 6, a being greater than b. 

Let X be the less root, the other will be i/ d 4~ ^ ^^^ ^^^ 
minimum sought will be m = a/ rf (a* — 6^) , 

7. Let p and q be two given numbers, it is required to find 

tbe least value of the sum ^ 4 ?-- . Ans. ^^ P T *^ ^L 

X * a — X a 

6. To find the least value of the expression 

1 • 1 . • 2 

— ; Ans. - 

a-|-x ' a — X* a 

Section XV. — ^Powers and Roots op Monomiai.b« 

123. When a quantity is multiplied into itself the product^ 
we have seen/is called a power ^ the degree of i^blch is mark*» 
ed by tbe exponent of the product,^ thus aaaat^ or a* is called 

15 ♦ 
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the fifth power of a ; in like maimer a^ is called the mth 

power of a. 

The original quantity, from which a power is derived, is 
called the root of this power. The degree of the root is de- 
termined by the number of times the root is found as a factor 
in the power ; thus a is the fifth root of o* ; in like manner a 
is the TOth root of a»» . The number which marks the degree 
of the root is called the index of the root. 

124. Let it be proposed to find the fifth power of 2 a^ t'; 
this power is indicated thus, (2 a' bV\ and we have, it is evi- 
dent, 

(2a»6»)* = 2®'^' X 2a'&' X2a'»6' X2a'»6*X 2a'6* 

Here, it is evident, P. that the coefficient 2 must be multi- 
plied into itself four times or raised to the fifth power, 2®. that 
each one of the exponents of the letters must be added, until 
it is taken as many times as there are units in the exponent of 
the power, or in other words, multiplied by 5 ; we have there- 
fore (2 o» 62)* = 32 a» ftio 

In like manner (8 a" 6» c)» == 512 a« 6» c\ 

To raise a monomial therefore to any given power, we raise 
the coefficient to this power , and multiply each one of the expo- 
nents of the letters by the exponent of the power. 

With respect to the sign, with which the powers of a mo- 
nomial should be afiected, it is evident, that wh^ltever be xhe 
sign of the quantity itself, its second power will be positive. 
Moreover if the exponent of the power of a monomial be an 
even number, it is easy to see, that this power may be consid- 
ered as a power of the square of the proposed quantity. Thus 
a% it is evident, may be considered the fourth power of a^ ; 
in like manner a* *» , any even power of a, may be considered 
the mth power of a^ It follows therefore, that whatever Ijf 
the sign of a monomial^ any power of ity the exponent of which 
is an even nwnber^ is positive. 

Again, since the power of a simple quantity, the exponent 
of which is an odd number, is equal to a power of this quanti- 
ty of an even degree multiplied by the first power, it follows, 
that, every power of a monomial^ the exponent of which is an odd 
numbery wiU have the same sign as the quantity from which it is 
Tmed. 
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125. Let it now be proposed to find the third root of 

64 a* 6* c\ The root required is indicated, thus, '^ 64 a* b* c' ; 
the sign ^^ being employed to denote in general that a root is 
to be taken, and the index 3 placed above the radical sign to 
denote the particular root required. 

Since the root of a quantity must evidently be sought by a 
process tbe reverse of that, by which it is raised to a power, 
in order to extract the root of a monomial, 1^. we extract the 
root qf the coefficient. 2^. we divide the exponent of each of the 
Utters by the index of the root. 

According to this rule the third, root of the proposed will 
be 4 a' 6' c. In like manner the seventh root of a^* V^ c** is 
«« b^ c\ 

With respect to the signs, with which the roots of mon- 
omials should be affected, it is an evident consequence of the 
principles already established that, 

1®. Every root of an even degree of a positive monomial may 
have indifferently either the sign -f- or — . "Thus the sixth root 
of 64 a" is ± 2 a'. 

2^. Every root, the degree of which is expressed by an odd 
number^ will have the same sign as the quantity proposed. Thus 
the fifth root of — 32 a'" 6* is — 2 a' b. 

3^ Every root of an even degree of a negative monomial is on 
imposs^le or imaginary root. For there is no quantity, which 
raised to a power of an even degree can give a negative result. 

Thus a/ — a, ^v — b denote impossible or imaginary quan- 
tities, in the same manner as V — a, V — b. 

126. From what has been said, it is evident in order that a 
root may be extracted, 1^. that the coefficient of the proposed 
must be a perfect power of the degree marked by the index 
of the root to be extracted. 2^ that the exponents of each of 
the letters must be divisible by the index of the root. 

When this is not the case the root can only be indicated. 
It should be observed, however, that radical expressions, of 
any degree whatever admit of the same simplifications as those 
of the second degree. These simplifications are founded upon 



176 ELEMENTS OF ALGEBRA. 

the principle, that any root whatever of a product is equal to the 
product oj the same root of the several factors. 

Thus let it be proposed to find the third root of 54 a* 6^ ^^ 
The third root, it is evident, cannot be taken ; for 54 is not & 
perfect third power, and the exponents of the letters a and c 
are not divisible by 3. We therefore indicate the root, thus, 

3v 54 a^ 63 c® ; but this expression may be put under the form 

V27 a^h^XMac^\ whence taking the third root of the fac- 

tor 27 o3 63, we have V54a463"^ — 3 a 6 V2a?. 
Let it be proposed next to find the third root of 

125a5 6 4.375a3c. 
This expression, which it is easy to see is not a perfect third 
power, may be put under the form 125 a^ (a^ 6 -)- 3 c) ; whence 
eztractiBg the third root of the first factor, we have for the 

root sought 5 a ^a^ b-^3c. 

EXAMPLES. 

1. To reduce VSO a* b' c to its most simple form. 

2. To reduce V 128 x' y^ z' to its most simple form. 

3. To reduce Vo a;' + ^ ** to its most simple form. 

4. To reduce a/27 a' -f- 81 o^ 6 to its most simple form. 

5. To reduce \/96 a* V c** to its most simple form. 

6. To reduce 1/ — ^ _L_ to its most simple form. 

^ 81a' — 324a*6 ^ 

Section XVI. — Powers op compound Quantities, 
Theort of Combinations, Binomial Theorem. 

Powers of compound quantities are found like those of 
monomials by the continued multiplication of the quantity into 
itself. They are indicated by inclosing the quantity in a 
parenthesis, to which is annexed the exponent of the power. 
The third power of a' -f- 5 a 6 — 6 c*, for example is indicated, 
thus, (e? -[• 6 ® ^ — 6 c") *. This same power may also be indi- 
cated thus, €?+5a6*— 6c^|3 

Next to monomials binomials are those, which are the least 
complicated. We beg^ therefore with these* 
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Below are seTeral of the first povrecs of the binomial x -f- a, 

viz, 

(x-|~a)*=;a: + a 

(x 4- a)3 = x3 + 3 ax2 + 3a2x -f- a3 
(x + a)4=x4 4-4ax3 + 6aax2 + 4a3x + a4 
We have formed the different powers of x -j- <> in this table 
by the continued multiplication of x -f~ <z into itself. In this 
way we arrive only at particular results. To form any of the 
higher powers, the process of multiplication -must still be con-, 
tinned. This would be tedious especially as the power, to 
which the binomial is to be raised, becomes more and more 
-elevated. We proceed therefore to investigate a method, by 
which a binomial may be raised to any power whatever with- 
out the necessity of forming the inferior powers. This meth- 
od was discovered by Newton. The principle on which it is 
founded is called the Binomial Theorem, The most simple 
and elementary demonstration of this theorem depends upon 
the theory of combinations, to which we shall first attend. 

THEORY OF I COMBINATIONS. 

127. The results, obtained by writing one after the other 
in every possible way a given number of letters, in such a 
manner, that all the letters will enter into each result, are 
called permiUfUions* 

Let there be, for example, two letters, a and h. These give, 
it is evident, two permutations, a 6, 6 a. 

Again, let there be three letters a, 6, and c. If we set 
apart one of the letters, a for example, the remaining letters 
give two permutations, viz. be, c b ; placing next the a at the 
right of each of these, we have two permutations of three 
* letters, viz. b c a, cha; but each of the remaining letters b 
and c, being set apart in the same manner, will also furnish 
each two permutations of three letters ; whence the permutations 
of three letters wUl be equal to the permutations of two letters 
multiplied by three. 

In like manner the permutation^ of four letters will be found 
equal to the permutations of three letters multiplied by four. 
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And in general, tht petmuttUions of any^ wmber mhaiever n of 
letters^ unU he equaly it is evident^ to the permutations of n — 1 
lettersy mtdfipHed by n the number of letters employed. 

Let Q represent the permutations of n — 1 letters, then Q n 
will represent the permutations of n letters ; thus Q n will be 
a general formula for permutations. 

In the general formula Q n let n = 2, then Q will be 1 ; 
whence 1 X 3 will be the permutations of two letters. Again 
let n = 3, then Q will be 1x2; whence 1X2X8 will be 
the permutations of three letters. In like manner the permu- 
tations of 4 letters will be 1 X 2 X 3 X 4. The following 
rule' tor permutations wil] therefor^ be readily inferred, viz. 
Multiply in order the natural numbers 1, 2, 3, 4, &c. to the num- 
ber denoting the letters employed mchmve ; the result will be the 
permutations of the given number of letters, 

128. When a given number of letters are disposed in order 
one after the other in every possible way, 2 and 2, 3 and 3^ 
and, in general, n and n at a time, the number of letters taken 
at a time being always less than the given number of letters, 
the results obtained are called arrangements. 

Let it be required to form the arrangements of three letters, 
a, bf and c, two and two at a time. 

a, ab 

. ac 



i, b a 

be 



Cj c a 



cb 
Setting apart first one of the letters, a for example, we write 
after this letter each one. of the reserved letters b and c ; we 
thus form two of the arrangements sought, viz. a 5, a c ; setting 
apart next the letter 6, and writing by its side each one of the 
reserved letters a and c, we form two more of the arrangements 
sought, viz. b a^ b c; pursuing the same course with the re- 
maining letter c, we have in the result, it is plain, all the ar<- 
rangements required and no more ; whence the arrangements of 
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thru letters S and 2 at a iimey wilt be equcU to the arrangements 
of the same letters one at a time^ multiplied by the mmber of M* 
ters reserved. 

Let it be required next to form tbe arrangements of four let- 
ters a, b^ Cy dy three and three at a time. 
a bj ab c c a^ e ab 

ab d cad 



a Cy 


a cb 


C by 


cb a 




a c d 


C dy 


ebd 


ady 


adb 


c da 




adc 


day 


cdb 


b 0, 


b ac 


dab 




bad 


dby 


dae 


b Cy 


b c a 


dba 




bed 


• 


dbe 



b dy b da dcy d c a 

b d c deb 

Having formed the arrangements of the given letters, 2 and 
2 at a time, we set apart one of these, a b for example, and 
write successively by its side each one of the reserved letters 
c a«d dy we thus form two of the arrangements sought, viz. 
abCy abd. The same being done with each one of the re- 
maining arrangements of the given letters, 2 and 2 at a time, 
we obtain, it is evident, all the arrangements required and m> 
more. Thus, the arrangements ef 4 letters taken 3 and S at a 
timcy wiU be equal to the arrangements of the same letterSy /oAen 
2 and 2 €U a timey multipKed by the number of letters reserved* 

In like manner, understanding by letters reserved those 
which remain, when the given letters are taken one less than 
the required number at a time, we have the arrangements of 
any number m of letters takeny n and u at a timey equal to the ar^ 
rangements of the same letterSy n — 1 at a timey multiplied by Ae 
number of letters reserved. 

Let P represent the arrangements of m letters n -— 1 at a 
time ; it being required to take the letters n and n at a time, 
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the reserved letters will be m'— (« — 1), or m — » -j- 1 5 thus 
the arraDgements of m letters, » and n at a time, will be ex- 
pressed b]r the formula, 

P(to — n+1) 

This will be the general formula for arrangements. 

In the general formula P (iw — «+ l)j let n equal 2. In 
this case P will represent the arrangements of m letters 1 at a 
time ; thus P will equal i»; whence m {m — 1), will express 
the arrangements of m letters 2 and 2 at a time. 

Again, in the general fornaila P (to — » + 1)? let» = 3. 
In this case P will represent the arrangements of to letters 2 
and 2 at a time ; P will therefore equal to ( to — 1) ; whence 
TO (to — 1) (to — 2) will express the arrangements of to letters 
3 and 3 at a time. 

In like manner the arrangements of m letters 4 and 4 at a 
time, will be expressed by to (to — 1) (to — ^2) (to ?— 3). 

From inspection of the above formulas the following rule 
for arrangements will be readily inferred, viz. Frtym, the number 
denoting the given letters subtract successively the natural num- 
bers 1, 2, 3, &c. to the number^ which denotes the letters to be 
taken at a lime ; multipli/ these several remainders and 4he number 
denoting the given letters together ; ihe product will be the ar-- 
rangements required, 

129. Arrangements, any two of which differ at least by one 
of the letters, which enter into them, are called. eoTO^nalfon5. 

Let it be proposed to determine the number of combina- 
tions of three letters, a, &, and c taken two and two at a time. 

The arrangements of these letters, two and two at a time, 

will be , 

a b 
b a 

a c 
c a 

be 
cb 

Among these arrangements we have, it is evident, but three 

combinations, viz. a 6, a c, b c^ each one of which is repeated 
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as many times as there are permutations of two letters. Heace 
the combinations of three Utters^ taken 2 and ^itai a iime^ wiU be 
equal to the arrangemefUe of three letters 2. and ^ at a time, ^ 
vided by the permutations of two letters. 

In like manner, it will be seen, that the combinations of 4 
letters, 3 and 3 at a time, are equal to the arrangements of 4 
letters, 3 and 3 at a time, divided by the permutations of three 
letters. 

And in general the combinations of m letters n and n ai m 
time, will be equal, it is evidenty to the arrangements of m letters^ 
n and n at a time, divided by the permutations of n letters. 

From what has been done, we have therefore the following 
general forniula for combinations, viz. 

P (m — n -f- 1) 

In the general formula let fi = 2, the formula, which resultSy 

will be — ' I g. — . 

This will give the combinations of m letters 2 and 2 at a 
time. 

Again, let n =r 3 ; the formula which results will be 

m (OT— 1) (OT — 2) 

i72ra 

This will give the combinations of m letters 3 and 3 at a time. 

, ,., , . »fr(m — i;Oii — 2) (w — 3) 

In like ' manner we obtain — ^ % c% €% a ^» * 

l.!;6. o. 4 

formula which gives the combinations of m letters 4 and 4 at 

a time. 

From inspection of the formulas obtained by making 

n = 2, 3,4, &c. in the general expression, wie may infer a 

general rule for combinations as has been done already with 

respect to permutations and arrangements. 

1. For how many days can 7 persons be placed in a differ- 
ent position at dinner ? 

2. How many words can be made with 5 letters of the aK 
phabet, it being admitted that a number of consonants may 
make a word ? / 

16 



18S 



ELEMENTS OF ALGEBRA. 



3. How mft&y combinations can be inade of 524 letters of 
tbe alphabet, taken two and two at a time ? 

4. A general was asked by bis king, what reward be should 
confer on him for his services; the general only desired a fhi-^ 
thing for every file of 10 men in a file, which he could make 
with a body of 100 men. At this rate what would he receive ? 
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130. If we examine with attention the different powers of 
SE 4- OS *^*' l^'^'j ** will be easy to fix upon the law, according 
to which the exponents of x and a proceed. But it will not 
be so easy to determine the law for the numerical coefiicients. 
If we observe, however, the mitnner in which the different 
terms, which compose a power are formed, we shall perceive 
that the numerical coefiicients are occasioned by the reduction 
of several similar terms into one, and that these similar terms 
arise from the equality of the factors, which compose a power. 
These reductions, it is easy to see, will not take place, if the 
second terms of the binomials ate different. We begin there- 
fore by investigating a law for the formation of the product of 
any number of binomials x-\'ajX'-\'b^X']-c. , ., the first 
terms of which are the same in each^ while the second are 
different. 



(x + «t) (« + ft) = a:^ + ** 

b 

(x-f a) (x+ft) (x4-c{=x9 + ^ 

b 



x-fo6 

3^ + ab 
a c 
be 



x-j-a6 c 



x^'^ab c 
abd 
acd 
bed 



X -{-ab cd 



(x -f- a) (x -|- b) (x + c) (x -|- ^ 

b I ac 
c ad 

d\ be 

bd 

cd 

Prom inspection of the above products, which we have 
formed by the common rules of multiplication, it will be ob- 
iefved, 

1\ In each produet there is one term mere than there are uinte 
in the number of factors. 
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2^. The^ exponent of x in the first term is the same as the mtm- 
ber of factors^ and goes on decreasing by unity in each of the foh 
lowing terms. 

3^. The coefficient of the first term is unity* The coefficient 
of the second term is equal to the sum of the second terms of the 
binomials ; that of the third term is equal to the sum of the dif- 
ferent combinations or products of the second terms of the fttnom* 
ials taken two and two ; that of the fourth is equal to the sum of 
the products of the second terms of the binomials taken three and 
ihreCy and so on. The last term is equal to the product of the 
second tenns of the binomials. 

131. We readily i&fer from analogy,- that the same law will 
obtain, whatever be the number of factors employed. This 
law may however readily be shown to be general. In order 
to this, it will be sufficient to show, that if the law be true 
for the product of any number m of binomials, it will also be 
true for the product of m -{- 1 binomials. 

The number of binomial factors being represented by m, the 
different powers of x will be x"», x^— i, x*" — 2^ &c. Let 
A, B, C . . . U denote the quantities, by which these powers 
beginning with x^— i are to be multiplied ; but as the num- 
ber of terms must remain indeterminate, until m receives a par- 
ticular value, we can write only a few of the- first and last 
terms of the expression, designating the intermediate terms 
by a series of points. 

The product of any number m of factors will then be repre- 
sented by the expression 

x»w-j- Ax'" — 1 + Bz"»— 2_|_Cx"»— 3 . . . . U 

Multiplying this expression by a new factor x + K, it becomes 



x^+i-j- A 
K 



x»i -|- B jgOT — 1 «L c 

AK 



xm-2 ....UK 



BK 

Here the law for the exponents is evidently the same, as in 
the first expression. With respect to the coefficients, it is 
evident, 1°. that the coefficient of the first term is unity, 2® 
A + K, the coefficient of the second term, is equal to the sum 
of the second terms' of the m-\- 1 binomials. 3^ Since B by 
hypothesis expresses the sum of th« second tetms of the^ m 
binomials taken two and two, and A K expresses the sum of 
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the second terms of the m binomials multiplied each by the 
new second term K, B + A K, the coefficient of the third 
term, will be the sum of the products two and two of the sec- 
ond terms of the m -{- 1 binomials. 

In the same manner G -{- B K, it is easy to see, will be the 
sum of the products three and tbree of the second terms of 
the m 4* I binomials, and so on. 4P. Th6 last term U K, it is 
evident, is the product of the m -f- 1 second terms. 

The law laid down, art. 130, being true therefore for expres- 
•ions of the fourth degree will, from what has just been de- 
monstrated, be true for those of the fifth ; and being true for 
expressions of the fifth degree, it will be true for those of the 
sixth and so on; thus it is general. 

132. If in the different products which have been formed, 
art. 130, we make 6, c and d each equal, to a, these products 
will be converted into powers of z 4- ^y thus 

(x + a) (x+b)=(x + ay^x^ + a 



x + a^ 



ix+a)(x+h) (a: + c)=(jt + a)3=±x3 + a 

a 

{x + a) (x,+ b){x + c) (x+ci) = (x+a)4 

a 
a 
a 



rS 



+ «' 



3 



3 



« 



3 



+ a3 



is + ba 


x8+o» 


tfi 


tfi 


<fi 


tfi 


<^ 


a3 


o9 




a" 





X -^ tf* 



Comparing these expressions with the different products, 
from which they are derived, we perceive 1^ that the multi- 
plier of X in the second term has been converted into the first 
power of a, repeated as many times as there are units in the 
number of binomials employed, or which is the same thing, 
as there are units in the exponent of x in the first term. 2^. 
That the multiplier of the third term has been converted into 
the second power of a, repeated as many times, as there can 
be formed different products from a number of letters equal to 
the number of binomials employed, taken two and two at a 
time. 3^. .That the multiplier of the fourth term has been con- 
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vetted into the third power of a, repeated as many timeil as 
there can be formed different products from a numb^ of let- 
ters, equal to the nuinber of binomials employed, taken three 
and three at a time, and so on. 

133. From what has been done it u evident therefore, that 
whatever be the power to which a binomial ar -f- a is to be rais- 
ed, 1®. the exponent of x in the iSrst term will be equal to the 
exponent of the power, and that it will go on decreasing by 
unity in each of the following terms to the lastj in which it 
will be 0. 2^. That the exponent of a in the first term will be 
0, in the second unity, and that it will go on increasing by 
unity, until it becomes equal to the exponent of the power to 
be formed. 3°. The numerical coefficient of x in the first term 
will be unity, in the second it will be equal to the exponent 
of X in the first term, in the third it will be equal to the num- 
ber of products, which may be formed from a number of let- 
ters, equal to the exponent of x in the first term, taken two 
and two at a time, in the fourth it will be equal to the number 
of products, which may be formed from the same number of 
letters, taken three and three at a time and so on. 

Let it be required to form the 5th power of a: + ^' The 
different terms, without the numerical coefficients, will be by 
the preceding rule 

x^ -{- ax* +/i^ c(^ + a^ x^ + a^ x + (^ 
With respect to the numerical coefficients, that of the first 
teYm will be I, that of the second will be 5, that of the third 
will be equal to the number of products, which may be form- 
ed of 5 letters taken 2 and 2, that of the fourth will be equal 
to the number of products, which may be formed of 5 letters 
taken 3 and 3, and so on. Thus the numerical coefficients 
will be 1, 5, 10, 10, 5, 1 

whence 
(x4-a)5 = x5 + 5ox4 + 10a2a:3 + 10a3a;2-f.5:a*a; + a5 

Let it next be require^ to raise x 4- a to the mth power, we 
shall have, according to the preceding rule, for a few of the 
first terms without the numerical coefi^cients 

ac*'* -I- a a:"* — l-j-a^a:*'* — S-^dSj^m — 3^ . • . 
16* 
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Here the numerical coefficients cannot be determined ntitil 
we assign a particular value to m ; by the preceding rule, how- 
ever, the numeri<;al coefficient of the second term will be equal 
to m, whatever the value of m n^iay be. In the development 
therefore of (x -f a)^ we write m for the coefficient of the 
second term. With respect to the third term the numerical 
coefficient will be equal to the number of products, which 
may be formed of m letters 2 and 2 at a time ? this is express- 

ed by the formula — r-g — , we write therefore — j-g — for 
the coefficient of the third term. For a similar reason 

flTs ^^^^ ^^ *^® coefficient of the fourth term and 

so on. We have then 

.... a***. 

From inspection of the different terms of this development 
it will be perceived, that the coefficient of the fourth, for ex- 

ample, is formed by multiplying — j-2 — , the coefficient of the 

third term, by tn — 2 the exponent of x in this term, and di- 
viding by 3 thie number, which marks the place of this term. 
It will be perceived also that the coefficient of the third term 
is formed in the same manner by means of the second term, 
and that of the second by means of the first. We readily in- 
fer therefore the following rule, by which to form the coeffi- 
cient of any term whatever, viz. Multiply the coefficient of the 
preceding term by the exponent of x tn that term^ and divide the 
product by the number^ which marks the place of that term from 
the left. 

From what has been done, we have therefore the following 
rule, by which to raise a binomial to any power whatever, viz- 
l^ The coefficient of x in the first term is unity ^ and its exponent 
is egudl to the number of units in the degree of the power to which 
the binomial is to be raised. 2*^. To pass from any term to the 
following, we multiply the nuinericdl coefficient by the exponent of 
X in that term, divide by the nmiber which marh the place of 
th€U term from the left, increase by unity the ea^onent of a and 
diminish by unity the exponent of x. 
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According to this rule >^ 

(x+a )«===a:«+6a«5+ 15aV-f 20a3jc3^ 15ii4aj2^«6 a^ar-f <*» 

134. It sometimes hftppens, that the terms of the proposed 
binomial are affected with coefficients and exponents. The 
following example will exhibit the course to be pursued in 
cases of this kind. 

Let it be proposed to raise the binomial 4a^b — 3 abc to 
the fourth power. 

Putting 4 q^ 6 = X, and — 3 a 6 c = y, we have 

(x + y)4-=ia?4-f.4x3y + 6a:3y2-j-4jty» + y* 
Substituting next for x and y their values, we have 

(4a96 — 3aJc)4 = (4a26)44.4(4aS6)3(— 3a6c)+ . . 
6 (4 «« b)^ (—3 a 6 c)2 + 4 (4 o^ 6) (—3 a 6 c)3 + (—3 abe)^ 
or performing the operatit)ns indicated, we have 

(4 a^b — 3abcy=^256 oS 6* — 768 a^ b*€ + 86ia^ b*(^ . . 

— 432a5 6< c3 + 81 an^c* 

The terms produced by this development are alternately 
positive and negative. This, it is evident, should always be 
the case, when the second term of the proposed binomial has 
the sign — . 

135. The powers of any polynomial whatever may be found 
by the binomial theorem. Let it be proposed to find for ex- 
ample, the third power of the trinomial a + * + <?• 

In order to apply the rule to this case, we put a-^-b^^m ; 

the proposed is then reduced to the binomial m-^-e^ and we 

have (m + cP = m^ + Sm^c + Sm€^-{'C^ 

whence, restoring the value of m, we have 

(a-}-6-f c)3 = a3 + 3a26-t-3a624-63 

-j-3o2c-|-6o6c-f 36Sc 
3ac3 + 3dca 

The same process, it is easy to see, may be applied to any 
polynomial whatever. 

MISCELLANEOUS EXAMPLES. 

1. To find the third power of 8 a — 6 + ^' 

2. .To find the seventh power of 3 o^ — 2 a^. 



189 ELEMENTS OV ALGEBRA. 

3. To find the fifth power of a^ — c — 2 rf. 

4. To find the fifth power of 1 a^b^— la a^ c®. 

5. To find the third power of 2 a® — 4 a 6 + 3 ft^. 

Section XVII. — RooTd op Compound Quantities. 

136. We pass next to the extraction of the roots of com- 
pound quantities, beginning with the third or cube root of 
numbers. 

In the following table, we have the nine first numbers, with 
their third powers or cubes written under them respectively. 
1, 2, 3, 4, 5, 6, 7, 8, 9 
1, 8, 27, 64, 125, 216, 343, 512, 729 

By inspection of this table, it will be perceived, that among 
numbers consisting of two or three figures, there are nine only, 
which are perfect third powers, the others have each for a root 
an entire number plus a fraction. 

If the proposed number consists of not more than three fig- 
ures, its third root, or that of the greatest third power con- 
tained in it, may be found immediately by the above table. 

Let it be proposed to extract the third root of a number, con- 
sisting of more than three figures, 103823, for example. 

The proposed being comprised between 1000, the third 
power of 10, and lOOOOOO, the third power of 100, its root 
will consist of two places, units and tens. To return therefore 
from the proposed to its root, let us observe the manner, in 
which the units and tens of a number are employed in forming 
the third power of this number. For this purpose designat- 
ing the tens by a and the units by &, we have 

From this we learn, that the third power of a number consist- 
ing of units and tens is composed of the third power of the 
tenSy the triple product of the square of the tens by the unitSy ike 
triple product of the tens by the square of the unitSy and the third 
power of the units. 

If then we can determine in the proposed the third power 
of the tens, the tens of the root will be found by extracting 
the third root of this part. The third power of the tens, it 
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is evident, can have no significant figure below the fourth 
place, the three figures on the right will therefore form no part 
of the third power of the tens, and may on this account be 
separated from the rest by a comma. The third power of the 
tens will then be contained in 103, the part at the left of the 
comma. The greatest third power contained in 103 is 64, the 
root of which Is 4 ; 4 is therefore the significant figure in the 
tens of the root sought. Indeed, the proposed is evidently 
comprised between 64000, the third power of 40 or 4 tens, 
and 125000 the third power of 50 or 5 tens. The root sought 
is therefore composed of 4 tens and a certain numbei of units 
less than ten. 

The tens of the root being thus obtained, we subtract the 
third power 64 from 103, the part of the proposed at the left 
of the comma, and to the remainder bring down the figures at 
the right. The result of this operation, 39823, must contain, 
from what has been said, the triple product of the square of the 
tens by the units together with the two remaining parts in the 
third power of the root sought. 

The square of the tens, it is evident, will contain no signifi- 
cant figure less than hundreds, on this account we separate 23, 
the two figures on the right of the remainder 39823, froni the 
reft by a comma ; 398, the figures on the left of the comma, 
will then contain the triple product of the square of the tens 
of the root sought by the units and something more, in con- 
sequence of the hundreds arising from the two remaining parts 
of the third power of the root sought. Dividing therefore 
398 by 48, the triple product of the square of the tens, already 
found, the quotient 8 will be the unit figure sought, or, from 
what has been said, it may be too large by 1 or 2. 

To determine whether 8 be the right unit figure we raise 
48 to the third power. This gives 110592, a number greater 
than the proposed ; 8 is therefore too large for the unit figure. 
We next try 7; 47 raised to the third power gives 103823. 
The proposed is therefore a perfect third power, the root of 
which is 47. 

The operation may be exhibited as follows. 
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103.823 I 47 
64 

"398,23 I 48 



103,823 



Any number however large may be considered as composed 
of units and tens ; the process for finding the root may there- 
foife be reduced to that* of the preceding example. 

Let it be proposed, for exfeLmple, to find the third root of 
43725678. Considering the root of this number as composed 
of units and tens, 678 the three right hand figures, it is evident 
will form no part of the third power of the tens. On this ac- 
count we separate them from the rest by a comma. The third 
power of the tens being contained then in the part at the left 
of the comma, we obtain the tens of the root sought by ex- 
tracting the third root of this part. Considering therefore, 
for the moment, the part of the proposed 43725 as a separate 
number, its third root, it is evident, may be found as in the 
preceding example. Performing the operations, we have 35 
for the root and a remainder of 850. There will therefore be 
35 tens in the root of the proposed, and in order to find the 
units, we bring d<}wn the three right hand figures 678 by the 
side of 850, which gives 850678. Separating next the two 
right hand figures of this last from the rest by a comma, and 
dividing the part on the left by the triple square of the tens 
already found, we obtain 2 for the unit figure of the root 
sought. To determine whether this is the right figure, we 
raise 352 to the third power, which gives 43614208, a result 
less than the proposed. .352 is therefore the*root of the pro- 
posed to within less than a unit. 

The operation may be exhibited as follows 



43,725,678 
27 



352 



1st Dividend 167,25 | 27 1st Divisor 

Third power of 35 42875 

2d Dividend . ~8506^ 3675, 2d Divi&or 

Third power of 352 43614208 

Remainder 11450 
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The same process, it is easy to see, may be extended to any 
number however large. The rule therefore for the extraction 
of the third root will be readily inferred. 

If it happens, that the divisor is not contained in the divi- 
dend prepared as above, a zero most be placed in the root, and 
the next figure brought down to form the dividend. 

EXAMPLES. 

1. To find the third root of 91632508641. 

2. To find the third root of 32977340218432. 

3. To find the third root of 217125148004864. 

137. If the proposed be a fraction its third root is found by 
extracting the third root of the numerator and denominator. 

Thus'l/lis? 

If the denominator is not a perfect third power it may be 

made so, by multiplying both teims by the square of the de^ 

3 
nominator ; thus if the proposed be ^ we multiply both terms 

147 
by 49 ; the fraction then becomes gj^j ^^® ^^^^ ^^ which is 

nearest^, accurate to within less than^. 

138. We have seen, art. 97, that the square root of an en- 
tire number, which is not a perfect square, cannot be exactly 
assigned. The same is true with respect to the roots of all 
entire numbers, which are not perfect powers of a degree de- 
noted by the index of the root. ' 

The third root of a number, which is not a perfect third pow- 
er may be approximated by converting the number into a fi-ac- 
tion, the denominator of which is a perfect third power. Thus 
let it be required to find the approximate third root of 15. This 

k u * ^ *i. r 15 ><C 123 26920 ^, ^ 

number may be put under the form — == , the 

^ ^ 1J23 1728 ' 

29 5 1 

third root of which is j^) or 2 jg, accurate t o within less than jg" 
If a greater degree of accuracy were requ ired, we should con- 
vert the proposed into a fraction, the deno*minator of which is 
the third power of some number greater tlhan 12. 

In such cases it is most convenient to c onvert the proposed 



n 
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number into a fraction, the denominator of which shall be the 
third power of 10, 100, 1000, &c. 

Thus if it be required to find the third root of 25 to within 
.001, we convert the proposed into a decimal, the denominator 
of which is the third power of 1000, viz. 25.000000600, the 
third root of which is 2.920 to within .001 ; we have then 

V25 = 2.920 accurate to within less than .001. 

To approximate therefore the third root of an entire number 
by means of decimals, we annex to the proposed three times as 
many zeros as there are decimal places required in the rooty we 
then extract the root of the nv^nher thus prepared to within a unitj 
and point off for decimals j as many places da there are decimal 
figures required in the root. 

1^. If the proposed number contain decimals, beginning 
at the place of units, we separate the number both to the 
right and left into periods of three figures each, annexing ze- 
ros if necessary to complete the right hand period in the de- 
cimal part. We then extract the root, and point ofi* for deci- 
mals in the root as many places as there are periods in the de- 
cimal part of the power. 

If the proposed be a vulgar fraction, the most simple meth- 
od of finding the third root is to convert the proposed into a 
decimal, the number of places in which shall be equal to three 
times the number of decimal figures required in the root 
The question is thus reduced to isxtract the third root of a 
decimal fraction. 

, EXAMPLES. 

1. To find the approximate third root of 79. 

2. To find the approximate third root of 15^. 

3. To find the approximate third root of 3;00415. 

4. To find the approximate third root of 23.1762. 

5. To find the i^proximate third root of ^^. 

140. By processes*' altogether similar to that, which we have 
employed in the ext taction of the third root of numbers, we 
may extract the root of any degree whatevier. The method of 
extracting the root c»f any degree whatever, in the case of al- 
gebraic quantities^ i s also founded upon the same principles. 
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The following example will be sufficient to illustrate the 
course to be pursued, whatever the degree of the root required 
may be. 
Let it be proposed to extract the fifth root of the polynomial 

32 a^^^SO a« b^-\-SOa^ 6«— 40 oH* + 10o«6'' — 6» 
The proposed being arranged with reference to the powers 
of the letter a, we seek the fifth root of the first term 32 a*^ 
Its root 2 a^ will be the first term of the root sought. We 
write therefore 2 a^ in the place of the quotient in division, 
and subtracting its fifth power from the whole quantityi we 
have for a remainder 

— 80 a^ &3 4-80 a« 6« + &c. 

The second term of the binomial (a + b)^ is 5 o*6; this 
shows, that in order to obtain the second term of the root, we 
must divide — 80 a^ b^^ the second term of the proposed^ by 
five times the 4th power of 2 a^, the term of the root already 
found. Performing the operation we obtain — 6^. This will 
be therefore the second term of the root- Raising 2 a* — 6^ 
to the fifth power, it produces the quantity proposed. The 
root is therefore obtained exactly. Tf the root contained more 
than two terms, it would be necessary to subtract the fifth 
power of 2 a^ — 6^ from the proposed quantity, and then in 
order to find the next term of the root, to divide the first term 
of the remainder by five times the 4th power of 2 a? — Ifi, In 
this case, however, only the first term of the divisor would be 
used ; we should have therefcire the same divisor, that was 
used the first time. 

141. When the index of the root has divisors the root may 
be found more readily than by the general method. Thus the 
fourth root may be found by extracting the square root twice 
successively ; for the square root of a* is o% and that of o* is 
a, the fourth root of a^. In general, all roots of a degree mark- 
ed by 4, 8 or any power of 2 may be found by successive ex- 
tractions of the square root. Roots, the indices of which are 
not prime numbers, may be reduced to others of a degree less 
elevated. The 6th root, for example, may be found by first 
extracting the square and then the third root ; for the square 
root of tfi is a^, and the third root of a^ U ^ 

17 
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EXAMPLES. 

1. To find the third root of 8 a?» + 36 «» + 64 x + 527. 

2.1 To find the third root of «* + 6 a» — 40 x» + 96 x» — 64. 

8. To find the third root of 

ISx* — ex +x' — 6x' — 20x^+15x^^1. 

4. To find the third root of 

27x« — 64x* + 63a:* — 44x» + 21a^ — 6x + l. 

6. To find the fourth root of 

216o»x» — 216ox» + 81x* + 16a*— 96a»x. 

« 
Section XVIII. — Calculus or Radical Expressions. 

142. Radical expressions, the roots of which cannot be 
found exactly, frequently occur in the solution of questions. 
On this account mathematicians have been led to investigate 
rules for performing upon quantities subjected to the radical 
sign, the operations designed to be performed upon their roots. 
In this way the calculations required in the solution of a ques- 
tion. are frequently rendered more simple, and the extraction 
of the root is lef^ to be performed at last, when the ladical 
expression is reduced to the most simple form, which the 
nature of the question will allow. 

ADDITION AND SUBTRACTION. 

143. Radical expressions of the same degree, and which 
have the quantities placed under the radical sign also the same, 
are said to be similar. 

The addition and subtraction of similar radicals is perform- 
ed upon the coefficients. Thus the sum of the radicals 

3 v'6,9/^6isl2>^6; the sum ofa/^Wcyh a/^ — c^K 

6 

is (a + b'-c) a/i^c. 

In like manner 9 ^ a* c subtracted from 12 'v/ a^ c gives 

8 7 7 

3 V o* c, and b ^ a b* subtracted from o V a 6' gives 

(o_6)l/^ 

Radical expressions, which are at first dissimilar frequently 
become similar when reduced to their most simple form. 
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t 

3 S 

Thus, let it be required to add 5 V 2 a* A* and a V54 o' 6*. 
These expressions reduced to their most simple form become 

3 3 

5 a V2 a' b\ 3 a V2 a' 6'; their sum is therefore 

8oV2a»6*. 
The addition and subtraction of dissimilar radicals can be 
effected only by means of the signs -|- and — , 

EXAMPLES. 

1. To find the sum of 5 a» V 6 c*, and a Vda^bc^. 

2. To find the sum of a c* Vl6 b^ c, and 3 V?PV. 

3. To find the sum of A/l47a'6c*, and 5 c* a/75 a' 6 c. 

4. To find the sum of ? Vs, — 7 ViS, 5 a/72, and — VsO. 

Ans. 8^2. 

5. To find the sum of 8 V}, — i A/i2, 4 a/27, and — 2 ^^ 

Ans. ^ V^ 

6. To find the sum of 2Vfj \/60,— \/l5, and Vf. 

Ans. ff vis. 
7., To find the sum of V'l8a*6», and VsOoH*. 

Ans. (3 a' 6 + 6 a 6) V 2a6. 

8. To subtract V9 a* 6* c from 7 a V^'c. 

3 3 8 

9. To subtract a/24 from a/192. Ans. 2 v'*. 

8 8 



10. To subtnust \/:?l? from l/?L?!^ 



2i ^ 26 






MULTIPLICATION AND DIVISION. 



7 7 

144. Let it be required to multiply s/ ahy ^ 6, we have 

7 7 7 7 7 

^oX/^b=s^ab'j for /^aX a/ b raised to the seventh 

7 

power gives a b for the result, and ^ab raised to the seventh 
power gives also a b for the result; whence the sevenfli pow- 
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ers of these expressions being equal, the expressions them- 
selves must be equal. 

The same reasoning may be applied to all similar cases ; we 
have therefore the following rule for the multiplication of rad- 
ical expressions of the same degree, viz. Take the product 
of the ^fiantities under the radical sigfi, observing to place the re- 
sult under a sign of the same degree. 

5 5 

Let it next be required to divide v a by /^ b. In this 

5 6 5 

case we have ^l_ ^=1/ ^ ; for the expressions ^lL_, 

/a a 

X/. r being raised to the fifth power give each v; these ex- 
pressions are therefore equal. . 

We have then the following rule for the division of one rad- 
ical quantity by another of the same degree, viz. Take the 
quotient arising from the division of the quantities under the rad- 
ical sign, recollecting to place it under a sign of the same degree. 

EXAMPLES. 
3.3 3 

1. Multiply >v/ 4, 7 /^ 6, and J >\/ 5 together. 

Ans. i a/120. 

2. Multiply 5 a/ 3, 7 V Sj and a/ 2 together. Ans. 140. 

3. Multiply 7 + 2A/6by 9 — 5a/6- Ans.3 — 17 a/6. 

4. Multiply 8 + 2A/7by8 — 2V7. Ans. 36. 

5. Multiply5V3— 7A/6by2A/8 — 3. 

__ Ans. 41 V 6 — 71 ^3. 

6. Divide V243 by V48. Ans. 2 f . 

7. Divide V247*T' by Vsi a« b. Ans. ^a^b. 

8. Divide 1 by 1 -{-\/2. Expressing the quotient in the 
form of a fraction, and multiplying both terms by 1 — \/ 2, 
we have Ans. V^ — 1. 

9. Dividel-f-V6by2A/2— \/3. Ans. VS + ^/S. 

FORMATION OP POWERS AND EXTRACTION OF ROOTS. 

6y 

145. Let it be required to raise the radical V a'6 to the 
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third power ; we have 

5 6 6 5 5 

(Va« 6)»= V a» b X ^a»'6 X '^a' b — V a* b\ 
accordiug to the rule established for multiplication. 

Whence to raise a radical quantity to any power ; wt raiu 
the quantity placed under the radical sign to the power required, 
observing to place the result under the same radical sign. 

When the index of the radical is a multiple of the exponent 
of the power to which the radical is to be raised, it may be' 
raised to the power riequired in a more simple manner than by 
the preceding rule. 

Thus let it be required to raise V 2 a to the second power. 
The proposed from what has been said, art. 141 , may be put 

under the form "y V 2 a; but to raise this expression to the 
second power, it is sufficient to suppress the first radical sign } 

whence (V2a)«=v'2a. 

®/ 

Again, let it be required to raise V 56 to the third power, 

V— = 

The proposed may be put under the form "y -^S^; whence 

9 3 

Whence if the index of the radical is divisible by the exponeni 
of the powerj to which the proposed quantity is to be raised^ th9 
operation is performed by dividing the index of the rfMdical by th» 
exponent of the power. 

With respect to the extraction of roots, it is evident from 
the preceding rules, that to extract the root of a radieal, 100 
may extract the root of the quantity placed under the radical sign^ 
the result being left under the same radical sign^ or we may muUi" 
ply the index of the radical by the index of the root to be ex* 
traded* 

Thus, V V 27V"=: v'ToT V V'375= V3cl 

EXAKPIiES. 
3 

1. To raise ^ a^V io the fourth power. 
12 

S. To raise v^a' ^ c to the sixth power. 



17 



* 
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3 

3. To find the fourth root of v^32 a^ 6". 

4. To find the fifth root of V 243 a'^ P. 

REDUCTION OF RADICAL. EXPRESSIONS TO THE SAME 

INDEX. 

146. It follows from the principles established above, that 
if we mvUiply at the same time the index of the radical and the 
exponents of the quantity placed under the radical sign by the 
same number^ the value of the radical remains the same. 

V- — 

Thus if we multiply the index of the radical Va' b by 3, 

ij 

we have Va* A, the third root of the proposed; if then we 

multiply the- exponent of the quantity placed under the radi- 

15 15 

cal sign by 3, we have V a^ 6' the third power of ^ o* 6, the 
second operation therefore restores the expression to its origi- 
nal value. 

147. By means of this last principle, we may reduce tw^o or 
more radicals of different indices to the same index. Thus let 

3 4 

there be the two radicals ^ 2 a, ^b^ c. Multiplying the in- 
dex and also the (exponents of the quantities placed under the 
radical sign in the first by 4, and in the second by 3, we have 

12 12 12 

for the first v^2* a* or v^ 16 a\ and for the second v^6V. The 
proposed are therefore reduced to equivalent expressions hav- 
ing a common index 12. 

In like mann^ the three quantities 

v^T^ y/'cF¥, y/'Vd^ 
become respectively 

106 105 105 

y/ a»* 6^^ V a*" €*«, ^ b*"" c** 
having a common index 105. 

From what has been done we have the following rule for 
reducing radical expressions to the same index, viz. Multiply 
at the same time the index belonging to each radical sign^ and the 
exponents of the quantities placed under this sign by the product 
of the indices belonging to all the other radical signs. 
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. If the indices of the radicals have common factors, the cal- 
cuIatioDS are rendered more simple by taking for the common 
index the least number exactly divisible by each of the indi- 
ces. 

A quantity, which has no radical sign, may on the same 
principles be placed under a radical sign ; for this purpose, 
we raise the quantity proposed to the power denoted by the index of 
the radical sign^ under which it is to be placed. 

Thus if it be required to put the quantity a' under the sign 

s 5 

V', we have for the result v^ a^®. 

148. Radical expressions having different indices must be 
reduced to the same index before applying to them the rules 
for multiplication and division laid down above. The follow- 
ing examples will serve as an additional exercise in the multi- 
plication and division of radical quantities. 

.4 5 20 

1. Multiply v" 2 by v^ 3. Ans. l/2592. 

3 6 

2. Multiply a/ ahyVb. Ans. \^ a' b\ 

3. Multiply Va by \^ b. Ans. V a^ b\ 

4 4 4 

4. Multiply 3 a Vs a' by 2 6 V 4 a* c Ans. 12 o' 6 V 2 c. 

3 4 12 

5. Multiply V 2, V 3, and V 5 together. Ans. V 648000. 

6. Multiply V4, V^, and V 6 together. Ans. V^- 

7. Multiply 2 V^ — 3 V'5by4v'3 — Vl0. 

Ans. 39^/^-^16^16. 

8. Multiply 4 Vi + 5Vi by Vj + SVi. _ 

Ans. ^ + ^^V42. 

9. Divide ^ 6 by ^ 2. Ans. J V55296.~ 

10. Divide Vl35by V3. Ans. ^75. 

11. DivideoV&by^ft. Ans. a V 6. 

12. Divide ^/ ahy a^ b + a^ c. Ans. vV6 — "^c 

b — c 

13. Divide 4 by V ^ + 3. Ans. 3 — V 5. 
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14. Divide V 3 by 1 + V 2- Ans. ->/ 8 (V 8 — 1). 

15. Divide i-s/JbyVa + S Vl- Ans. ^. 



16. Divide 1 by V a + V 4 Ans. K "~rfCZj 



.V/^^' 



3, 

17. Divide Va» 6*+ 6* by 



ix ^'-y 

3 

Ans. 2 ^r 

a' — 6' 

n n • 

18. Divide v/\/<* + V^ by -t/V^ — V^ 



y if—}? 






Section XIX. — Theory op Exponents. 

149. We have seen, art. 42, that with respect to the same 
letter, division is performed by subtracting the exponent of 
the divisor from that of the dividend. The application of this 
rule to the case, in which the exponent of the divisor is equal 
to that of the dividend, gives rise to the exponent 0. An ex- 
pression a^, in which this exponent is found, is to be regarded, 
art. 45, as a symbol equivalent to unity ^ 

150. The application of the same rule to the case, in which 
the exponent of the divisor exceeds that of the dividend, 
gives rise to negative exponents. Thus let it be required to 
divide a' by .o^. Subtracting the exponent of the latter from 
that of the former, we have o-^ for the result. But c^ divid- 

ed by a* is expressed by the fraction -r ; reducing this fraction 

a 

to its lowest terms, we have -s. The expression o~* must 

therefore be regarded as equivalent to ^. 

a"* . 

In like manner "^j^^ gives by subtracting the exponent of 

the divisor from that of the dividend aT"; but the fraction 
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qTO+» 



- gives when reduced to its lowest terms — ; whence a 

o 

1 



is equivalent to ^ 

The expression a """ is therefore the symbol of a division, 
which cannot be performed. Its true value is the quotient of 
unity divided hy a raised to a power denoted by the negative ex- 
ponent n. 

151. To find the roots of monomials, we divide, art. 125, 
the exponents of the proposed by the index of the root re- 
quired. The application of this rule to the case, in which 
the exponents of the proposed are not divisible by the index 
of the root, gives rise to fractional exponents. Thus let the 
third root of a be required. Indicating upon the exponent of 
a the 9peration required in order to obtain the third root, we 

have for the result a^. But we have agreed to indicate the 

3 3 i 

third root by \/ ; the expressions \/ a, d^ are therefore to 
be regarded as equivalent. In like manner, we have. 

m 

The expression a " is therefore to he regarded as a symbol equiva^ 
lent to the nth root of the mth power of a. 

152. The two preceding cases sometimes meet in the same 
expression. This gives rise to negative fractional exponents. 
Thus let it be required to extract the seventh root of o^ divid- 

ed by a^ ; we have -^ = a^% the seventh root of which is 
a \ In like manner the nth root of 



m 

The expression a " is therefore the symbol of a division 
which cannot be performed, combined with the extraction of 
a root. Its true value is the nth root of the quotient of unity di- 
vided by a raised to the mth power. 

The expressions o®, a""'", a ", a ", derived in the manner 
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above explained from rules previously established, have be- 
come by agreement notations equivalent respectively to 1, 

1 "1 

--: "y^— ^ /—- ; we may therefore at pleasure substitute the 

former of these expressions for the latter and the converse. 

153. We proceed to show/ that the rules already establish- 
ed for performing the operations of arithmetic upon quantities 
affected with entire and positive exponents are sufficient for 
these operations, whatever the exponents may be, with which 
the quantities are affected. 

MULTIPLICATION. 

I f 

Let it be required to multiply a by a . To perform the 

operation required, it is sufficient to add the exponetiis, 

A 6 g 

Indeed a = Va^, a = -^a^ whence 

3 2 6 8 l» U 

a X a='Va^ X Vo2 = V?"» = a . 
But adding the exponents, we have 

a X « =a = « 
the «un^ result as before. 

Again, let it be required to multiply a~* by a*; we have 

a^ == V a^, and a "" * = \/^ a^ 

4 12 

whence a""* X a*= ^/^L X v^ a^=y/^ X i^*'*" • • 

But adding the exponents of the proposed, we have 

the same result as by the former operation. 
Let it be required next to multiply a'u by a9 ' 

we have a m==|/^^, ^qz=zA/dP; 
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n 



whence a « X a« = y/^ ^ X v «^ 

«^ 

g=;t y/^ q ** p "^ »p — '^ 

We arrive at the same result by adding the exponents of 
the proposed. 

m p np —' tnq 

Indeed a'^'n ^f _«. ^ ^^^ 

To multiply two monomials therefore, it is sufficient what- 
ever the exponents, to add the exponents of the letters^ which 
are the same in each, 

EXAMPLES. 

1. Multiply a^ c^, a""^ 6, and c* 6"* together. 

Ans. a""*ft*cS 

2. Multiply -^ by ^—. ^ -J 

3. Multiply a*+6^bya* — fti Ans. a* — 6 *. 

4. Multiply 3 + 52" by 2 — 5*. Ans. 1—6*. 

DIVISION. 

154. Whatever the exponents may be, in order to divide 
one monomial by another, we subtract for each letter the «ap- 
ponent'of the divisor from that of the dividend. 

Indeed, since the exponent of each letter in the quotient 
should be such, that when added to the exponent of the same 
letter in the divisor, the sum will be equal to the exponent of 
the dividend, it follows, that the exponent of the quotient 
should be equal to the difference between that of the divisor 
and the dividend. 

EXAMPLES. 

1. Divide a^by a"" *. Ans. a ** 

2. Divide a * by a * Ans. a " *. 

3. Divide a^ 6 * by a"* 6 * Ans. a ** "*. 
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4. Dividea^ — 6^bya* — 6* Ans. a* + a* 6* + 6* 

5. Divide 5 a^^ — 41 a^^H + 42 a ^V 52 by 5 a ^ — 6 a^ ft. 

Ads. a^ — 7a ^b. 

FORMATION OF POWERS AND EXTRACTION OF ROOTS. 

155. From the rule for multiplication, it follows, that to 
raise a monomial to any power, it is necessary whatever the 
exponents of the letters, to multiply the exponent of each let- 
ter by the exponent of the power required. 

Thus a~^ raised to the third power 

_„-f + (-§) + (-S)_„-| = „-a 

Conversely to extract the root of a monomial, U7e divide the 
exponent of each letter by the index of the root. 

Thus^a""»=:a"^. 
The utility of exponents of the kind, which we are here 
considering, consists principally in this, that the calculation of 
quantities affected with these exponents is performed by the 
rules already established for quantities affected with entire and 
positive exponents. The calculation is moreover reduced to 
operations upon fractions, with which we are already familiar. 

156. By means of negative exponents we may give an en- 
tire, form to fractional expressions. Thus let there be the frac- 
tion ^, this is the same as x X jr ; but -j5 = y— 2; whence 

X ef 

157. Fractional and negative exponents enable us to arrange 
polynomials, which jcontain radical terms. Thus let it be re- 
quired to arrange the polynomial 

according to the descending powers of the letter a. 

To perform the operation required, I'*, we give to the rad- 
ical quantities fractional exponents. 2*^. We reduce to an en- 
tire form terms, which have denominators. 3. We reduce all 
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the exponents of the letter^ according to which the arrange- 
ment is to he made, to their least common denominator. The 
proposed may then be arranged according to the powers of 
the letter required. 

In the preceding example we have for the result 

Section XX. — Proportions. 

158. When two quantities are compared with respect to 
their magnitude, the result of the comparison is called their 
ratio. In general, there are two different ways, in which the 
magnitude of two quantities may be compared ; V, we may 
wish to determine how much the greater exceeds the less; 
the result is then obtained by subtraction, and is called the 
ratio of the quantities &y difference ; 2^. we may wish to de- 
termine how often one of the quantities is contained in the 
other ; the result is then found by division and is called the 
ratio of the quantities hy quotient. 

Thus the ratio by difference of the quantities a and b is 

a 
a — 'by and the ratio by quotient is t ; (^ &i^d 6 are the term$ 

of the ratio. 

The scone quantity may be added to, or subtracted fiomp both 
terms of a ratio by difference without changing the ratio^ for 
a — 6 = (a + c)— (6 + g) = (o — c) — (6^c) 

The two terms of a ratio by quotient may be multiplied or cfi- 

mded by the same quantity without changing the ratioj for 

a am 

' b b m 
Ratios by difference are sometimes called arithmetieal ratios, 

and those by quotient geometrical ratios. 

159. An expression for two equal ratios is called a propor^ 

tion. If the ratios are by difference, the proportion is called 

a proportion by difference. Thus the equality 

b — a=^rf— rC 

is a proportion by difference, and is usually written thus 

a . b : c . d 

18 
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If the ratios are by quotient, the proportio|i is called a pror 

a c 
portion by qwaient Thus the equality - »=- is a proportion 

by quotient, and is usually written thus 

a: b :: c : d 

The proportions above are read thus, a is to b as c to dL 
The first and last terms are called the extremes of the propor- 
tion; the second and third are called the means; a is called 
the antecedent J b the consequent of the first ratio ; c the antece- 
dency d the consequent of the second ratio. 

Proportion by difference is sometimes called arithmetical 
proportion, that by quotient geometrical proportion^ Propor- 
tioB by difference is now, however, more commonly called 
eqttidifference, while tbe term proportion is limited to propor- 
ti«kD8 by quotient. 

EQUIDIFFERENCES. 

160, Let there be the equidifference a . b i c . d; this is 
the same with the equation 6 — a = <2 — c, from which we 

deduce a-|-d=6-i-<^ 

Thus in an equidifference the sum of the extremes is equal to 
the sum of the means. This is the leading property of equi- 
differences. 

Reciprocally, let there be four quantities a, 6, c, J, such 
that a + d = 6 -|- c. From this equation we obtain 

b — a = rf ■— c, or a . 6 : c . d. 

Thus if there be four quantities suchj that any two of them give 
the same sum with the other Iwo, the first are the extremes^ the sec^ 
and the means, or the converse, of an equidifference. 

Any three terms of an equidifference are sufficient to deter- 
mine the fourth ; thus, from the equidifference, a , b : c , d, 
we deduce a==6 — d^Cy 6==a-|-d — c. 

In the equidifference a . b : c . d, let c = 6 jj we have 

a . b : b , d, 

* 

This is called a continued equidifference, and b is called an 
arUhmetical mean between a and d, 
Fiom the equidifference a , b I b . dj we deduce 

A==:J(a + d); 
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thus the arithmeticai mean between two quantities is equal to half 
their sum. 

161. In order that an eqnidiffeience may exist, it is suffi- 
cient, that the sum of the extremes should he equal to the 
sum of the means ; we may therefore make any transposition 
of the terms, of an equidifference, which will not alter the 
equality between the sum of the extremes and that of the 
means. The equation a — 6 = c — d furnishes the eight foU 
lowing equidifierences 

a . b I c . dy a , c : b , dj d . b l c . a^ d . cl b , a 
b , a I d . Cj b . d : a , c^ c , dl a . by c . a l d • b 

PROPORTION BY QUOTIENT. 

162. Let us take the proportion al b :i cl d; this retunii 

to - = -, an equation, which gives 

ad=:bc 

Thus in a proportion hy quotient the product of the extremes 
is equal to the product of the means. This is the fundamental 
property of proportions. 

Reciprocally, let there be four quantities a, 5, c, d, such, that 

b d 
ad^ss.bc\ this leads to the equation - = -, or 

a\b :i c\d. 

Whence if four quantities be suchy that any two of them give the 

same product as the remaining twoj the first loiU form the ex- 

tremes and the second the mea/u, or the converse, of a proportion* 

Three terms of a proportion are sufficient to determine the 

fourth ; thus from the proportion a : 6 : : c : rf, we deduce 

be ad 

o«---^,6=— , &c. 

The proportion alb :ib : dy in which the two mean terms 
are the same, is called a continued proportion, and b is called a 
mean proportional between a and d^ 

From the continued proportion a:b:zb:dy we deduce 

6' = a c2, whence b = N^a d. Thus to find a mean proportion^ 
al between two quantities^ we take the square root of their produi^. 
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163. In order that a proportion may exist, it is sufficient, 

that the product of the extremes should he equal to that of the 

means. We may therefore make any transposition in the 

terms of a proportion, which will leave the product of the ex- 

b d 
tremes equal to that of the means. Thus the equation - = ~ 

gives the eight followlDg proportions 

a : h :i c : dj a : c :: b: d^ b : d i: a: Cj d : ci: b : a 
b : atld: c, c : a:: d : bj d : b :i c : Uj c : ill a : b 

164. The same quantity m, it is evident, may he added to 

b d 

or subtracted from the equation - = -. so that we have 

* a c 

b d 



whence 



a — c 

6±»ia dzh^c 



« c 

but this last may assume the form 

c dzkz^c 

a b-\- m a 
from which we have the proportion 

b±ma: d:^mc :i a: e 

c d 
hut since -= t» we have also 

d dziz^c 

from which we have the proportion 

bzhma : d±mc :: b : d 
These two proportions may be enunciated thus ; 7!&e fersi 
ccansequent plus or minus its antecedent taken a given number of 
timesj is to the second consequmt plus or minus its antecedent 
UJiken the same number of times^ as the first term is to the ihirdy 
or as the second is to the fourth. 

d I in c C 

165. The expression ■= = - returns to 

b±ma a 

d"{^mc c d — mc c 

fc + ma a b — ma a 

_ d + mc d — mc 
whence 5— j— ^ — -=r 
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or b-^-ma: d-\-fnc:: b — maid — mc 

or changing the relative places of the means 

b-^ma:b — ma : : d-{-mc : d-^mc 
whence making «=: 1, we have 

b-j-aib — aiid-j-cid — c 
a proportion which may be enunciated thus^ 

The sum of ike first two terms is to their difference^ as the sum 
of the last two is to their difference. 

166. The proportion a : b : : c : d may be written thus, 

a : c : : b : df 
we have then 

c ^ d 

a b 

from which we obtain 

czh^a : d±^^ 11 a : bj or lie : d 
whence, the second antecedent plus or mintts the first taken a giw-' 
en number of times is to the second consequent plus or minus the 
first taken the same number of times, as any one of the antecedents 
whatever is to its consequent. 

If in the above proportion we make »i = 1, we have 
c :t: a : d d[z b : : a : b, OT : : c : d 
whence c^azc — a::d^b:d — b 

Therefore the sum or difference of the antecedents is to the sum 
or difference of the consequents, as one antecedent is to its conse^ 
quent, and the sum of the antecedents is to their difference, as the 
sum of the consequents is to their difference. 

167. Let there be the series of equal' ratios 

a:b: ;cid: :e:f::g :h . • . , 

a c e g 
Making - = q, we have 

b^ d^ f^ A_ 

a c e g"*^ 

whence b = aqf d:=cq,fz=s.e q,h=sgq 

edding these equations member to member, we have 

18 • 
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whence »+^+/ + *^ > 

or . a+ c-^ e-^g ; b-^-d-^-f + h : :a :b 

whence in a aeries of equal rcUioSp the sum of any number tohai' 
ever of antecedents^ is to the sum of the like number of consequeniSj 
as one antecedent is to its consequent* 

.^ . ^ ^ .^ . b d f h 

168. Let there be the two equations -=!->- =s - ; mui- 

^ a c e g 

tiplying these ecjuations member by member, we have 

bf_dh 

ae~^cg 
or ae : bf: ; eg : dh 

We obtain the same result by multiplying term by term the 
proportions a:b::c:d^eif::g:h; this is called multiply- 
ing the proportions in order ; it follows then, that if two ptv 
portions be multiplied in order j the results will be proportional. 

It will be seen also, that if two proportions be divided term 
by term, or in order, the quotients will be proportional. 

If in th^ equation - == - we raise both members to the mth 
^ a c 

power we have 

which giv^s a?^ ib^ II c^ I d*». 

It follows therefore that the second^ third, and in general the 
similar powers of four proportional quantities are also proportional 

In like manner it may be shown that the roots of the same 
degree of four proportional quantities are also proportional. 

(^UE8TION0 IN WHICH PROPORTIONa ARE CONCERNED. 

i. The sum of the squares of two numbers is to the differ, 
ence of their squares ^s 17 to 8, and their product i« 15. 
What are the numbers ? 

Putting X and y for the numbers, we have by the first con-* 



dition 


«8 + y«: 


ara. 


— y2;:17:8 


whence art, 165, 


2 a*: 




2y«::25:9 


or 


a?: 




^j :25:9 


whence art. 168, 


X : 




y : s 5:3 


wherefore 






3xs5u 
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By the second condition we k^ve xyssslSy comparing thif 
with the equation just found, we readily obtain xs= 5, ^ ss 3. 

2. The product of two numbers is 24, and the difference of 
their third powers is to the third power of their difference as 
19 to 1. Required the numbers. 

L'et X and y be the numbers, we have by the question 

jcy=24 
^-^y^ * (x — y)3 : : 19 : 1 
Transposing terms and developing (x — y)^ in this last, we 
have 3^ — y3 : 19 : : x^ — Sx'^y-^^xy^ — y^ : | 

whence art. 166, 3 x»y — 3x y» : 18 : : (x— y)3 : 1 

or diyidiog hj x— y and substituting for x y its value from the 
first equation 72 : 18 : : (x — y)^ : 1 

•whence x — ys=2 

Comparing this last with the first equation we obtain 

x=6, y = 4. 

3. The sum of two numbers is to their difference as 3 to 1, 
and the difference of their third powers is 56 ; what are the 
numbers ? Ans. 4 and 2. 

4. The sum of the third powers of two numbers is to the 
difference of their third powers as 559 : 127, and the square of 
the first multiplied by the second is equal to 294. What are 
the numbers } Ans. 7 and 6. 

. 5. There are two numbers, whose product is 135, and the 
difference of their squares is to the square of their difference 
as 4 to 1. What are the numbers? Ans. 15 and 9. 

6. What number is that, to which if 3, 8, and 17 be sever* 
ally added, the first sum will be to the second as the second 
to th« third ? Ans. 3^. 

7. A merchant mixes wheat, which costs him 10 shillings 
a bushel, with barley which eosts him 4 shillings a bushel, in 
such proportion as to gain 43| per cent. -by selling the mix- 
ture at 11 shillings a bushel. Required the proportion. 

Ans. 14 bushels of wheat to 9 of barley. 

8. The product of two numbers is 63, and the square of 
their sum is to the squi^re of their difference as 64 to 1. What 
are the p^mbers \- h-^s. 9 and 7^ 
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Section XXI. — Progressions* 

169. A series of quantities increasing or decreasing by a 
constant difference is called an arithmetical progression or pro- 
gression by difference. The constant difference is called the 
ratio of the progression. 

Thus let there be the two following series 

1, 4, 7, 10, 13, 16 
60, 56, 52, 48, 44, 40 
the first is called an increasing progression, the ratio of which 
is 3 ; the second is called a decreasing progression, the ratio of 
which is 4. 

To indicate that the quantities a, 6, c, (2 . . . form a pro- 
gression by difference, we write them thus 

•i- a . b . c * d , • . 

A progression by difference, it will readily be perceived, is 
simply a series of continued equidifferences. Each term there- 
fore is at once antecedent and consequent with the exception 
of the first term, which is only an antecedent and of the last, 
which is only a consequent. The progression -t- a , b , c . d 
is enunciated thus, a is to 6 as 6 to c, as c to cf, &c. 

170. Let us take the increasing progression 

and let d represent the ratio. 
From the nature of the progression, we have, it is evident, 

c = a + 2d 
k = a + Sd 

firom which it is readily inferred, that a term of any rank what" 
€ver i$ equal to the first term plus as many times the ratio^ as there 
are wdis in the number of the preceding terms. 

Let L represent a term of any rank whatever, and let n de- 
note the number, whieh marics the place of this term; we 
have firom what has been said 

L = a+{n—l)d 

This expression for L is called the general term of the se- 
ries. If the series were decreasing, we should have, as it is 
easy to see, for the general term 

L = a—{n—l)d 
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By means of the above formulas we may find any term of a 
progression by difference, when the first term, the number of 
the term required, and the ratio are given. 

Thus, let it be required to find the 50th term of the pro- 
gression -r 1 . 4 . 7 . . . . , we have by the first formula 

L = 1 + (50 — 1) 3 = 148. 

Again, let it be required to find the 40th term of the pro- 
gression -s- 5 . 3 . 1 . . ., we have by the second formula 

jr = 5 — (40 — I) 2 = — 73 

171. The first and last terms of a progression are called the 
extremes ; if the number of terms be odd, the middle term is 
called the mean ; if the number of terms be even, the two 
terms having the same number of terms on each opposite side 
are called the means. 

Let us take the general progression -^ a . 6 . c . . . A . 1: . /; 
from the nature of the progression, we have 

b — a = l—k 
whence J 4- A; = a + / 

so also c^-^b = k -^-^ h 

whence c-f-^ = ft-|-^ = a+/« 



from which we infer that in a progression by difference, the 
sum of any two terms taken at equal distances from the extremes 
is equal to the sum of the extremes. 

Let 8 represent the sum of all the terms in the progression 
-S-a.6.c....&.^./. Writing this progression in an in- 
verse order below itself, we have 

Szs^a-^b + c . . . . A . At. / 

fii = / -j- k -[- h..,.c.b.a. 
adding these equations member to member and uniting the 
corresponding terms, we have 

2i8f=(a + /)+ (b + k) . . . .+ (h+ c) + (k+ b) -^ (I + a) 
but the parts b -^^ kj h -^ c . . , sxe equal each to a + '1 ^^^ 
number of these parts moreover is the same, it is evident, 
with the number of the terms in the progression ; designating 
then this number by n, we have 

2>S=n(a + ./) 

whence S^!til±A 

2 



214 SLSMKNTS or ALGEBRA. 

By means of this formula w« find the sum of all the terms, 
when the first term, the last term and the number of the terms 
are given. 

EXAMPLES. 

1. What is the sum of the natural series of numbers 1, 2, 
3, 4, &c. up to 1000 ? 

2. The last term in a progression by difference is 60, the 
first term 12, and the number of terms 5. What is the sum 
of all the terms ? 

3. What is the snm of the uneven nuknbers 1, 3, 5, 7, &c. 
up to 93 ? 

172. The equations L = a + (n — 1) rf, S = " ^^ + ^^ 

furnish us with the means of resolving the following general 
problem, viz. Any three of the five quantities^ a, d, n, 1 and s, 
iohich enter into a progression by differentia being given^ to deter" 
mine the remaining two. 

This general problem resolves itself into as many particular 
problems as there are combinations of 5 letters taken 2 and 2, 
or 3 and 3 at a time. The number will therefore be 10. See 
the enunciations below. 

Let there be given 1^. a, d, n to find / and « 

2^. a, rf, / 

3*^. a, dy $ 

4^ fl, n, / 

5^ ajn,9 

6°. a, /, 8 

7^ rf, », / 

8**. dy n, 9 

9". rf, /,» 
10^ n, /, s 

173. Let it now be proposed to find the number of terms in 
the progression by difference, the sum of which is 145, the 
first term 1, and the ratio 3. 

This example is a particular case of the third general prob- 
lem ; to prepare a formula for its solution, we eliminate L from 
the equations 



. . s and s 


. . n and / 


. . d and s 


. . d and / 


. . d and n 


. . a and a 


. . a and / 


. . a and n 


. . a and d 
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by whieh we obtain for the equation Ifbr n 

(d — 2a) 2$ 

It — '^^T 

resoWing this equation we have 

J— .2a±V(d — 2o)2 + 8rf» 



n^ — ^ = — -n 



n 



9d 

from which we obtain 10 for the number of terms sought. 
This being done we readily obtain by means of the formula for 
L the last term required. 

Let the learner prepare the formulas and solve the following 
particular cases. 

1. To find the first and last terms in a progression by differ- 
ence, the sum of which is 567, the number of terms 21 and 
the ratio 2. 

2. The sum of a progression by difference is 1455, the first 
term 5, and the number of terms 30. What is .the last term 
and the ratio ? 

3. The first term in a progression by difference is 5, the last 
term 185, and the ratio 6, to find the number of terms, and the 
sum of all the terms. 

4. The first term of a progression by difference is 3, the 

last term 41, and the sum of all the terms 440, what is the 

number of terms and the ratio ? 

1 — a 
174. The formula L = a + (n — I) d gives d= j , this 

expression for d enables us to resolve the following problem, 

viz. to insert between two quantities, b and c, m arithmetical 

meansj that is to say, quantities, which comprised between b 

and c, will form with them a progression by difference. 

To resolve this problem, it will be sufficient to determine 

the ratio of the progression required. For this we have given 

the first term 6, the last term e, and the number of terms m -f- 2. 

Substituting therefore c, by and m -^ 2 for ^ a, and n in the 

I — a 
above expression for d, viz. dTss ^y the ratio required will 

c -*— 6 c *"^ b 

be — r-s ?= — r"i» tbat is, to find the ratio sought, toe 



216 CLEMBNTS or ALGfiBHA. 

divide the difference of the two numbers b and c by the number e) 

terms to be inserted plus 1. 

Let it be required, for example, to insert 11 arithmetical 

means between 17 and 77. 

77 --17 
Here rf== — rk — = 5 

The progression required will therefore be 

-h 17. 22, 27. 32 72. 77. 

Let it be required as a second example to insert 9 arithmet^ 
ical means between each antecedent . and consequent of the 
progression -r- 2. 5. 11. 14 ... • 

It will readily be inferred from what has been done, that, if 
between the terms of a progression by difference, taken two and 
two, we insert the same number of arithmetical means, the termis of 
this progression together with the arithmetical means inserted wUl 
form a progression by difference, 

QUESTIONS INyOLVINO PROGRESSIONS BT DIFFERENCE. 

1. A number consisting of 3 digits, which are in arithmeti- 
cal progression, being divided by the sum of its digits gives a 
quotient 48 ; ^nd if 198 be subtracted from it the digits will 
be inverted. Required the number. 

. Let X = the second digit and y the common difference, the 
three digits will then be expressed by « + y, x, x — y. 
Resolving the question we obtain a; =: 3, and the number re- 
quired is 432. 

2. Four numbers are in arithmetical progression* The sum 
oi their squares is equal to 276, and the sum of the numbers 
themselves is equal to 32. What are the numbers? 

Let 2 y = the common iflifference and let a: + 3 y, x •+- y, 
T — y, X — 3 y be the numbers. 

Resolving the question, we obtain for the numbers sought, 
11,9, 7 and 5. 

3. A traveller sets out for a certain place, and travels 1 mile 
the first day, 2 the second and so on. In 5 days afterwards 
another sets out and travels 12 miles a day. How long and 
how far must he travel to overtake the first ? 
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Let X sss the number of dsiys ; then a: -f- 5 =s the number of 

days the first travels, and (x + 6) ^^.X— — = the distance he 

travels. 

Resolving the question, we obtain 1=3, or 10, 

4. There are three numbers in arithmetical progressioiii 
whose sum is 21 ; and the sum of the first and second is to 
the sum of the second and third as 3 to 4. Required the 
numbers. Ans. 5, 7, 9. 

5. From two towns which were 168 miles distant, two per- 
sons, A and B, set out to meet each other; A went 3 mile« 
the first day, 5 the next, and so on ; B went 4 miles the first 
day, 6 the next, and so on. In how many days did they meet? 

Ans, 8. 

6. There are four numbers in arithmetical progression, whose 
sum is 28, and their continued product is 535. Required the 

numbers. Ans. 1, 5, 9, 13. 

7. A and B, 165 miles distant from each other, set out with 

t design to meet ; A travels 1 mile the first day, 2 the second, 
and so on ; B travels 20 miles the first day, 18 the second, and 
so on. How soon will they meet ? 

Ans. They will meet in 10, and also in 33 days. 

8. The sum of the squares of the extremes of four numbers 
in arithmetical progression is 200, and the sum of the squares 
of the means is 136. What are the numbers ? 

Ans. 14, 10, 6, 2, or — 14, — 10, — 6,-2. 

9. The product of five numbers in arithmetical progression 
is 945, and their sum is 25. Required the numbers. 

Ans. 9, 7, 5, 3, 1. 

10. A regiment of men was just sufficient to form an equilat- 
eral wedge. It was afterwards doubled, but was still found 
to want 385 men to complete a square containing 5 niore men 
in a side, than in a side of the wedge, How many did the 
regiment at first contain ? Ans. 820. 

11. After A, who travelled at the rate of 4 miles an hour, 
had been set out two hours and three quarters, B set out to 
overtake him, and in ordei* thereto went four milea and a half 
the first hour, four and three quarters the second, five the 

19 
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thirdi and so on, gaining a qnarter of a mile ereiy hour. In 
how many hours would he overtake A ? Ans. 6. 

PROGRESSION BY QUOTIENT. 

175. A series of quantities such, that if any term be divid- 
ed by the one which precedes it, the quotient is the same in 
whatever part of the series the two terms are taken, is called 
a geometrical progression or progression by quotient. 

The constant quotient is called the ratio of the progression. 
If the series is increasing,' the ratio will- be greater than unity, 
if decreasing, the ratio will be less than unity. 

The following series are examples of this kind of progres- 
sion, 3 . 6 . 12 . 24 . 48 . 96 

64 . 16 . 4 . 1 . i . tV 
In the first the ratio i^ 2, in the second ^. A progression 
by quotient, it will readily be perceived, is simply a series of 
equal ratios by quotient, in which each term is at once antece- 
dent and consequent^ with the exception of the first^ which is only 
on antecedent^ and of the lasty which is only a consequent. 

To indicate that the oMautities a, 6, c, cT • . . form a pro- 
gression by quotient, we wnte them thus 

^ a I b : c : d : , . . 

The progression is enunciated thus, a to 6 as 6 to c as c, &c. 

176. Let us take the general progression 

and let the ratio be represented by q; from the nature of the 
progression, we have, it is evident, 

&s=ag, c:=isb q=aq% d=scq=^ a^ 
from which it will be readily inferred, that a term of any rank 
whatever is equal to the first term multiplied by the ratio raised 
to a powety the exponent of which is one less than the number, 
wMA marks the place of this term. 

Let L designate any term whatever of the progression, and 
let n represent the number of this term ; from what has been 
said, we have 

This is called the general term of the progression. By 
means of it we may find any term required, when the first 
term and the ratio are given. 
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Thus let it be required to find the 8th term of the progres- 
sion rr ^ : 6 2 18 . . . in this case, we have 

L = 2 X 37 = 4374. 

In like manner if it be required to find the 12th term of the 
progression ^f 64 : 16 : 4 : 1 : j^, . ., we have 

177. Resuming the general progression 

^ a : b : c : d . , , k : l^ 
we have from the nature of the progression the series of eqiiap* 
tions, 

adding these equations member to member, we have 

i + c-f rf+ . . . /== (a4r6 + c+ . • . ifc)? (1> 

Let S represent the sum of all the terms, we have 

6-|-c + cf + .... 1 = 8— a 
a -|- 6 -f- c -f- • • . . ifc = S — I 

whence bj substitution in equation (1), we have 

S — a = q(S'^l) 

and by consequence S = ± 

By means of this formula we may obtain the sum of any^ 
number of the terms of a progression by quotient ; for this pur- 
pose, toe mtdtiply the last term by the ratio^ subtract the first term 
from this prodwit^ and divide the remainder by the ratio dimtn- 
ished by unity. 

Let it be required to find the sum of the first 4 terms of the 
progression rr ^ • 6 : 18 : 54 : 162, we have 

^_54X3-2_Q^ 
3 — 1 

When the progression is decreasing, that is, when q is 
less than 1, it will be more convenient to put the abov^ e;^-* 

pression for 8 under the form 8 = i ; since in this case 

the two terms of the fractbn will be positiye. 

Let it be required to find the sum of the 12 first terms o£ 

the progression tr 64 : 16 : 4 : 1 ^ ^ . • . . ggg^* 
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We have 5 = ?f^| = !lZ%A=85 + S* 

^ 4 
178. If in the formulas for S we substitute for I its value, 
viz. /=a5r«*-i, we have 

^y flf" — a y ^ o — g y« 

^— l' 1 — gr 

formulas, by means of which we obtain the sum of any num- 
ber of terms 6f a progression, when the number of terms, the 
first term and ratio are given. 

Thus to find the sum of the first 8 terms of the progression 
•H-2:6: 18:54 . . . . we have 

q — l 3—1 

In the same manner, we have for the sum of the 12 first 
terms of the progression tt 64 : 16 : 4 . . . 

a— a7»_ 64— 64(^ ^ 65535 

S— i_fj ' i —^ + 1966081 

!C 1—4 

EXAMPLES. 

1. The first term of a progression by quotient is 4, the ra- 
tio 3, and the last term 78372. What is the sum of all the 
terms ? 

2. The first term of a progression by quotient is 8, the last 

term 5^1 and the ratio h- What is the sum of the progres- 
sion ? 

3. The first term of a progression by quotient is 3, the ra^ 

7 
tic 5, and the number of terms 10. Required the sum of the 

progression. 

4. The first term of a progression by quotient is g, the ratio 

3, and the number of terms 9. What is the sum of the pro- 
gression? 



1 
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INFINITE PBOGRESSIONS BT Q,UOTIENT. 

179. Let there be the decreasing progression 

•H- o • 6 • c : cT . . . 
consisting of an infinite number of terms. The formula fot* 

the auni of any number of terms, viz. 8 » " may be 

pat under the form 

S=-^ f— «» 

But since the progression is decreasing 9 is a jfraction ; ^ im 
also a fraction ; hence as the number n becomes greater, or 

as we take more terms, the expression ^ 9" becomes 

1 — q 

smaller, and the value of S approaches nearer to If ' 

then we suppose n greater than any assignable quantity or iiK 

finite, r- 9" will be less than any assig^ble quantity or 0^ 

l — g* 

and will in this case represent the true value of the 

l—q 

series. 

We conclude therefore that the sum of the terms cf a de« 

creasing progression, in which the number of terms ia infinite^ 

has for its expression S s=s , f being the ratio of IIm 

progression and a the first term. 

a 

180, Strictly speaking the quantity . ia the limit whicb 

the sum of a decreasing progression can never surpass, but ta 
which it continually approximates as we take more terms. 
Let there be, for example, the progression 

we have a = 1, ^f = ^/whence 

Here the greater the value of a or the more terms we take, 

19 • 
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the less is the fraction 5^3-) and the nearer the sum of the 

series approaches to 2. If the number of terms be considered 

infinite^ the fraction — ^-^r will be less than aniy assignable 

quantity or zero, and the sum of the series will be equal to 2. 
Strictly speaking, however, 2 is the limit, which the sum 
of the proposed series can never surpass, but to which it con- 
stantly approximates as we take more terms. 
. Thus let the number of terms be 1, 2, 3, 4 ... . succes- 
sively, we have 

1 =2 — 1 

Here the more terms we take, the nearer the sum of the 
progression will approach to 2, from which it may be made 
to differ by a quantity as small as we please^ though strictly 
speaking, it can never become equal to 2. 

181. When the series is increasing, that is, when q isgreat- 

tr than unity, the expression 8 =^ cannot be consider- 

1 — 9 
ed as the limit, which the sum of the series can never sur- 
pass. For the sum of a deterniinate number n of terms being 

8s= , -— i— , it is evident, that — ?-- will increase 

1_^ 1—2 l—g 

more and more numerically in proportion as n increases; by 

consequence the more terms we take, the more will the sum of 

the terms'ditfer numerically from In this case ^— 

l—g* l—q 

is merely the algebraic expression, which by its development 

gives rise to the series 

*^ + «S' + «9'®+«S^+ .... 
Indeed if we perftyp upon a the division indicated, we have 



• • • 
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183. In the above expression let asssly q=ss2y vre have 

j^or — 1 = 1+2+4 + 8+16+ .. . 

an equation, in which the first member is negative, while the 
second is positive, and greater in proportion as q is greater. 
In order to interpret this result we observe, that if in the 

equation ^ = a + a ^ + a j^ . . . . we stop the series at 

1 — 9 
any particular term, it is necessary, in order to preserve the 

equality of the two members, to coniplete the quotient by an- 
nexing to it the fraction which remains. If, for example, we 
stop the series at the fourth term a q% we shall have by com- 
pleting the quotient 

l — q 1 — ? 

an equation which is exact. Indeed if in this equation, we 

make a = 1, ^ = 2, we have 

16 

-1 = 1+2+4 + 8+ _-y 

from which we obtain — 1 = — 1. 

EXAMPLES. 

1. What is the sum of the infinite progression 

I • i • i • 2V • • • • • 
5J. What is the sum of the progression 2 : f : f : . . . . . 

continued to infinity ? 

3. The first term of a geometrical progression is a, and the 

ratio — - What is the sum of this progression continued to 
a' 

infinity? 

4. What vulgar fraction is equivalent to the repeating deci- 
mal S? 

This decimal may be put under the form 

3 (i>(y + yiir + tdVtt + TTTViyxr + '•••) 

5. What vulgar fraction is equal to the. repeating decimal 

25 ; what to the decimal 375 ? . 

183. The equations / = a 9 « - S S= ^_ contain all 

the relations of the five quantities a, I, 9, «, and S; we have 
then the general problem, any three of the five quantities^ 1, q, 
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Q and 8 being gwen to find the remaining two. Thi» generaT pro- 
blem gives rise to ten particular problems, the enunciations of 
which will not difTer from those relative to progressions by 
difference, art. 172, with the exception, that the ratio is here 
expressed by the letter q instead of d. 

184. From the formula f = a 9 « - *, ^e obtain 



=\/i 



This expression for q enables us to resolve the following 
problem, viz. to insert between two ffiven numbers b and c m mean 
proportionals^ that is to say, a number m of quantities^ which 
comprised between b and c will form with them a progression by 
quotient. 

To resolve this problem it will be sufficient to determine 
the ratio of the progression required ; for this we have given 
the first term 6, the last term c and the number of terms m-^fl. 

Substituting therefore &, c and m -|- 2 for a, / and n in the 
above expression for g, we have for the ratio of the required 
progression. 

whence to find the ratio sought, we divide the given numbers b 

and c, one by the other ^ and extract the. root of the <^tient to the 

degree marked by the number of terms to be inserted plus one. 

Let it be required to insert six mean proportionals between 

the numbers 3 and 384. Here m = 6, we have therefore 

7 

\/l38 = 2 



=v 



384 ^ 



3 • 
The progression required is therefore 

if 3 : 6 . 12 : 24 : 48 : 96 : 192 : 384 

From what has been done, it will be easy to see, that if be- 
tween the terms of a progression by quotient talsen two and two, 
we insert the same number of mean proportionals^ the partial prO' 
gressions thus formed wUl together form a progression by quotient, 

185. Of the ten particular problems, which may be propos- 
ed upon ptogreasions by quotienti, four only can be tesolved bjr 
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principles thus far laid down. Below we have the enuncia- 
tion of these problems with their answers. 
P. a^q^n being given to find / and S 

^ ' q — 1 

2^. a, n, / being given to find q and S 

3^. 9, A, / being given to find a and £i 

4". q,n, 5 being given to find a and / 

Of the remaining problems, two, viz. those in which a and 
f I / and q are the unknown quantities, depend upon the reso- 
lution of equations of a degree superior to the second. The 
other four depend upon the resolution of an equation of a 
nature altogether different from any which we have yet seen, 
viz. upon an equation of the form a-'ss^, in which the expo- 
nent is the unknown quantity. 

qUE^STIONS PRODUCING PROGRESSIONS BT QUOTIENT. 

1. There are three numbers in geometrical progression, the 
greatest of which exceeds the least by 15. Also the differ- 
ence of the squares of the greatest and least is to the sum of 
the squares of all the three numbers as 5 to 7. Required the 
numbers. 

Let X, X y, X y* be the numbers ; then by the question, we 
have X y2 — z = 15 

and • 7(x'y* — x'> = 5(x*y* + x'/ + x«) 

or by division . 7 (y* — 1) =5 (y* + y' + 1) 
or performing the operations indicated transposing and reducing 

whence resolving this last, we have 

y* s= 4, and y = 3 
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Substituting next for y its value in the first equation, we ob- 
tain X = 5. The numbers required are therefore 5, 10 and 20. 

2. The sum of thre^ numbers in geometrical progression is 
13, and the product of the mean, and the sum of the ex- 
tremes is 30. . Required the numbers. 

Let the numbers be -, x and xy ; then by the question, we 

have 

-+x+xy = 13 

and r- + xyja; = 30 

By transposition in the first equation, we have 

X 

--j-a;y = 13 — a 

whence by substitution in the second, we obtain 

(13 — a;)x = 30 
whence - o^a — 13 x = — 30 

fi-om which we deduce 

a? = lQ,x = 3 
Subsituting the value x = 3 in the first equation, we obtain 

y z= 3, or ^ and the numbers sought are 1, 3, 9. 

3. The difference between the first and second of four num- 
bers in geometrical progression is 36, and the difference be- 
tween the third and fourth is 4. What are the numbers? 

Aris. 54, 18, 6, and 2. 

4. A gentleman divided JS210 among three servants in ge»' 
ometrieal progression ; the first had iS90 more than the last. 
How much had each ? 

5. There are three numbers in geometrical progression, the 
sum of the first and second of which is 9. and the sum of the 
first and third is 15. Required the numbers. 

6. The sum of three numbers in geometrical progression is 
35, and the mean term is to the difference of the extremes as 
2 to 3. Required the numbers. Ans. 5, 10, 20. 

7. The sum of iS14 was divided between three personSi 
whose shares were in geometrical progression ; the sum of the 
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shares of the first and second was to the sum of the shares of 
the second and third as 1 to 2. Required the shares. 

Ans. 2, 4, 8. 

Section XXII. — Theoet op Continued Fractions. 

186. In order to form a more exact idea of a fraction, the 
terms of which are large numbers and prime to each other, 
we seek approximate values of this fraction/ which are ex- 
pressed in more simple numbers. 

159 
Let there be, for exai!k)ple, the fraction txt-* Dividing both 

terms of this fraction by the numerator, an operation which 

1_ 

will not change its value, it becomes 16 

^ + 159 

If then we neglect, for the moment, the fraction m in this ex* 

1 . 

pression, the result 3 will be greater than the proposed, since 

the denominator has been diminished. 

On the other hand, if instead of neglecting the fraction j^i 

r 

we substitute 1 for it, the result j will be less than the propos- 
^ ed, siAce the denominator has been increased. 

159 

We conclude therefore that the fraction 493 is comprised be- 
tween 3 and j, we are thus enabled to form a very exact idea 

of its value. 

If a greater ftegree of approximation be required, we have 

only to operate upon j^ m the same manner as we have al- 

159 
ready done upon ^^3, we have thus 

16 1 



159 ~ 15 
^ + 16 
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and the proposed fraction becomes 

I 



9+16 



If we neglect jg, q is greater than ^j it follows therefore 

,1 .... l''>9 ^1 ^ 19 

that Y ^^ ^^^ *°*^ 49a ' T "®^^"^®* 28 ^' 28 ' 

1 9 

thus the proposed is comprised between 3 and ^. The dif- 
ference between these two fractions is g^ ; the error therefore 
committed in taking 3 or gg for the value of the proposed frac- 
tion is less than gj. 

To attain a still greater degree of approximation, we ope- 

15 
rate in the same manner upon --; thus we have 

16 

15 1 



16— 1 

1 + 15 

and the proposed iraction becomes 

1 



9-f- 



1 



15 

1.1 15 

Neglecting ^-g, the fraction^ or 1 is greater than^; hence 

1 1 16 . 1 

T ^^ To ^^ '®*^ ^^^^ 159 ' therefore =■ 

9+1 3+ — ^ 

9 + 1 

10 159 

or 32 is greater than ^^* thus the proposed is comprised be- 
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isgggthe error eommitted therefore in takit^g ^'^'^^'^^ ^^ 31 
for the value of the proposed is less than ggg. 

The expression j- is called a continued frac- 

3 +— I 



9+ 



1 
1 + 15 



Hon, We understand therefore by a continued fraction a frac- 
tion which has unity for its numerator ^ and for its denominator an 
entire number plus a fraction, which fraction has aho unity for its 
numerator and fur its denominator an entire number plus a frac-' 
tiony and thus in order. 

It sometimes happens, that the proposed fractional number 
is greater than unity ; to generalize therefore the above defi- 
nition, we say, that a continued fraction is an expression con^ 
posed of an entire number plus a fraction which has unity for its 
numerator, and for its denominator an entire number plus a frae^ 

tiotty 8^c. 

159 
187. If we examine the above process for convertings^ into 

a continued fraction, it will be perceived, that we have divided 
first 493 by 15d, which gives three for a quotient and a re- 
mainder 16 ; we then divide 159 by 16, which gives 9 for a 
quotient and a remaiuder 15; we next divide 16 by If^, which 
gives 1. for a quotient and a remainder 1 ; from which we read- 
ily infer the foJlowing rule for converting a fraction or fraction- 
al number into a continued fraction, viz. 

Apply to the two terms of the fraction the process of finding 
their greatest common divisor ; pursue the operation until a re 
mainder is obtained equal to ; the successive quotients^ thus ob' 
iained will be the denominators of the fractions, which constitute 
the continued fraction. 

If the proposed be greater than unity the first quotient will 
be the entire part, which enters into the expression of the 
^pt^nued fraction. 

20 
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73 829 

Examples. Let the fractions ^3^ ^i^^ be converted intc 
continued fractions. 

188. From what has been said a continoed fraction may be 
represented generally by the expression 

b + — I 

O) 6i c, d . • • being entire and positive numbers. The frac- 
tional number, to which this expression is equivalent, may 
moreover be represented by x. 

The fractions Tj ^y 2 ' ' "* ^^^ assemblage of which con- 

atitutes the continued fraction, are called integrant fractions. 
The denominators &, c, d . . . . are called incomplete guotientSy 
since b, for example is only the entire part of the number ex- 
pressed hj b-\ ^ and c only the entire part of 

1 

the number expressed by c + ^ , and thus in order. Con- 
yersely ihe expressions b -f- r c -{- 3 are 

called complete qtwtients. 

The results obtained by converting successively into a sin- 
gle fractional number each of the expressions 

1 1 

O -|- T> fl H ¥ »C. 

'^ b+1 

C 

are called reductions. 

188. The formation of thesef reductions is subject to a very 

simple law, which we shall now develop. 

a 
The first is a, which may be put under the form -ry the sec- 
ond IB a -{- p or reducing the whole expression to a fitu^'tion, 
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O i + 1 

— T — • To form the third, represented by 

C 

1 

it will be sufBcient to substitute & 4- - for b in the second : 

' c 

making this substitution, we have 

1~ , . 1 ftc + l 

JO-- b + - ^ 

To form the fourth reduction, it will be sufficient to snbfti- 

tute c ^ --ifoT c in the third ; which gives 

[(a6 + l) r + g] d + ab + 1 

The first four reductions therefore will be 
a a6 + l (a6 + l)c-f-a [(a^4-l)c+a]d-j-a6-f-l 

P ~b ' Vc^ ' (SyifiJT+b 

Without proceeding further, it will be perceived, that the 
numerator of the third reduction is formed by multiplying the 
numerator of the second by the third incomplete quotient c, 
and adding to this product the numerator of the first reduc- 
tion. With respect to the denominator, it is formed in the 
same manner by means of the denominators of the second and 
first reductions.^ 

In like manner, the numerator and denominator of the fourth 
reduction is formed, it will be perceived, by multiplying re- 
spectively the two terms of the third reduction by the fourth 
incomplete quotient d and adding to the two products respec* 
tively the two terms of the second reduction. 

From what has been done it will be readily inferred, that 
the above law of formation for the third and fourth reductions 
should be extended to those which follow. To demonstrate 
this law, however, in a rigorous manner, we shal) show that 
if it be true in regard to any three successive reductions what- 
ever, it will be true for the reduction, which follows ; thus 
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this law being already found true for the first three reductions 
will be true for the fourth, and being true for the second^ third 
and fourth, it will be true for the fifth, and thus in order ; it 
will therefore be general. 

* P Q R , , ^ . 

Let -p,9 Tj-^ J7J be any three successive reductions whatev- 
er ; let rbe the inconaplete quotient, at which we stop in order 

to form the reduction -^> and let it be supposed, that we have 

R Q r + P 

R~Q'r + P^ 

1 S 

Let - be the integrant fraction, which follows r, and let ^^ 

be the corresponding reduction. In order to form this reduc- 

R 1 
tion, it is sufficient to substitute in the expression for ^„ r-f— 

instead of r ; making this substitution, we have 

8_ ^{^ + l)+^ _ {Qr + P )s + Ql^ Rs + ii 
^" Q.L + h+priQ'r+P')s+Q' Rs+'Q 

S 
We see therefore that -^ is formed from the two preceding 

reductions according to the law enunciated above. This law 
is therefore general ; whence, To form the numerator of any re- 
duction whatever^ we multiply the numerator of the preceding re- 
duction by the incomplete quotient^ which corresponds to t/, and 
add to the product the numerator of the reduction, which precedes 
by two ranks the one which we wish to form ; the denominator is 
fon^ed by the same law by means of the two preceding denomtha- 
tors. 

189. When the number reduced to a ^continued fraction is 

less than unity, we substitute j instead of a in order to apply 

the law, which supposes necessarily, that we have already the 
first two reductions. 
Iiet it be proposed to find the successive reductions of the 
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continued fraction 



^5 _0 1 

I49~l+^ 1 

2 + - 



3 + - 



=+i 



1 

2 + — 1 
1 + 2 

The first two reductions being j, g, we have for those which 
follow 

3 ^ 17 24 65 
7» 16» 39' 55» 149 
In like manner we have for the several reductions of the 

continued fraction arising from 3^, 

2 6 7 12 43 829 

l'2'3' 5 'is' 347 

29 
So also the fraction ^ being converted into a continued frac* 

tion gives the following reductions, viz. 

C^ 1 1^ 2 3 ^ 
l'2' 3' 5' 8' 77 

190. The successive reductions, it will be perceived, are. al- 
ternately less and greater than the whole continued fraction, 
and they approximate this fraction nearer and nearer. 

The first reduction is always less than the whole continued 
fraction x. The reductians of an even rank are therefore greater 
than the whole continued fraction^ and those of an odd rank are 
less. And since these reductions approach nearer and nearer 
the value of x, the reductions of an odd rank must go on in- 
creasing, while those of an even rank decrease. Thus the re- 
ductions form two series, the terms of which approach nearer 
and nearer the value of the whole continued fraction. 

191. The difference between any two ednsectitive rc^duc- 
tions whatever has unity for its numerator. The numerator of 
the first diflference is -f* I9 that of the second — 1, that of' the 
third -|- 1, and thus in order. In general, the numerator of anif 
difference whatever will he -{- 1, if the second of the reducHam 

20 • 
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under considenUian is of an evei^ rankj InU ^-^lif it be of 
odd rank. 
From this propepiy, it follows, that the two terms of anj 

reduction whatever ^ are prime to each other. 

Indeed let it be supposed, that R and R^ have a common 
factor h ; by the preceding property, we have 

RQ' — QR' = ±1 

whence dividing both terms by A, we have 

rq;_qr/_i 
h h ~h 

bot the first member of this equation is an entire number 
since by hypothesis R and i2' are divisible by A, while the 
second is essentially a fraction; /2 and R cannot therefore 
have a common factor. 

From this it follows, that if a fraction, the terms of which 
are not prime to each other, be converted into a continued 
fraction, and all the reductions be formed to the last inclusive, 
the last reduction will not be the proposed fraction, but this 

fraction reduced to its lowest terms. 

348 
Let there be, for example, the fraction gg^; converting this 

into a continued fraction, we have 

348 ^ , 1 
= + 



924 ' , 1 



1 

1 + 1 

*+9 
Q 1 1 2 3 29 

the reductions of which are -=> -^ -^ -g? -g ff The last rc- 

29 
duction ^ is the proposed reduced to its lowest terms. 

192. Since the value of the whole continued fraction x is 
always comprised between any two consecutive reductions 

^ p-, it follows, that the error committed in taking ^ for x is 



1 
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Q R 

less than ^ — ^- ; but from what has been said we have 

Q R _ 1 
Q' R'""Q' R' 
and since Q' < R' gives Q" < Q/ R', we have 

The error therefore committed in takiag any reduction 
whatever for the value of the whole continued fraction is less 
than unity divided by the denominator of this reduction multiplied 
by the denominator of the reduction which follows^ or less . exact- 
ly but in terms more simple, less than unity divided by the 
square of the denominator of the reduction^ which is taken for the 
whole continued fraction. 

193. The ratio of the circumference to the diameter of a 

circle being expressed by the fraction Yoqqoo' ^^ terms of 
which are prime to each other, let it be proposed to find a 
fraction, the terms of which will be more simple, and which 
will express the same ratio nearly. Converting the proposed 
into a continued fraction, we have 
314159 1 

100000*^ + . 1 

. 7H 



15+- 



.+i 



1 

25 + - 



.+1 



7 + j . 

which gives for the successive reductions 

3 22 333 355 9208 9563 76149 314159 

T y' liSe' m' 293i' 3044' 24239' 100000' 

The error committed in taking the second of these redue- 

1 22 . 
tions for the proposed fraction will not exceed j-^; y is there- 
fore frequently employed to express the ratio of the circum- 
ference of a circle to its diameter. This is the ratio given by 
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If a greater degree of approximation is required, we take 

the fourth reduction, which it is easy to see, is but little more 

complicated than the third. The error committed in taking 

1 356 

this reduction for the proposed will not exceed 113 x 3931 > 113 

will therefore approximate the proposed very nearly. This is 
the ratio given by Adrian Metius. 

We thus see the use, which may be made of continued frac- 
tions in estimating approximatively the value of fractions the 
terms of which are large numbers and prime to each other. 

EXAMPLES. 

1. A's property is to that of B's as 6743 to 80937. Bj 
what smaller numbers may the ratio of their property be ex- 
pressed ? 

2. The lunar month, or the time in which the moon com- 
pletes its revolution, is found by calculation to be 27.321661 
days. Thus in 27321661 days it would perform lOOOOOO rev- 
olutions. How may this relation he expressed in smaller 
numbers ? 

3. The siderial revolution of Mercury is 87.969255, and 
that of Venus 224.700817 days. How can these periods be 
expressed by smaller numbers ? 

Section XXIII. 
Exponential EQUATIONS and Logarithms. 

194. An equation of the form a^ = &, in which the exponent 
a: is the unknown quantity is called an exponential equation. 
The solution of this equation consists in finding the power, to 
which it is necessary to raise a given quantity a in order to 
produce another given quantity b. 

Let there be, for example, the equation 2-^ n^ 64 ; raising 2 
to its different powers, we find soon that 2^ =^ 64 ; x = 6 an- 
swers therefore the conditions of the equation. 

Again, let there be the equation 3^ =^243; raising 3 to its 
different powers we find 3^=a243; whence x=ssB. In a 
word, 80 long as the second member b is a perfect power of 
the given number a, x will be an entire number, and its vtivt 
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may be found by raising a successively to its diflferent powers, 
beginning with that, the exponent of which is 0. 

Let it be proposed next to resolve the equation 2* =» 6. 
Putting successively a: = 2, x = 3, we have 2^ = 4, 2^ = 8 j 
the value of x is therefore comprised between the numbers 2 
and 3. 

Let us put therefore X = 2 + -, , x' being greater than 1; 

substituting this value in the proposed, we have 

1 - - 3 

2 ^^^' = 6 or 22 X 2^'= 6, whence 5^^=2 

or raising both members to the power x', we have 

To determine the value of x' we make successively x' = 1, 

x' = 2; thus we have (|)^or| l«ss **» 2> ^"^ (|) ^^ | 
greater than 2; x' is therefore comprised between 1 and 2. 
Let us put then x' = 1 + ^j ^' being greater that 1. 
Substituting this value, we have 

(l)-^==»'|x$)^=^ 

whence ^> j = , 

To determine the value of xf' we make successively 
x"=l, x'' = 2; thus we. have (^j or- less than^jbutfjl 

or -5- greater than g > x" is therefore comprised between 1 and 

Let us put then x"=l+i-, x'" being greater than unity ; 

x'" 
we have by substitution 

(i).*i„=|o,J.x(l)> = |;.wh.«e(|)'=| 

Making successively x'" = 1, 2, 3, we fii»4( g ) = gf' * ^"®" 

ber less than i but (^ j =z.^ a number greater than - ; thus 
a/" 18 comprised between 2 and 3. 
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1 

Let x'" = 2 + ^7,, the equation in x'" becomes 

(I) ^ + x'^= I ; whence ^)' "= ? 

Operating upon this last equation as upon the preceding, we 
find two entire numbers k and k -^^ l^ between which xf"' will 

be comprised. Putting x"" = A; -j , we determine x^ , in 

the same manner as we have already done xf"'y and thus in 
order. 

Bringing together the equations 

we obtain the value of x under the form of a continued frac- 
tion, thus 

1+— I 



1 + 



2 4-- 



But we have seen that in a continued fraction the greater 
the number of integrant fractions, which are taken, the nearer 
we approach the value of the number reduced to a continued 
fraction ; we shall therefore be able to determine the value of 
sin the equation 2^ = 6, if not exactly, at least with such 
degree of approximation as we please. 

Forming the first four reductions, for example, we have 

2 3 5 13 , , , . 13 ,.^ , 

j-> j-> 2' 5" 5 *°^ *"® reduction -^ differs from x by a quantity 

less than -rr. 

To attain a greater degree of approximation, we determine 

the value of x"" in the equation (g^l J=8> we thus find 

1 
jp////_-.o_j.--^ We shall have then for the fifth reduction 

-j2* I'his differs from x by a quantity less than r^^. 

195. From the preceding examples the course to be pursued 
in the solution of equations of the form a'= h will be readily 
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inferred. In the application of this method to particular cases 
it is necessary to remark, 1^ If the quantity b be less than a, 
the value of x will be comprised between and 1 ; we p«t 

therefore x = -„ 2^ If 5 is a fraction and a greater than 
unity, the value of x will be negative, we put therefore x = — y* 

the equation is then reduced to the form a^=^; having found 

the value of y in this equation according to the method ex- 
plained above, the value of x will be equal to that of y taken 
negatively. 

EXAMPLES. 

1^ Given 3'= 15 to find the value of ar. Ans. x = 2.46 

2^. . 10^==: 3 .... Ans. x = 0.47 

2 
3^. .6^= « to find the value of x. Ans. x = — 0.26 

4^ . (Ly — ^ .... Ans.x=;:0.53 

In the above examples the reductions furnished by the meth- 
od are converted into decimal fractions, and the value of x is 
determined to within .01. 

THEORY OF LOGARITHMS. 

196. If in the equation a*=y, we assign a constant value 
different from unity to a, and suppose that of x to vary, as may 
be required, we may obtain successively for y all possible num- 
bers. 

Let us suppose first a greater than 1. 

If we make successively x = 0, 1, 2, 3, 4, . . . . 
we have y = 1, a, a', o», o*, 

Thus by means of the powers of o, the exponents of which 
are positive entire or fractional, we may produce all possible 
positive numbers greater than 1. 

Again, let x = 0, — 1,-2, — 3,— 4 

-.V - 1 1 1 1 

we have y =; 1, -> -? -, -:.... 

Thus by means of the powers of a, the exponents of which 
are negative entire or fractional, we may produce all possible 
positive numbers less than 1. 
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If on the other hand we isuppose a less than unity, still all 
possible pobitive numbers may be produced by means of the 
different powers of a, onljr the order in which they are pro- 
duced will be reversed. 

We see therefore, that all possible positive numbers may be 
produced by means of any positive number whatever a, different 
from unity y by raising this number to the requisite powers. 

It is necessary, that a should be different from unity, other- 
wise the same number will be produced, whatever value we 
assign to x, 

197. Let it now be supposed that we have made a table con- 
taining in one column all entire numbers, and by the side of 
these in another column the exponents of the powers, to which 
it is necessary to raise a constant number in order to produce 
these numbers ; this would be a fable of logarithms, 

. The logarithm of a number is therefore, the exponent of the 
power, to which it is necessary to raise a given or invariaJ>le num- 
ber j in order to produce the proposed number. 
. Thus in the equation a^.= y, a; is the logarithm of y ; in like 
manner in the equation 2^ = 64, 6 is the logarithm of 64. The 
logarithm of a number is' indicated by writing before it the 
first three letters of the word logarithm, or more simply by 
placing before it the letter L. 

The invariable number, from which the others are formed 
is called the base of the table. It may be taken at pleasure 
either greater or less than unity, but should remain the same 
for the formation of all numbers, that belong to the same table. 

Since a^ = 1, and a* = o, whatever number may be assum- 
ed for the base of the table, the logarithm of the base will be 
unity y and the logarithm of unity will 66 0. 

198. We proceed to show the properties of logarithms in 
relation to numerical calculations. 

1. Let there be the series of numbers y, y', y", ... to be 
nuiltiplied together. Let a represent the base of a system of 
logarithms, which we suppose already calculated, and let ar> 
z\ xf' . . be the logarithms of y, y' y" • > » I by the dqfinition 
of a logarithm we have 

y ;:53 a*, y' == of', y" = a*", 
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multiplying these equations member by member, we have 

y y' y" .= «•»?+'' + ■«" 
whence log y y' y" = x -f- a:' -(- x" •■= log y -j- log 3^ + log y' . 

That is, the logarithm of a product is ^quai to the sum of tht 
logarithms of the factors of this product. 

If then a mulplication be proposed, we take from a table 
of logarithms the logarithms of the'numbers to be multiplied; 
the sum of these logarithms will be the logarithm of the pro* 
duct sought. Seeking therefore this logarithm in the table, 
the number corresponding to it will be the product sought. 
Thus by means of a table of logarithms addition miitf he made 
to take the place of multiplication.. 

2. Let it be required to divide the number y by the number 
y ; let Xy x' be the logarithms of these numbers, we have the 
equations 

y = «^ y' = «^ 
dividing.these equations member by member, we have 

yi a-^ 
whence log - = x -— x' = log y — log y' 

y 

That is, the logarithm of a quotient is equal to the difference 
between the logarithm of the divisor and that of the ditidend. 

If then it be proposed to divide one number by another, 
from the logarithm ol the dividend we subtract the logarithm 
of the divisor, the result will be the logarithm of the quo-^ 
tient; seeking therefore this logarithm in Xh^ tables the num* 
ber corresponding will be the quotient sought. Thus by 
means of a table of logarithms subtraction may be made to take 
tht place of divisions, 

3. Let it next be required to raise the number y to the pow-< 
er denoted by m, we have the equation 

raising both members to the mth power, we have 

(JUMT :=s ym 

whence the logarithm of y" = m x === m log y. 

That is, the logarithm of any power of a number is equal to the 
product of the logarithm of this number by the exponent of thepowef 

21 
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To form any power whatever of a Bumber by means of a 
table of logarithms, we multiply therefore the logarithm of 
the proposed number by the exponent of the power, to which 
it is to be raised ; the number in the table corresponding to 
this product, will be the power sought. 

4. Again let it be required to find the ftth root of p. We 
bftve as before o^^ s=s v 

whence taking the nth root of both members, we have 

X I 

, - - « log V 

whence log v" = - = — ^-^ 

That is, the logarithm of the root of any degree whatever of a 
wmher %$ equal to the logarithm of this number divided by theitir' 
dez of the root. 

Thus by the aid of a table of logarithms a number may he 
raised to a power by a simple multipliccUion^ and its root may be 
extracted by a simple division, 

FORMATION OF TABLES. 

199. The properties of logarithms demonstrated above are 
ittogether independent of the number a or their base. We 
may therefore form an infinite variety of tables of logaiithms 
hy putting for a all possible numbers except unity. 

If it be required to construct a table of logarithms the base 
oC which is 2, in the equation 2^ sr: y^ we make y equal suc- 
e^asively to the numbers 1, 2, 3 ... ., and determine by the 
pethods explained, art. 195, the values of x corresponding* 
We thus obtain the values of x exactly, if ^ be a perfect pow- 
er of 2, or otherwise with such degree of approximation a« we 
plea3e. 

To calculate* the logarithm of 3, for example, we have the 
equation 2^ = 3, from which we deduce 

« = ! + — 1 

1 + — I 

2 + ir« 
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d4$ 



Whence stopping at the fourth integrant fraction, and form- 
ing the reduction corresponding, we havex=T5) or- reduc- 
ing this last to a decimal we have Jt = 1.583 accurate to the 
third decimal ficfure. 

2Q0. In the calculation of a table of logarithms, it will be 
sufficient to calculate directly the logarithms of the prime num- 
bers 1, 2, 3, 5 . . ., the logarithms of compound numbers may 
then be obtained by adding the logarithms of the prime fac- 
tors, which enter into them. To find the logarithm of 35, for 
example, we have 35 = 6 X 7; whence log 35 = log 5 + log7; 
having already calculated the logarithms of 5 and 7, the log- 
arithm of 35 will be found therefore by adding the logarithm 
of 5 to that of 7. 

• 

Since moreover the logarithm of a fraction will be equal to 
the logarithm of the numerator minus the logarithm of the de- 
nominator, it win be sufficient to place in the tables the loga- 
rithms of entire* numbers. . 

201. Below we have a table of logarithms of numbers from 
1 to 39 inclusive, the base of the system is 2, and the loga» 
rithms are calculated to 4 places of decimals. 



N. Log. N. Log. N. Log. 


1 


0.0000 


11 


3.4594 


21 


4.3922 


2 


1.0000 


12 


3.5849 


22 


4.4594 


3 


1.5849 


13 


3.7000 


23 


4.5235 


4 


2.0000 


14 


3.8073 


24 


4.5849 


6 


2.3219 


15 


3.9065 


25 


4.6438 


6 


2.5S49 


16 


4.0000 


26 


4.7000 


7 


2.8073 


17 


4.0874 


27 


4.7548 


8 


3.0000 


18 


4.1699 


28 


4.807B 


9 


3.1699 


19 


4.2479 . 


29 


4.8577 


10 


3.3219 


20 


4.3219 


30 


4.9065 



202. The most convenient number for a base to a system of 
logarithms, and the one employed in the construction of the 
tables in common use is 10. 

If in the equation lO' =y we make successively . 

x = 0, 1, 2, 3, 4 . . . 

we have y = 1, 10, 100^ 1000„ 10000 . : . 
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Again, if we make 

1 = 0, —1, —2. —3, —4 . . . 

we nave y — i, ^^i j^> ^^^^ j^^^i . . • 

Therefore in a table of logarithms, the base of which is 10^ 
l^ the logarithms of numbers greater than unity are positive 
and go on increasing from to infinity. 2^ The logarithms 
of numbers less than unity are negative, and their absolute 
values are so much the greater as the fractions are smaller; 
whence if we take a fraction less than any assignable quantity, 
the logarithm of this fraction will be negative, and its abso- 
lute value will be greater than any assignable quantity. On 
this account we say that the logarithm of is an infinite nega- 
tive quantity, S^ The logarithms of all numbers below 10 are 
fractions; the logarithms of numbers between 10 and 1 00 are 
1 and a fraction ; the logarithms of numbers between 100 and 
1000 are 2 and a fraction; those of numbers between 1000 
and lOOOO are 3 and a fraction ; and in general, the whole 
number which precedes the fraction in the logarithm is less 
by one than the number of figures in the number correspond- 
ing to the logarithm. On this account it is called the index or 
characteristic of the logarithm, since it serves to indicate the 
order of units, to which the number corresponding to the log- 
arithm belongs. Thus in the logarithm 3.75527 the character^ 
istic 3 shows that the number corresponding to this logarithm 
consists of 4 figures or is comprised between lOOO and 1 0000. 

203. The logarithm of a number being given, the logarithm 
of a number 10, 100, . . . times greater is found by adding 
1, 2, . . . units to the characteristic only ; indeed log 

(^ X 10") = log y + log 10"= log y +« ; 
whence it will be sufficient to add n units to the logarithm of 
y ^n order to obtain the logarithm of a number 10'' tiroes as 
gre^t, an addition, which may be performed upon the character- 
istic only. Conversely, log -^=log»/ — log 10**=logy — n * 

thus it is sufficient to subtract n units from the logarithm of y, 
in order to find the logarithm. of a number 10" times smaller 
tliMiy. 
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S04. The fractional pahs of logarithms in the jtables coje jb]^« 
pressed by decimals. From what has been said the decimal: 
part of the logarithm of a number will be the same for this 
number multiplied or divided by 10, 100^ ... On this 9^c- 
count the system of logarithms, the base of which is 10, is 
more convenient than any other system, since we have frequent 
occasion to multiply or divide by 10, 100, • . . operati'oiis je- 
duced in this case to the simple addition or subtraction of 
units. 

205. Since the characteristic of the logarithm may be easily 
determined by the number, and the number of figures in the^ 
iiumber by the characteristic of the logarithm, it is usual to> 
omit the characteristic in the tables to save the room. It is. 
also convenient to omit it ; because the same decimal part with 
different characteristics forms the logarithms tf several differ- 
ent numbers. 

206. Having already calculated a system of logarithmS| it 
will be easy from this to form as many other systems as we- 
please. 

Indeed, let N designate any number whatever, log N its 
logarithm in the system the base of which is a, X its Joga-^ 
rithm in a different system, the base of which is b, we ha^e^ 

taking the logarithms of both members of this equation in the 
system, the base of which is a, we have 

X. log 6 = log N 

whence X s= r^-r 

log 6 

Having calculated therefore a set of tables for a particular 
base, to find the logarithm of a number in a proposed system 
with a different base, toe take from ike tables already calculated 
the logarithm of the number j and also the logarithm of the base of 
the proposed system^ the former of these logarithms^ divided by- 
the Idttery will give the logarithm of the number in the proposed 
system. 

The logarithm'of 6, for example, in the system, the base of 
which is 10, is .77815 and that of 3 is .47712, the logarithiki 

21 • 
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of 6 therefore in the system the base of which is 3, will be 

.77815 

;j^= 1.63093 

\ntr W 

207. The expression X = j—^ may be put under the form 

X = log N. J— ij. Thus having already formed a table of 
logarithms, the base of which is a, to construct from this a 
new table, the base of which shall be 6, we multiply the log- 
arithms of the first table by the quantity j—^. This quantity 

by means of which we are enabled to pass from the old to 
the new table, is called the modulu8 of the new table in reia-* 
tion to the old. 

B^DE OF USING THE TABLES. 

808. As it is impossible to place in the tables the logarithms 
of all numbers, it is usual to place in them the logarithms of 
numbers from unity to within a certain limit. In what follows, 
it is supposf'd, that the student has in his hands tables con- 
taining the logarithms of entire numbers from 1 to lOOOO. 

In order to use such a set of tables, we have the two follow- 
ing questions to resolve, viz. 1^ Any number whatevtr being 
given^ to find its logarithm. 2°. Any logarithm being given, to 
find the number which corresponds to it. 

The foUowins^ examples will exhibit the method of resolv- 
ing these questions. 

1. Let it be proposed to find the logarithm of 9748. Seek- 
ing the proposed in the column of numbers,. against it in the 
column of logarithms we find 9S892; this will be the decimal 
part of the logarithm ; or as is the case with most tables, if 
the column of numbers contain but three places of figures, we 
look for 974, the first three figures of the proposed in the first 
column, and at the top of the table we look for the fourth fig- 
are 8; directly under the 8 and in the same line with 974, we 
find the decimal part 93892 as before ; then since the propos- 
ed consists of four places the characteristie will be 3, thus 
log 9748 ^a98892. 
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2. Let it be required to find the logarithm of 76.93. Re- 
moving for the moment the decimal point, we find as above 
log 7693 = 3.88610, whence, art. 293, su^btracting 2 units from 
the characteristic 3 of this logarithm, we shall have the log* 
arithm of the proposed ; thus log 76.93 = 1.88610. 

3. To find the logarithm of .75. The logarithm of this 
number may be presented under two different forms. Writing 

75 
it in the form of a vulgar fraction, it becomes ^> The loga- 
rithm of 75 is 1.87506, and that of 100 is 2.00000; whence 
subtracting the logarithm of the denominator from that of the 
numerator, art. 198, we have — 12494 = log .75. This log- 
arithm being altogether negative is inconvenient in practice : 

1 
it will be observed, however, that .75 = iQQ X 75; whence 

log .75 = log ji^ + log 75 = — 2 -f 1 .87506, 

= — 1 + 87506 
or placing the sign — over the 1 to show that the character- 
istic only is negative, we have log .75= 1 .87506. 

This last form of the logarithm of the proposed is derived, 
it will be perceived, immediately from the continuation of the 
principle, art 203, according to which the logarithm* of a num- 
ber 10, 100 . . . times less than a proposed number is found 
by subtracting 1,2 .. . units from the characteristic of its 
logarithm. 

Thus since the logarithm of 750 = 2. 87506, we have 

log 75 = 1.87506 
log 7.5 = 0. 875G6 

log .75 = I .87506 

log .075 = 2. 87506 
log .0075 = 3. 87506 



4 
4. To find the logarithm of ^ ; we have log 4 = .60206, 

log 5=3.69897; whence subtracting this last logarithm from 
I 4 

the former, we have log 5 s=s -» .09691, in which the loga^ 
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4 
rithm is entirely negative. But g- reduced to a decimal Becomev 

.8, the logarithm of which is 1.90309, the characteristic only 

being negative. 

493 
6. To find the logarithm of 54J; we have 54J = -^- log 

493 = 2.69285, log 9 == 0.95424 ; whence subtracting the latter 

493 
logarithm from the former, we have log -q- or 54 J =r. 1.73861. 

6. To find the logarithm of 675437. ' This number exceeds 
the limits of the table ; its logarithm, however, may be read- 
ily found.* The greatest number of places in a number, the 
logarithm of which can be found in the tables is 4; separat- 
ing therefore the four left hand figures of the proposed from 
the rest by a point, we consider for the mome:it, those on the 
right as decimals. The logarithm of 6754. 37 is comprised 

between the logarithm of 6754 and that of 6755; the dififer- 

y 37 

ence between these two logarithms is .00007; jr^ of this differ- 
ence therefore added to the lebs logarithm will give the loga- 
rithm of 6754.37 neariy ; thus log 6754.37 = 3.82959 ; whence 
adding 2 units to the characteristic of this last to obtain the 
logarithm of the proposed, we have log 675437 = 5.82959. 

209. We proceed next to the second of the proposed ques- 
tions, viz. A logarithm being given to find the number , tohich 
corresponds to it. 

1. To find the number corresponding to the logarithm 
2.10449. The decimal part of this logarithm is contained in 
the tables ; in the left hand column and on the same line with 
it, according to the arrangement of the tables, in which there 
are but three places of figures in the column of numbers, we 
find 127, and at the top of the table directly over it we find 
2 ; the characteristic of the logarithm being 2, we have there- 
fore 127. 2 for the number corresponding to the proposed. 

2. To find the number corresponding to the logarithm 
3.42674; this logarithm is not found in the tables; it is com- 
prised however between 3.42667 the logarithm of 2671, and 
8.^^2684 that of 2672; the difference between these two logj^-^ 
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rithms is .00017, thie difference between the proposed and 
3.42667 is .00007; we have then the following proportion 

.00017 : 1 : : .00007 : .41 nearly. 
The number corresponding to 3.42674 is therefore 2671.41 

3. To find the number corresponding to the logarithm 
— 2. 45379. The number corresponding to this logarithm 
will be comprised, it is evident, between .01 and .001 ; to ob- 
tain this number l.et us add to — 2. 45379 a sufficient number of 
units to make it positive, 5 for example, we \i$^e 5 — 2.4537'9 
= 2. 54621 ; the number corresponding to this last is 351.73; 
but by adding 5 units to the proposed logarithm, we have inul- 
tiplied the number, to which it belongs by 100000, whence 
dividing 351.73 by 100000, we have .0035173, the number 
corresponding to the proposed. 

V 4. To find the number corresponding to the logarithm 
3.86249. Adding three units to the characteristic, the pro- 
posed becomes .86249, the number corresponding to which 
is 7. 286; whence as it is easy to see, the number correspond- 
ing to 3. 86249 is .007286. 

Section- XXIV. 

Applicatiox op the Theort of Logarithms. 

multiplication and division. 

1. Let it be required to multiply 872 by .C97. 

log 872 = 2.94052 

log .G97=r. 2.98677 

log 84.5S4 Am. 1.92729 

2. Let it be required to multiply .857 by .0093. 

log .857 =- T.93298 
log .0C93 = 3.96848 

log .00797 Ans. 3.99146 

a Let it be required to divide 5672 by .0037. 

log 5672 = 3.75374 

log .0037 r= 3.56320 
log 1533000 Am. 6.18554 
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4. Let it be required to divide .053 by 797. 

log .053 = 2.72428 = 3 + 1.72428 
log 797= 2.99146 



log .0000665 iln«. 5.82232 

To render the subtraction required in this example possible^ 

we change the characteristic 2 into 3 -f I9 which has the same 
value ; this furnishes a ten to be joined with 7 for the subtrac- 
tion of 9, the len'hand figure of the decimal part. A similar 
preparation, it is evident, must be made in all cases of the 
same kind. 

FORMATION OF POWERS AND EXTRACTION OF ROOTS. 

210. Let it be required to find the 5th power of .125* 

log .125= 1.09691 



log .000030519 Ans. nearly 5.48455 
2. To find the 7th power of .73. 

log .73 =1.86332 

7 



log .1 1047 Ans.' nearly 7 + 6.04324 = K04324 

3. To find the third root of .01356. 

The logarithm of .Oia56 is 2. 13226. The negative char- 

acteristic 2 of this logarithm is not divisible by 3, the index 
of the root required, neither can it be joined to the positive 
part on account of the different sign. It however we add 
— 1 -|- 1 to the characteristic, which will not alter its value, 

it becomes 3-|-l; the negative part is then divisible by 3, 
and the 1 being positive may be joined to the fractional part» 
we have then 

log .01356 = 2. 13226 = 3+1. 13226 
whence dividing by 3, we have 

r.37742 = log .^3846 Ans. nearly. 



APPLICATION OF LOGARITHMS. ' 851 

In all cases, if the nej^ative characteristic is not divisible by 
the index of the root required, it must be made so in a similar 
manner. 

ARITHMETICAL COMPLEMENT. 

311. The arithmetical complement of a logarithm is the dif- 
ference between this logarithm and 10; thus the arithmetical 
coiiplement of 3.4725S4 is 10 — 3.472534 = 6.527416. The 
arithmetical complement of a logarithm is obtained by subtract* 
ing the right hand figurCy if it be significant^ from 10, and the 
others from -9. 

Let it be proposed to find the value of x in the expression 

• x = ^— /' + r— r— /"" 
{, f, V . . being logarithms ; this expression, it is evident, may 
be put under the form 

x = /+(10-./') + /"+.(10 — P)+.(l^ — '"") — 30 
that is, to find the value of x, we take the sum of the logarithms 
to he added and the complements of the logarithms to be ^ubtract-^ 
edj and from this sum subtract as many times 10, as there are com^ 
phmenis employed. 

Thus when there are several multiplications and divisions 
to be performed together, by using the complements of the 
logarithms of the divisors the whole may be reduced to the 
addition of logarithms. 

KXAMPLES. 

1« Lei it be proposed to find the value of x in the expreaflion 

31 1^ 

* = 95 X 457 

log 31= 1.49136 

log 139= 2.14301 

log 95 Comp. = 8.02228 

log 457 Comp. = 7.^34008 

16.99673 
Subtract 20 



log .09925 2.90673 
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2, To find the value of x in the expression 

_ /3.75 X 73 X .C56\4 
^~ V1.7498X 12o.l3"j 
log 3.75 O.5T403 

log 73 J. 86332 

log .C56 2.74819 

log 1.7498 Comp. 9.75701 
log 125.13 Corop. 7.90264 

18.84519 
Subtract 29 



2.84519 



product by 5 6.22595 (3 

quotient by 3 2.07532= log .011898 A* 
a To find the value of x in the expression 

(24)6 x_xV (17) ^^,3.78.6456. 

*~ 4821 X64 
4. To find the value of x in the expression 

■ /132 X (7.356)'U ,.. ..v« 

« = ( — 5 ) Ans. 144.5972. 

^ (3.25)^ 

^ PROPORTioKS. 

212. Let it be required to find the fourth term of tbe pro- 
portion, of which the numbers 963, 1279, .8.7. arcf the first 

three terms. 

log 1279 3.10687 

log 8.7 0.93952 

log 963 Comp. 7.0J637 

log 11.555 Ans. nearly 1.06276 
From the proportion a : 6 i; c : d, we have 

a c 

whence log a — log & = log c — log rf 

|}(erefore log a . log 6 : log c . log d 
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that is, if four numbers form a proportion^ their logarithvM toSU 
form an cquidiffcrence, 

EXPONENTIAL EQUATIONS. 

213. We have already explained a method for finding the 
value of X in the equation a^= 6, from which tl^ theory of 
logarithms is derived ; but a table of logarithms heing once 
constructed^ there is nothing to prevent its use in the solution 
of equations of this kind. 

Let it he required to find the value of x in the equation 

3*= 15. 

taking the logarithms of both sides, we have 

z log 3 = log 15 

lo«15 1.17609 _.^, 
whence x = ,^ -3- = ^^^^ = 2.464 + 

The division required in this example may be performed, if 
18 easy to see, by subtracting the logarithm of .47712 from 
that of 1.17639, as in the case of any other numbers. 

PROGRESSION BT QUOTIENT. 

214. Logarithms are particularly useful in the solution of 

questions in progression by quotient. 

Let it be proposed to find the 20th term in the progression 

, 3 9 27 

Putting u for the last term of a progression by quotieni, we 
have art. 176, 

11 = a g'* - 1 ; whence log u = log a-\-{n — 1) log q 
We have therefore for the 29th term in the progression pro- 
posed 

log tt = log 1 + 19 (log 3 — log 2) = 19 (log 8— log 2) 
the term required will therefore he 2216.84 to within .01. 

Let it be required next to insert between the numbers 2 and 
15 fifty mean proportionals ; we have for the ratio, art 184, 

I /6 logft — loga 

9 =y/ i ; whence log q = — ^qrf — 

22 
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k tlie question proposed, we have therefore 

log 16 — log 2 
log? = 6i 

or performing the calculations, we obtain 

9^1.040286 

215. Let it be required to find the sum of the first ten tomt 

ia the progression 4f 5.15.45 • . .; we have, art 178^ 

S = ?<?:^; whence 

logSasloga + log (^ — l)_log(gr — 1) 

Applying this formula to the proposed question, we have 

logS = log6 + log(3^»-l)-log(3-l) 
Calculating 3^^ by logarithms, we have 

log 3"= 10 X log 3 
' from which we obtain S'"" = 5904S 
whence log S = log 5 + log (59048 — 1) — ]og2 
or performing the calculations, we obtain 147620 for the sum 
required. 

Let it be proposed next to find the number of terms in the 
progression, of which the first term is 3, the ratio 2, and the 
last term 6144. 
From the formula ti = a jf" — * we have 

log w = log o + (n — 1 ) log ff 

log II — log a 

whenee n = 1 + ,-—- — - 

log 9 

Affplying this foraaia to the proposed question, we have 

log 614 4 -log 3 
«=l + ~ j-^^ = 1 + 11 = 12 

mk Let us take next the progression 

ir f* '• b : c : d : e : f i g . , 

from the nalure of the progression^ we have 

a b e d / 

o c a « ^ 

, a , 6 , c . 4 
whence log j= log - = log - = log - . . . . 

wherefore, log a — log 6 .-= log & — log e s= log c — - log i( sss • . 
fipom this last we have 

-r log a • log h . log c . log <l . • . • 



^i^ 
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If therefore the numbers a, 6, r, d . . form a progression 
by quotient, their logarithms will form a progression by differ- 
ence. Logarithms may therefore be defined a series of nun^ 
hers in arUhmetical progression corresponding term to term to am- 
other series of numbers in geometrical progression. This is th* 
definition of logarithms given in arithmetic. 

COMPOUND INTEREST. 

217. One of the most important applications of logarithms 
if to questions upon the interest of money. 

Interest is of two kinds simple and compound. If interest 
be paid upon the principal only, it is called simple interest ; but 
if the interest, as it becomes due, be added to the principal, 
and interest be paid upon the whole, it is then called compound 
interest. 

We have already inyestigated formulas for simple interest. 
Let it now be proposed to determine what sum a given princi- 
pal p will amount to, in a number n of years, at a given rate r 
at compound interest. 

The amount of unity for one year will be 1 -f* >* f that of p 
units will be therefore p (i 4~ 0* 

For the second yearp (1 -f- ^} ^ili ^^ the principal, and its 
amount will be p (I + r) (1 + ^)y ^^ P (1 + '')^* 
^ The original sum p therefore at the end of the second year 
will amount to p (1 -|- r)^. In like manner at the end of the 
third year it will amount to /> (1 4- r)^ i whence putting A for 
the amount required, we have 

A=;,(l + r)" 
this is a general formula for compound interest ; taking the 
logarithms of both sides, we have 

log A = log p -4- » log (1 + 
Let it be proposed to determine what sum $30000 will 

amount to, in 30 years, at 5 per cent, compound interests 
We have log A = log 30000 + 30 log L05 

whence performing the calculations, we obtain 

$129658.27, Ans^. 
S1& The equation A = p (1 + r)" contains four quantitiet 
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Ai py r, and n, any one of which may be determined, when 
the others are known. It gives rise therefore to the four fol- 
lowing questions, viz. 

1^ To ditermine A, when p, r, and n art given^ or the prtnct- 
palj rate, and munber of years being giuan^ to find the amouiU. 

This question we have already solved. 

2^ To determine p, when A, r, and n are given j or to find 
what principal put at compound interest will amount to a given 
mm, in a certain number of years^ at a given rate. 

Resolving the general equation with reference topy we have 

A__ 

^-(l+r)« 
or by logarithms '• log |9 = log A — n log (1 -}- r) 

3®. To determine r, when A, p, and n are knowny that is, to 
find at what rate a given sum ^lust be put at compound interesty in 
tnrder to amount to another given sum in a given time. 

Resolving the general equation with reference to r, we have 

log A — log p 
or by logarithms log (1 -|- r) = ; 

fv 

Having by means of this last determined the value of 1 -f-r, 
that of r will be easily found. 

4^. To determine n, when A, p, and r are giveUy that is, to 
find for what time a given sum must be put at compound interest 
at a certain rate in order to amount to a given sum. 

Making n the unknown quantity in the general formula, we 

obtain 

log. A — log p 

"~ log (l + r) 

If it be asked what must be the value of n in order that the 

sum at interest may be doubled, tripled, &c. ; we put in the 

general formula k = hpy k denoting 1, 2, 3 • . ., we thus 

have 

A»=rD (l-i-r)"; whence ns; r^-. — . 

-^ /- V T- / » log (1 -}- ^) 

« 18 therefore independent of f>, that is, whatever the sum put 

out, it will be doubled, tripled, &c. in the same time. 
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KXAMPLHa. 

1. What is the amount of $1000 for 9S yeara at 6 per oent. 
compound interest ? Ans. $3386. 

8. What will $600 amount to in 6 years at 4^ per cent 
compound interest, supposing the interest to be payable half 
yearly? Ans. $783.63, 

3. In a certain province there are at present 200000 inhab- 
itants. If the population increases -^ part yearly, what will 
it be 100 years hence ? Ans. 1448927 nearly. 

4. How much money must be placed out at compound in-^ 
terest to amount to {1000 in 20 years, the interest being 5 
per cent. ? Ans. $379.89. 

5. A sum of $201.22 is payable 12 years hence without 
interest. What sum put out at 6 per cent, compound inter- 
est will be sufficient to meet the payment at the end of that 
time ? Ans. $100.00. 

6. The sum 'of $500 put out at 5 per cent, compound inter* 
est has amounted already to $900. How long has it been at 
interest ? Ans. 12.04 years. 

7. A capital of $3200 having been at compound interest for 
80 years has amounted to $34050.84, at what rate per cent^ 
was it put out ? Ans. 3 per cent. 

8. In what time will a principal be doubled at 5 per cent. ? 
In what time will it be tripled at 6 per cent. ? 

AMTUITIES. 

219. An annuity is a sum of money payable yearly for i^ cer- 
tain number of years or forever. 

Let it be proposed to determine what sum must be put at 
interest to pay an annuity of b dollars for n years, the interest 
being reckoned at the rate r compound interest. 

According to the rule for compound interest, the amount of 
the first payment, at the expiration of the n years, will be 
h (l-f-f)"~ S the amount of the second payment will be 
b (1 -f-r)«- 2, that of the third will he b (l +r) - ^ . . . .\ 
the last payment will be b. Putting A for the sum placed at 
interest for the payment of the annuity; its amount at the end 

of the n years will be A (J 4* ^^ / ^^ ^^^^ ^^^ tb^refpre 

21 • 
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but the second member of this equation forms, it is evident, a 
progression by quotient the ratio of Which is t--t--~9 or, the 

order of the series being reversed, l-\-r ; taking its sum we 

have 

6[(l+r)»— 1] 



A(l + r)» = 
whence A = 



r 



This equation gives rise also to four different questions, ac- 
cording as we make A, (, r orn the unknown quantity. The 
following examples exhibit particular cases of these questions. 

1. A,man wishes to purchase an annuity which shall afford 
him $1500 a year for 12 years; What sum must he deposit in 
the annuity office to produce this sum, supposing he can be al- 
lowed 7^ per cent, interest ? Ans. $ 1 1602.91. 

2. A man purchased an annuity for 15 years for $100000. 
How much can he draw annually, the interest being reckoned 
at 5 per cent. ? Ans. $9604.22. 

3. A man has property to the amount of $34^0, which 
yields him an income of 4 per cent. His annual expenses are 
$2000. How long will his property last him ^ , 

Ans. 30 years nearly. 

Section XXV. 

BINOMIAL THEOREM. — INDETERMINATE COEFFICIENTS. 

220. The rule given, art. 133, for the development oi 
(x -f- a) '^f for the case in which m is entire and positive, ia 
equally applicable whatever the value of the exponent m. 

EXAMPLES. 

I. Let it be proposed to find the development of (x -f~ a) > 
we have by the rule 
/ . V* ?t • 2 —4 21 —A . , 2.1.4 — i _ 

or reducing 

/x-|.«^f-x*4--t-— a' + ?:3^t» ' 

\X-i-a) _Z -t-gj.0 3.6x«<' +3.6.91*'* 
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2. Let it be proposed next to find the development of 

^x -f- o) " '• Applying the rule, we have 

3.4 3.4.5 
(a: + a)-^ = x'-* — Sx-^a + ^jj-*"* o' ^x-*a* . . . 

or reducing 

(x + o) =i3— .-4 +1? ie- • • • • 

221. The binomial form 1:1a furnishes a method of finding 
the approximate roots of numbers, which are not perfect pow- 
ers. 



m 



Developing (x + a) '* according to the rule we have 

mm vt , t / \ m 

(x + o;»=i"+^ax» -I--- (-_llo»x» +. 
Putting in this expression m = 1, we have 

/ . \- - I 1 --^ 1 1 W^ l^ a --* 

(x + o)«=x« + -ax" +2-^^;^— V^ *" • • • • 



1 



or reducing (x-|-a)fi=:s 

1 l.^*"_^ ^Zi '^^^''j^^ ''"^ 2fi — 1 a^i" 



• • • 



«2n " x2 ~n 271 ' 3n ' x^ 

but this last may be put under the form (x -j" ^)" = 
1/1 a_l n— 1 a* 1 w---l 2n— 1 a^_ \ 
^''V +n-i n- 271 '?"^n-"2"^"'-'~^"'V '7^^ 
To form a new term of this development, it will be sufficient 

371 — 1 a 

to multiply the fourth by — . and by - and to change the 

sign, and thus in order. 

Substituting — a for a in the formula (1), we have (x — a)* 
1/ 1 a_l fi — 1 a'_l « — 1 2fi — 1 a*_ \ 
"^'X n-i n-lTTT-? n'"2"^-"37r"-i» j^^ 

222. Let it now be proposed to find the approximate square 
root of 6. In order to this we decompose 6 into two parts 
4-4-2, the first of which is a perfect square^ we have then 

6^ = (4-|-2)^; putting therefore in the formula (l)xss=4 
a =2, we have 

aJ Al\ _L^2 114,113a \ 

o =« V^ + 2'4~8 '4 •ie'Ta'J-e "64 ) 
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or reducing 62' = 2 + 2 — :jf^ + gi • • • • 

To find the next term, we multiply according to what has 

1 Sn — 1 a 6 2 ^ ^ ^ , 

been saidjgj by — J .-org«jand change the sigu: tnis 

5 
term will be therefore — jQgj. 

If we take the first two terms of this seiies, we shall have 
6* =2, the square of which y is greater than 6 by the frac- 

tion j. If we take the first three terms, we shall have d^ = jg 

15 
the square of which is less than 6 by the fraction^. 

In order that the series may converge more rapidly, it is ne- 
cessary, as will be evident from inspection of the general for- 
mulas, to make the second term of the binomial into which 
the proposed is converted as small as possible. 

Thus in the above example, if we put 62"= (.-- — -j^ and 

25 1 

make in formula (2) x = -^, a = j- we have, the reductions 

being made, 

ai — i 1 _L 

" "" 2 "" 20 2000 ~ • • • • 

a series, which converges much more rapidly than the one 

first obtained. Indeed, if we take the first two terms of this 

J. 49 

series, we have 6^ == ^, the square of which differs from 6 hj 

400 ^°'y- 

Let it be proposed next to find the approximate third root 
of 7. Putting in formula (1) a: = 1, a = 6, we have 

pyi i/i I 1 6 1 2 36 , 1 2 5 216 \ 

^ = H^+3T-3-6-T + 3-6-9-T---V 
a series in which the terms increase continually instead of di- 
minishing. But 7, it will be observed, may be decomposed 
into 8 — 1, putting then x =8, a= 1 in formula (2), we ob- 
tain a series the terms of which decrease rapidly. 

223. When the terms of the series decrease continnally, ui 
general, the more terms we take the nearer we approaeh the 
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value of the quantity reduced to the series. But if the terms 
of the series are alternately -f- and — , on stopping at a partic- 
ular terra, we may deteriijine with precision the degree of ap- 
proximation obtained. 

Indeed, let it be supposrd, that we have the decreasing 
series a, 5, c, c/, e . . . the terms of which aie alternately 4* 
and — , and let x represent the value of this series. If we take 
any two consecutive sums a — 6 + c — d^ a — 6-f-c — rf-f-'> 
for example, with respect to the first, the terms which follow 

-^d, will bee — /+!/ — ^' 4" • • • ? t>"t since the series is 
decreasing, the partial differences c — f^g — A will be posi- 
tive, that is, to obtain the value of x, we must add a positive 
quantity to a — b -{• c — d; we have therefore 

a — b-\'C — (/<^a? 
With respect to the second sum, the terms which follow 

-f- « are — A 4~ ^> — / -f- ;» . . . ; but the partial differences 
— A 4 A^, — / + wi are negative ; to obtain the value of ar, we 
must add therefore a negative quantity to a — 6 + c — d-^e^ 
that is, we must subtract a positive quantity from it ; we have 
therefore a — b-^. c — d-|-c]]>x 

The value of x is therefore comprised between the two sums 

a — 6-f-c — r/, a — b -{- c — d + e 
and since the difference between these is evidently e, it fol- 
lows, that the error commilfrd in taking a certain number of terms 
for the value of the quantity reduced to the aeries is fiumerically 
less than the term imnudiately fot/owing the one^ at which we stop. 

EXAMPLES. 

1. To find the approximate fifth root of 39. 

Ans. 2.0807 to within .0001. 

2. To find the approximate third root of 65. 

Ans. 4..C2073 to within .00001. 

3. To find the approximate fourth root of 26D. 

A ns. 4.01553 to within .00001. 

4. To find the approximate se'venth root of 108. 

Ans. 1.95234 to within .00001. 
224. The binomial formula may also be employed to devel- 
op algebraic expressions in series. 



mes 
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Let it be proposed, for example, to develop the expression 

-ft o ill series. 

This expression may be put under the form a^ (a* — ac*) — *, 
or which is the same thing a^ « -a m — \ ^ which beco 

by reduction /l — — j ; developing this last, we have 

EXAMPLES. 

1. Reduce to a series. 

(1— z)3, 

2. Reduce t^—. — it to a series. 

8. Reduce 7 to a series. 

(a*— x)* 

INDETERMINATE COEFFICIENTS. 

225. In the expression A + Bx + Cx' + Dx* + Ex* + ..., 
the doefficients A, B, C, D . . . being independent of x, let it 
be required to determine what must be the values of these co- 
efficients, in order that whatever the value assigned to ar, we 
may have the equation 

= A+Bx + Cx* + Dx*... 

As the coefficients A, B, C, D . . . in this expression are 
to be determined, they are on this account called indeterminait 
coefficients. 

Since by hypothesis the proposed equation must be verified 
whatever the value of x, it must be verified, when we assign 
to x the particular value x = 0. Putting therefore x=Oin 
the proposed, it is reduced to = A ; we have therefore 
A == ; substituting this value of A in the proposed, and di- 
viding both sides by x, we obtain 

= B + Cx-f Dx»+. .• 
but since this equation must also be verified whatever the val- 
ue of X, it must be verified when we assign to x the particu- 



INDETEBXINATE COEFVICIBNTS. &63 

l«r Taloe a: = ; puttiog x ss we obtain B := 0. By th« 
same course of reasoning it may be shown also that C = 0, 

In general therefore if an equation of the form 
= A +B « + C i' + D *» + . . . , A, B, C, D . . . 
being coefficients independent of x, may he verified whatever 
value is given to x, each eeparate coefficient mitst necessarily be 
equal to 0. 

226. This is the principle, upon which the method of inde- 
terminate coefficients is founded. We shall now giv6 some 
examples of the application of this method. 

1. Let there be a dividend ac' — px-\'p'j let the divisor 
be X — o, and the quotient x — 9; to determine the condi- 
tions necessary in order that the division may be exact. Since 
when there is no remainder, the divisor multiplied by the quo- 
tient should produce anew the dividend, we have 

(« — a) (x-^ qy= «* — p « + p' 
or performing the multiplication indicated transposing and re- 
ducing 

Oz=(a + q — j})x-{- (p' — aq) 

but since this equation must be true whatever the value of x, 

we have 

a -{- gf — p==sO, p' — ags=0 

whence eliminating 9, we have 

a'=ap — p' 
In order therefore that the division may be exactly perform- 
ed, we must have a* :=,ap — p' or which is the same thing 
a* — a|i4-p'=0. 

2. Let it be proposed, as a second example, to determine 
for A and B values such that we may have the equatioui 

3 + 5x A_ B 

(X— 3) (x — 2) ~x — 3 + X — 2 
Freeing from denominators transposing and reducing, we 
have , = (A + B— 5)x — (2A4-3B + a) 

whence A4-B = 5,2A4-3B = — 3, 

from which we obtain A = 18, B s= — 13. 

3. Let there be the dividend x' — px' + ii'x— p^, the 
divisor x — a; and let the quotient be x' — 9>-|-9^* To 
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determine the conditions necessary in order that the ditrition 
may be exact. 

Ans, In order that the division may be exactly performed, 
we must have a^ — a' /> •\' ap' — ;/' = 0. 

4. To find for A and B values such that, we knay have 

7 + 9x A B 

+ 



(X — 5)(x — 3) X — 5 ' X — 3 

Ans. A = 26, B== — 17. 
5. Let there be the dividend x' — px^-^p'x — p", the 
divisor U — «)'; and let the quotient be x — q. To deter- 
mine the conditions necessary in order that the division may 
be exact. 

Ans. We must have the relations 3o' — 2a/)-f-p' = 0, 
2tt» — a>+p" = 0. 

227. The method of indeterminate coefficients is of great 
utility in the development of algebraic expressions in series. 
Let it be proposed, for example, to develop the expression 

■ , - in series, according to the ascending powers of the let- 
ter X. In order to this, we assume 

31 ■ j " Z 

the coefficients A, B, C . . . being independent of x. 

Freeing the first member of the proposed from its denomi- 
nator^ transposing, and arranging with reference to x, we ob- 
tain 



x°+B5 
A 



x + Cz 
B 



x^ + Dz 
C 



X ■ I ■ • . • • 



Q — kz 

— z 

we have therefore the series of equations 

A«--j?=0, B;?4-A = 0, C«-fB==0,D«4 C = 0. . 
from the first of which we obtain A=l; substituting this 

value of A in the second, we have B = - — , substituting the 

z 

value of B in the third, we have C = i and so on. 

z 

Substituting the values of A, B, G • . thus obtained in the 

expression assuiaed, we have 



x-\-z z^ a^ s^ *^ z^ 



• • . 
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Let it be proposed, as a second example, to develop the ex- 

pression ^ — •; in series according to the ascending powers 

of the letter x. 

Putting 3^^— -^-5 = A + B X + Cx' + D ar»+ . . . 

we have, freeing from denominators transposing and arranging 

0=— l-f3Ax + 3B x' + 3C x' + 3D |x*+. . . 

J-A — B — C 

from which we infer 

— 1 = 0, 3 A = 0,3 B — A = 0. . . 
but the first of these equations, — 1 = 0, is evidently absurd - 
the proposed therefore does not admit of being developed ac- 
cording to the form required. 

The expression ^ — — - may, however, be put under the 

ox — X ^ 

1 I 

form - X H ; let us put therefore 

X O ■"""* X 

from this we obtain 



= 3A |x*> + 3B 
— 1 —A 



X+3C 
— B 



x» + 3D(x» + 
— C 



which gives 3A— t=0, 3B — A=^0, 3G — Bs=0 . 
from which we obtain successively 

A ^ R — L r 1 n 1 
we have therefore 

3z— x» = X \^3 "I" 9 ^ "^ 27 *' ■'■ 8l *' +•'••/ 

0^ 371^= 3* +9^ +27^^ + 81^ + • • • • 
the proposed contains therefore in its development a term af- 
fected with a negative exponent. 

EXAMPLES. 

1. To develop in series the expression z—. ,--3 

1 -j-x + ar 

23 
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2. To develop in series Ihe expression . « 

3. To develop in series the expression ^ | > according to 
the ascending powers of z^ to commence if possible with xr*. 

4. To develop in series the expression ^a i 2o x^^^^' 

Section XXVI. — Praxis. 
1. — Equations op the First Degree. 

1. Given (x 4- 40)*=: 10 — a:*' to find the value of x. 
Squaring both sides of the equation, we have 

x + 40 = 100 — 20x*+a: 
whence x= 9. 

2. Given (x— 16)2^= 8 — x*, to find the value of z. 

Ans. x = 25. 

a Given (x— 24)* = x* — 2, to find the value of x. 

Ans. x = 49. 

4. Given ?L+^= "" +^g to find the value of x. 

xi-{-4 x* + 6 

FreeiRg from denominators and reducing we have 16 = 8 x^' 
whence x=4. 

A ± 

5. Given ^^ ^^ ~A „ ^^ + (^ *)% to find the value of x. 

xi + 2 x* + 40 

Ans. X = 4. 

6. Given ^''~^ = 1 + ^^^— » *^ ^^^ ^^^ ^'*^^°^ ^^ *• 

(3x)*+l 

Since 3 X — 1 = ((8 x)* + 1) ((3 x)*— 1 j/we have 

i 
(3 X)* — 1 = 1 + ^-^^^2""' ^^^'^^^ *= ^• 

7. Given -^^--l = —o=^,tofindthevalueofx. 

(6x;* + 3 

Ans. x = o. 
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8. Given (2 + x)^ + jp* = , to find the value of «. 

(2 + x)^ 

Ads. X = {. 

9. Given x^ -j- (x — 9)^= , to find the value of ar. 

(x— 9)* 

Ans. x = 25. 

II.— Incomplete Equations of the Second Degrxe, 

AND OTHERS WHICH MAY RE SOLVED WITHOUT 
COMPLETING THE SQ,UAR£. 

. Ji en X -f- jf ,Qf> J to find the values of x and v- 

and x'y4~^y — ^°" ) 
Adding 3 times the second equation to the first and extract- 
ing the third root, we have x + y == 9 
but x*y-{-xy*=xi/(X'^y)^ whence 9x^ = 180) 

. and X y == 20 ; subtracting 4 times this last from the equation 
X -f- y == d raised to the square, and extracting the square root 
of both sides of the remainder we obtain x — y = 1 ; whence 
x=5,y==4. 

2. Given x» + x y = 12 K^ ^^^ ^^^ ^^,^^^ ^^ ^ ^^^ 

and y' + X y = 24 > ^ 

Ans. X = ± 2, y = ± 4. 

3. Given x^ — x ly = 54 > . - * *i. i e j 

and X y — y 2 = 18 I *^ ^°^ *^^ ^*^'*®® ^^ * "'^ ^' 

Ans. X == ± 9, y = ± 3. 

J « % 1 « / to find the values of x and y. 

and X''y — xy'*=lo) *' 

Ans. X = 4 or — 2, y =: 2 or — 4. 

6. Given x» + y» = j^- 

g ^ >to find the values of x and y. 
and X y = 1 

Ans. x = 3or — 2yy = 2or — 3. 

6. Given x*-^«* — 






find the values of x and y. 
andx' + y^ 
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Squaring the second equation 

but ar* + y^ = 13 

whence by subtraction 2 1* y^ = 12 

subtracting this last from the first equation 

a:? — :2a:*y* + y^=l 

whence x^ — y* = zt 1 

from which compared with the second equation^ we obtain 

ac==27or8, y = 8or27. 

, 3 TJ^zZZ'u. \ *® ^°^ ^^^ values of ar and y. 

Ans. a; = 5 or 3, y = 3 or 6. 

Ans. 2 = 2, y^ 3. 

and«^+y^= 6 j 

Ans. x = rfc8orrfcV8, y==32or 1024. 

10. Given x + a;^ y +y =1^ (to find the values 
and x' -|- X y + y' ==■• 133 j of x and y . 

dividing the second equation by the first, we have 

X— x*y2+y = 7 
adding Ihis last to the first and dividing by 2, we obtain 
X'\-yv=ilS; subtracting it from the first, dividing by 2 and 
squaring both sides of the result, we have xy =36; compar- 
ing the equations thus obtained, we have x = 9 or 4, y == 4 or 9. 



9 Given x^ -4- v^ = 20 r 

' ^ ^*^ find the values of x and y. 



XV 1 

11. Given -7-^ =48 



xiy-jJ" 

xy 
and-, =24 

x^ 



40 find the values of x and y. 



Ans. X = 36, y = 4, 

12. Given x* — y*= 369 K^ is j 4i. i f j 

1 8 Ja __. 9 ( to "^« the values of x and y. 

Ans. x=:db5, ys=±4. 



l"»' •■ • 



I ' "* I 
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Ans. X = 3 or 1, ^ :^ 1 or 2. 

14. Given x^ + Jy^^ 9h^ ^^^ ^^^ ^^1^^^ ^^ ^ ^^ ^ ^ 

andy' + r x^=:18 j 
The proposed may be put under the form 

x^ (J + y^) = 9, y^ ix^ + yh = 18. 

Ans. x = ±ljy = ±4. 

15 Giv^n x' -4- x^ ?y^ = 208 ) 

o'^A > to find the values of jc and jf. 

and y« + x^ y^ == 1053 j 

Ans. X = ± 8, y = ± 27. 



16. Given x — y : x^ — y^ : : 8 : 1 ) to find the values of 

andx^y^ = 15J * *^^ ^^ 

Ans. X = 25 or 9, y j= 9 or 25. 

17. Given x» — y* : x'y — xy* : : 7 : 2 >to find the values 

and x~f-y^6) ofx and y. 

Ans. X = 4 or 2, y = 2 or 4. 
jg p . 2 1 1 i 

y X 4 > to find the values of x and y, 
and x»y — xy»= 16 j 

Ans. x=4 or — 2, y = 2 or — 4. 

19. Given xa—xy = 48y>.fl ^ ♦!, i r j 
and X y — y2 = Sx]^^ °°^ ^"® ^*'"^® ®^ * ^"'^ y- 

Ans. X = 16, y = 4. 
III. — Complete Equations op the Second Degree. 

1. Given x^ + a;^--756, to find the values of x. 
Completing the square x^ + x^ + 1 = ~4~ 

extracting the root x^ + o = ±-2 

from which we obtain x = 243 or (— 28)'. 

2. Given x» — x^ = 56, to find the values of x- 

Ans. X =s 4, or (— 7)* 
23 • 



■jw- I ^1 1 111^ iw^^^^r-" 
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3. Given 3 «^ 4- a:^ = 3104, to find the values of x. 

i 
Ans. a:=64, or(— 9jr 

4 # i. 

4. Given x -f- sc = 6 x to find the values of x. 

Ans. a? = 2, or — 3. 

6. biven x — x = 2 x to find the values of x. 

Ans. X = 4 or 1. 
1 

6. Given x + 5 — (x + 5)' = 6, to find the values of x. 

1 1 25 
Completing the square x -|-5 — (^ + ^r + 4 = T 

11 5 

extracting the root (x+ 5)^ — 2 — ± 2 

from which we obtain x = 4, or — 1. 

7. Given (x + 12)* + (x + 12)' = 6 to find the values of x. 

Ans. X = 4, or 69. 

8. Given x + 16—7 (x + 16)5 = 10 — 4 (x + 16)*, to find 
t^e values of x. Ans. x = 9, or — 12. 

9. Given x^ -|. (5 x + x2)5=: 42 — 5 x, to find the values of x. 

Ans. x=4, or — 9. 

10. Givenx2_2x + 6<x2 — 2x-f 5)*= 11, to find the 
value of X. 

Adding 5 to each member 

a.2«.2x + 5 + 6(x2 — 2x + 5)5 = 16 
completing the square 

x2_2x-f 5 4-6(x2— 2x + 5)» + 9 = 25 
extracting the root and reducing, we obtain 

x=:l, or±2V15 

11. Given9x— 4x9+(4x2— 9x + ll)*"=6 to find the 
values of X. Ans. x = 2, or J, 

12. Given (x« -)- 6)2 — 4 x^ = 160, to find the values of x. 

Ans. X ss 3, or v^ — 15. 

13. Given (a? — 7 x) + (x^ — 7 x.+ 18)^ » 24, to find the 
values of x. Ans. x » 9, or — 2. 

14. Given 2 x»+ 3x — 5 (2 x»+ 3x +9)» + 3 ==0, to find 
^^e values o( x. Ans. x b 3^ or — ^» 



■'•'"■■■ ^ ■•" " ■■••■■■ f-i ■•^i ■• ■^^i^^^^Mf^W^waVMMIiW^p^a^^HVHBHPIHHM^nvaMqifi^ 
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15. Givenx + (x + 6)5 = 2+3(x+6)^, to find the val- 
uei of ac. Ans. x == 10, or — 3. 



16. Given ?_1L^_?_ZI^ to find the values of x. 

9 4 

X — ar 

Ans. X =3 4, or 1. 
/ 8\2 8 

17. Given (x + ~) +« =»42 , to find the values of x. 

y x/ X 

Ans. X = 4, or 2, 
1 

18. Given ^^ i— jT' *^ ^°^ *^® values of x. 

X + (X + D' 

Ans. X sa 8, or f . 

x9 .6 351 ^ , , ■ 

19. Given fa, _ 4)2 + ^^ilZJ "° 25 x^ ^^ ^'''^ *^^ ''**"''* 
of X. Ans. X =s :i: 3. 

20. Given ((x — 2)^ — x)9 — (x — 2)* =« 90 — x, to find the 
values of x. Ans. x =» 6, or — 1 J 

/ 1\* 

21. Given x*Yl-+- g^j — (3x2 + x) = 70, to find the values 

of X. Ans. X =s 3, or 3J. 

22. Given 4 x y = 96 - x« y^ K^ g^^ ^^^ ^^^^^^ ^^ ^ ^^^ 
and X -f- y = o ) ' 

from the first equation x^y^-\'4txy:=96, completing the square 

and extracting the root x jv .= 8 or — • 12. 

Ans. X = 4 or 6, y = 2 or 4. 

23. Given x^ y* — 7 x y^ — 945 = 765 ) to find the values of 

andxy — y = 12 ) x and y. 

Ans. X = 5, y = 3. 

24. Given x2 + x + y = 18 — y^ Mo find the values of x 

and X y = 6 j and y. . 

from the first equation x^ + y^ + x + y = 18 

from the second 2xy=12 . 

byaddition x» + 2xy +y« + x +y =30 ^ 

or (x + y)2+(x + y)=30 

whence x = 3 or 2, y = 2 or 3 
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25. GiTcna^ + y® — X— y=78Uo find the values of x 

and acy-)- a?-j"y=^ ) andy, 

Ans. a; £= 9 or 3, y =s 3 or 9. 

26. Given x> + 3x + y = 73— 2 xy ) to find the values of 

and y®-{" ^y 4" * =^ i * and y. 

Ans. X = 4 or 16, y =^5 or — ?• 

27. Given x — 2 x^ y* + y = x^ — y.^ ) to find the values 

andxi + yi=6 j ^^ ^ ^^^ »• 

i i i i 

from the first equation we have (x — y )^ — (x — y ) = 

Ans. x = 9,y = 4. 

28. Given x2 + 2xy + y2 4. 2x= 120 — 2y ) to find the val- 

and xy — y^ = 8 juesofxandy. 

Ans. y = 4 or 1, x = 6 or 9. 

29. Given (x + y)2 — 3 y =28 + 3 x Uo find the values of 

and 2xy -|- 3x = 35 ) x and y. 

Ans. X =5 or }, y = 2 or {. 
t 1 I 1 . 

30. Given x + 4x' + 4y = 21 + 8y* + 4x'y'J to find x 

Ans. x=25, y= 1. 

(X 4- y)» 6 ^ 

31. Given x +y -, = ^_ f to find the values of 

(x — y)' " ^ X and y. 

andx2 4-y3r=41 ) 

Ans. X = ± 6, y = zfc 4. 



1 1 
andx'-{-y'= 6 



32. Given x-|-y+ (x-j- y)'=s6 Ho find the values of x 

and x^ -J- y'-^sc 10 ) and y. 

Ans. X s= 3 or 1, y ss 1 or 3. 

. . )* 

and6x — 7ys:l6 / and y. 

Ans. X es 5y y s= 2. 

?! . if ??> 

34. Uiven g -f- = ^ f ^Q £jj J y^g values of x and y. 

andx— -ysB2 } 
^ Ans. xbb5, y sbS. 



33. Givenx2-f 4(x2-f3y + 5) «55 — 3y > to find x 
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as. Given x^ + 2 ar^ y = 441 — x* y^ > to find the values of 

andxys=s3+x ) xandy. 

Ans. X = 3 or — 7, y := 2 or ^. 

36. Given x^ -f- ^ V^ = ^^ — 4 x y > to find the values of x 

and 3 y2_ i2 = 39 f and y. 

Ans. X = ±6, y=r=4z5. 

37. Given x + fj + (x + y)^ =12 I to find the values of « 

and x3 + y^ = 189 j and ij. 

Ans. X ss 5 or 4, y =s 4 or 5. 

IV. — Questions producing Equations of the First 

Degree. 

1. A farmer has a stack of hay, from which he sells a quan- 
tity, which is to the quantity remaining in the proportion of 
4 to 5. He then us^es 15 loads and finds that he has a quan- 
tity left, which is to the quantity sold as 1 to 2. How many 
loads did the stack at first contain ? Ans. 45. 

2. From two casks of equal size are drawn quantities, which 
are in the proportion of 6 to 7 ; and it appears if 16 gallons 
less had heen drawn from that which is now the emptier, only 
half as much would have heen drawn from it as from the other. 
How many gallons were drawn from each ? 

Ans. 24 and 28. 

3. A person engaged to reap a field of 35 acres, consisting 
partly of wheat and partly of rye. For every acre of rye he 
received 5 shillings; and what he received for an acre of 
wheat, augmented hy one shilling, is to what he received for 
an acre of rye as 7 to 3. For his whole labor he received 
iS13. Required the number of acres of (each sort. 

Ans. 15 acres of wheat and 20 of rye. 

4. Two pieces of cloth, of equal goodness but of different 
lengths, were bought, the one for £5 and the other for £6. 10s. 
Now if the lengths of both pieces were increased by 10, the 
numbers resulting would be in the proportion of 5 to 6. How 
long was each piece, and how much did they cost a yard ? 

Ans. The price is 5s. and the lengths are 20 and 26 yds. 

5. A cistern is filled in twenty minutes by three pipes, one 
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of whicb C0D\reys 10 gallons more, and the other 5 gallons 
less than the third per ruinute. The cistern holds 820 gallons. 
How much flows through each pipe in a minute ? 

Ans. 22, 7, and 12 gallons. 

6. A person^ put out a certain sum to interest foi 6} years at 
5 per cent, simple interest, and found that if he had put out 
the same sum for 12 years and 9 months at 4 per cent, he 
would have received $185 more. What was the sum put out? 

Ans. $ 1000. 

7. Two persons, A and B, were partners. A's money re- 
mained in the firm 6 years, and his gain was one-fourth of his 
principal, and 6's money, which was £59 less than A's, had 
been in the firm 9 y^ars, when they dissolved partnership, 
and it appeared that if B had gained £6, 5s. less, his gain and 
principal would have been to A's gain and principal as 4 to 5. 
What was the principal of each > Ans. £290 and iB150. 

8. The estate of a bankrupt valued at $21000 is to be di- 
vided among four creditors proportionably to what is due to 
them. His debts due to A and B are as 2 to 3; B's claims 
and C^s are in the proportion of 4 to 5; and C's and D's in 
the proportion of 6 to 7. What sum must each receive } 

Ans. A $3200, B $4800, C $6000, D $7000. 

9. Two persons, A and B, began to pay their debts. A's 
money was at first two-thirds of B's; but after A had paid 
$1 less than two-thirds of his money, and B $1 more than 
seven-eighths of his, it was found that B had only half as 
much as A had left. What sum had each at first? 

Ans. A had $72 and B $108. 

10. The crew of a ship consisted of her complement of 
sailors and a number of soldiers. Now there were 22 seamen 
to every three guns and 10 over. Also the whole number of 
hands was 5 times the number of soldiers and guns together. 
But after an engagement, in which the slain were one fourth 
of the survivors, there wanted 5 to be 13 men to every 2 guns. 
Required the number of guns, soldiers, and sailors. 

Ans. 90 guns, 55 soldiers, and 670 sailors. 

11. A shepherd in time of war was plundered by a party of 
soldiers, who took ^ of his flock and ^ of a sheep ; another 
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party took from him j- of what he had left and ^ of a sheep ; 
then a third party took j- of what now remained and ^ of a 
sheep. After which he had but 25 sheep left. How many 
had he at fiiist ? Ans. 103. 

12. A trader maintained himself for 3 years at the expense 
of $50 a yoar ; and in each of those years augmented that 
part of his stock, which was not so expended by one-third 
thereof. At the end of the third year hiiV original stock was 
doubled. What was the stock ? Ans. $740. 



13. A work is to be printed on a form such, that each page 
may contain a certain number of lines, and each line a certain 
number of letters. If 3 lines more are placed on a page, and 
4 letters more in a line, then there would be 223 letters more 
on each page ; but if there are two lines less placed on a page, 
and in each line 3 letters less, then each page will contain 150 
letters less. How many lines are there in each page.^ And 
how many letters in each line ? 

Ans. 36 lines per page and 24 letters in a line. 

14. A man and his wife could drink a barrel of beer in 15 
days. After drinking together 6 days, the woman alone drank 
the remainder in 30 days. In what time would either alone 
drink a barrel ? Ans. The man would drink it in 21 y^^ 

dnys, and the womau in 50 days. 

15. When wheat was 5 shillings a bushel and rye 3 shil- 
lings, a man wanted to fill his sack with a mixture of rye and 
wheat for the money he had in his purse. If he bought 7 
bushels of rye, and laid out the rest of his money in wheat, 
he would want two bushels to fill his sack ; but if he bought 
6 bushels of wheat, and filled his sack with rye he would have 
6 shillings left. How must he lay out his money and fill his 
sack ? Ans. He must buy 9 bushels of wheat, 

and 12 bushels of rye. 

16. Three guineas were to be raised on two estates to be 
charged proportionably to their values. 01 this sum, A's es- 
tate, which was 4 acres more than B's, but worse by 2 shil- 
lings an acre, paid £1 155. But had A possessed 6 acres more, 
and B's land been worth 3 shillings an acre less, it would have 
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paid £2 5s. Required the number of acres in each estate, 
and the value per acre. Ans. A had 12 acres worth 10*. 

an acre, and B 8, acres worth 12s. an acre. 

17. In one of the corners of a garden there is a rectangular 
fish-pond, whose area is one ninth part of the area of the gar- 
den ; the garden is rectangular and its periphery exceeds that 
of the fish-pond by 290 yard^. Also if the greater side be in- 
creased by 3 yards and the other by 5 yards ; the garden will 
be enlarged by 645 square yards. Required the periphery of 
the garden, and the length of each side. 

Ans. The periphery is 300 yards, and the 
sides are 90 and 60 yards respectively. 

18. A sets out express from C towards D, and three hours 
afterwards B sets out from D towards C, travelling 2 miles an 
hour more than A. When they meet, it appears that the dis- 
tances they have travelled are in the proportion of 13 to 15; 
but had A travelled 5 hours less and B gone 2 miles an hour 
more they would have been in the proportion of 2 to 5. How 
many miles did each go per hour, and how many hours did 
they travel before they met .? ' 

Ans. A went 4, and B 6 miles an hour, and 
they travelltd 10 hours after B set out. 

19. A coach set out from Cambridge for London with a cer- 
tain number of passengers, 4 more being on the outside than 
within. Seven outside passengers could travel at 2 shillings 
less expense than 4 inside. The fare of the whole amounted 
toj^. But at the end of half the journey, it took up three 
more outside and one more inside passengers, in consequence 
of which the fare of the whole became increased in the pro- 
portion of 19 to 15. Required the number of passengers, and 
the fare »f the inside and outside. 

Ans. There were 5 inside, and 9 outside passengers, 
and the fares were 18 and 10 shillings respectively. 

V. — Questions producing E<^uations op the Second 

Degree. 
1. Some gentlemen made an excursion and every one took 
the same sum. Each gentleman had as many servants attend* 
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ing him, as there were gentlemen ; and the number of dollars 
which each had was doable the number of all the servants, 
and the whole sum of money taken out was i|3456. ^How 
many gentlemen were there ? Ans. 12. 

2. What two numbers are those, whose difference multi- 
plied by the greater produces 40, and by. the less, 15 ? 

Ans. =±: 8 and dfc 3. 

3. There is a number consisting of two digits, which being 
multiplied by the digit on the left hand, the product is 46; but 
if the sum of the digits be multiplied by the same digit, the 
product is only 10. Required the number. Ans. 23. 

4. A detachment of soldiers from a regiment being ordered 
to march on a particular service, each company furnished four 
times as many men as there weie companies in the regiment; 
but these being found to be insufficient, each company furnish- 
ed 3 more men ; when their number was found to be increas- 
ed in the ratio of 17 to 16. How many companies were there 
in the regiment. Ans., 12. 

5. It is required to find two numbers such, that the product 
of the greater and square root of the less may be equal to 48, 
and the product of the less and square root of the greater may 
be 36. i ' Ans. 16 and 9. 

6. A vintner draws a certain quantity of wine out of a full 
vessel that holds 256 gallons ; and then filling the vessel with 
water, draws off the same quantity of liquor as before, and so 
on, for four draughts, when there were only 81 gallons of pure 
wine left. How much wine did he draw each time. 

Ans. 64, 48, 36 and 27 gallons respectively, 

7. Find two nuipbers, whose product is 320, and the differ- 
ence of whose cubes is to the cube of their difference as 61 
to unity. Ans. 20 and 16. 

8. A farmer has two cubical stacks of hay. The side of 
one is three yards longer than the side of the other ; and the 
difference of their contents is 117 solid yards. Required the 
side of each. Ans. 5 and 2 yards respectively. 



9. A and 6 hired a pasture, into which A put 4 horses and 
23 
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B as many as cQst him 18 shillings a week. Afterwards B 
put in two additional horses, and found that he must pay 20 
shillings a week. At what rate was the pasture hired ? 

Ans. 305. per week. 

10. A man playing at hazard won at the first throw as much 
money as he had in his pocket; at the second throw he won 5 
shillings more than the square root of what he then had ; at the 
third throw he won the square of all he then had ; and then 
he had Jgll2. 16$. What had he at first ? Ans. 18 shillings. 

11. A grocer sold 80 pounds of mace, and 100 pounds of 
cloves for ^65; but he sold 60 pounds more of cloves foriS20, 
than he did of mace for ,£10. What was the price of a pound 
of each ? Ans. The mace 10». and the cloves 55. a pound. 

12. A and B purchased a farm containing 900 acres of land, 

at the rate of $2 an acre, which they paid equally between 

them ; but on dividing the same, A got that part of the farm, 

which contained the best of the improvements, 'and agreed to 

pay 45 cents an acre more than B. How many acres had each, 

and at what price ? Ans. A had 400 acres at $2,25 an acre, 

and B 500 acres at $1,80 an acre. 

VI. — Miscellaneous Questions. 

1. Find two numbers such, that their sum and product to- 
gether may be equal to 139. 

Ans. 1 and 69, 3 and 34, 4 and 27, 6 and 19, 9 and 13. 

2. It is required to divide the fraction ^y into two other 
fractions, whose denominators are 7 and 9. What are the 
fractions ? Ans. f and -^, J/- and J. 

3. Find the numbers divisib'e by 7, such, that if divided 
by 3 the remainder will be 2, if divided by 4 the remainder 
will be 3, and if divided by 5 the remainder will be 4. 

Ans. The numbers sought must be of the form 420 / -f- 119. 

4. To find in entire and positive numbers the sides of a 
rectangle, the surface of which contains four times as many 
square feet, «ts its perimeter contains feet. 

Ans. The sides will be 72 and 9, 
40 and 10, 24 and 12, 16 and 16. 

5. The difference between two numbers is cf. What are 
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the numbers, when the third proportional to the less and great- 
er is the least possible ? 

Ans. Xhe less will be d, and the greater 2 d. 

6. To divide a given number 2 a into two parts such, that 
the sum of the greater and the third proportional to the great- 
er and less may be a minimum. 

Ans. The minimum will be 4« (\/2 — 1), and the num- 
bers sought will be a (\/2 — 1), and a\/ 2. 

7. There are three numbers in geometrical progression, the 
sum of the first and last is 52, and the square of the mean is 
100. What are the numbers ? Ans. 2, 10, and 50. 

8. The sum of the first and second of four numbers in geo- 
metrical progression is 15, and the sum of the third and fourth 
is 60. Required the numbers. Ans. 5j 10, 20, 40. 

9. A and B sot out from London at the same time, to go 
round the world (23661 miles) one going East and the other 
West. A goes one mile the first day, two the second and so 
on. B goes 20 miles a day. In how many days will they 
meet; and how many miles will be travelled by each ? 

Ans. They travel 198 days ; A goes 19701, and B 3960 miles. 

10. The sum of three numbers in geometrical progression is 
13, and the product of the mean and the sum of the extremes 
is 39. Required the numbers. Ans. 1, 3, 9. 

11. There are five whole numbers, the three first of which 
are in geometrical progression, and the three last in arithmeti- 
cal progression, the second number being the second differ- 
ence. The sum of the four last is 40, and the product of the 
second and last is 64. Required the numbers. Ans, 2, 4, 8, 12,16. 

12. The number of deaths in a besieged garrison amounted 
to 6 daily; and allowing for this diminution their stock of 
provisions was sufficient to last for 8 days. But on the even-r 
ing of the sixth day 100 men were Jkilled in a sally, and after- 
wards the mortality increased to 10 daily. Supposing the 
«tock of provisions unconsumed at the end of the aixth day to 
be sufficient to support 6 men for 61 days ; it is required to 
-find how long it would support the garrison ; and the number 
of men alive when the provisions were exhausted. 

Ans. 6 days, and 26 men when the provisions were exhausted* 
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13. A 'Hierchftnt deposits in a bank a sum <r, a year, for n 
, years. How much will he have in the bank at the end of this 

time, supposing the bank to divide at the rate r per annum. 

r 

14. There are three numbers in geometrical progression, the 

first term is a, and the sum of the two last terms is 8. What 

are the two last terms ? 

. — «±V(a' + 4o«) ^ a + 2«d:V(a' + 4a#) 
Ans. ^ J and ^ 

15. Given the sum of two numbers 2 s and the sum of their 
cubes 2 q; to find the numbers. 

Putting 2 d for the difference between the two numbers, the 
numbers will be 8+ d, * — rf, and we shall have 



=t/. 



^3 



38 

from which the numbers themselves will be readily obtained. 

16. The sum of two numbers is 2^, and the sum of the quo- 
tients when the numbers are divided alternately one by the 

, , p 
other IS-; to find the numbers. 
9 

17. The difference of two numbers multiplied by the differ- 
ence of their squares is 160, and their sum multiplied by the 
sum of their squares is 580. What are the numbers ? 

18. The sum and product of two numbers added together 
make 34, and the sum of their squares exceeds the sum of the 
numbers themselves by 42. What are the numbers ? 

19. The sum' of two numbers is 14, and their product mul- 
tiplied by the sum of their squares is 4770. What are the 
numbers ? 

20. The sum of the surfaces of two rectangles is q^ the sum 
of their bfiises Is is, and if the heights of the rectangles are 
alternated, the surface of the first will be p, and that of the 
second p'. To determine the rectangles. 

An.. The bM. of the fir.t «»--^P±4± ^^if:^!??:^ 
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